Instructor’s Manual

Flementary Linear Algebra
A Matrix Approach

Second Edition

Spence Insel Friedberg

PEARSON |}
~ Prentice
Hall

Upper Saddle River, NJ 07458



Editorial Director, Computer Science, Engineering, and Advanced Mathematics: Marcia J. Horton
Senior Editor: Holly Stark

Editorial Assistant: Jennifer Lonschein

Senior Managing Editor: Scott Disanno

Supplement Cover Designer: Daniel Sandin

Manufacturing Buyer: Lisa McDowell

T VNEIOINE © 2008 by Pearson Education, Inc.
e Pcarson Prentice Hall
Prentice Pearson Education, Inc.

Hall Upper Saddle River, NJ 07458

All rights reserved. No part of this book may be reproduced in any form or by any means, without permission in writ-
ing from the publisher.

The author and publisher of this book have used their best efforts in preparing this book. These efforts include the
development, research, and testing of the theories and programs to determine their effectiveness. The author and pub-
. lisher make no warranty of any kind, expressed or implied, with regard to these programs or the documentation con-
tained in this book. The author and publisher shall not be liable in any event for incidental or consequential damages
in connection with, or arising out of, the furnishing, performance, or use of these programs.

Pearson Prentice Hall™ ™ is a trademark of Pearson Education, Inc.

This work is protected by United States copyright laws and is provided solely for the use of instructors in teaching
their courses and assessing student learning. Dissemination or sale of any part of this work (including on the World
Wide Web) will destroy the integrity of the work and is not permitted. The work and materials from it should never be
made available to students except by instructors using the accompanying text in their classes. All recipients of this
work are expected to abide by these restrictions and to honor the intended pedagogical purposes and the needs of other
instructors who rely on these materials.

Printed in the United States of America
109 87654321

ISBN 0-13-230752-9
978-0-13-230752-9

Pearson Education Ltd., London

Pearson Education Australia Pty. Ltd., Sydney

Pearson Education Singapore, Pte. Ltd.

Pearson Education North Asia Ltd., Hong Kong

Pearson Education Canada, Inc., Toronto

Pearson Educacion de Mexico, S.A. de C.V.

Pearson Education—Japan, 7o4yo

Pearson Education Malaysia, Pte. Ltd.

Pearson Education, Inc., Upper Saddle River, New Jersey




Contents

Preface

1 Matrices, Vectors, and Systems of Linear Equations

1.1  Matrices and VECtOrS . . . . v v v v v i e e e e e e e e e e e e e e
1.2 Linear Combinations, Matrix-Vector Products, and Special Matrices . . . . . . . ...
1.3 Systems of Linear Equations . . . . . ... ... ... .. oo
1.4 QGaussian Elimination . . . . . . . . . . . . e e e e
1.5 Applications of Systems of Linear Equations . . . .. .. ... ... ..........
1.6 TheSpanofa Setof Vectors . . . . . . .. ... . o i
1.7 Linear Dependence and Linear Independence . . . . .. ... ... ... ........

Chapter 1 Review Exercises . . . . . . . . . ... i i i

Chapter 1 MATLAB Exercises . . . . . . oo v i i it i i i

2 Matrices and Linear Transformations

2.1 Matrix Multiplication . . . . . . . . .. o e
2.2  Applications of Matrix Multiplication . . . . .. ... ... ... .. 0o
2.3 Invertibility and Elementary Matrices . . . . . . . . ... ... o oo
2.4 Thelnverse of a Matrix . . . . .+« v« o v v i i e e e e e e e e
2.5 Partitioned Matrices and Block Multiplication . . . . ... ... ... ... ......
2.6 The LU Decomposition of a Matrix . . . ... ... .. .. ... ..
2.7 Linear Transformations and Matrices . . . . . . . ... . ..o
2.8 Composition and Invertibility of Linear Transformations . . . . . ... ... ... ...

Chapter 2 Review Exercises . . . . . . . . . . ..ot iiie

Chapter 2 MATLAB Exercises . . . . . . . ..o oo

3 Determinants

3.1 Cofactor EXpansion . . . . . . . .o v it i it e e
3.2 Properties of Determinants . . . . . . ... ..o

Chapter 3 Review Exercises . . . . . . . . . ..o it i i
Chapter 3 MATLAB EXeICiSes . . . . . v o o v vt i ie e i

27

27
29
33
39
44
47
52
57
61
63



Table of Contents i

4 Subspaces and Their Properties 7"
41 Subspaces . . . . ... 77
42 Basisand Dimension . . . . . . . . ... ... 81
4.3 The Dimension of Subspaces Associated with a Matrix. . . ... .. ... ....... 85
4.4 Coordinate Systems . . . . . . . .. e e 90
4.5 Matrix Representations of Linear Operators . . . . . .. .. ... ... ......... 94

Chapter 4 Review Exercises . . . . . . . . . . . i ittt e 100
Chapter 4 MATLAB EX€rciSes . . . . . v v v v v v v i e e e e e e e e e 103

5 Eigenvalues, Eigenvectors, and Diagonalization 106
5.1 Eigenvalues and Eigenvectors . . . . . . . . . ... ... e 106
5.2 The Characteristic Polynomial . . . . ... .. ... .. ... .. ... .. ....... 108
5.3 Diagonalization of Matrices . . . . . . . . . . ... ... 113
5.4 Diagonalization of Linear Operators . . . . ... ... ... ... ............ 117
5.5 Applications of Eigenvalues . . . . . . . .. .. .. ... .. e 122

Chapter 5 Review Exercises . . . . . . . . . ..o v v v i it 130
Chapter 5 MATLAB ExXercises . . . . . . v v v v v v v i i i i i e it i e e e 132

6 Orthogonality 135
6.1 The Geometry of Vectors . . . . . . . . . . v i v ittt 135
6.2 Orthogonal Vectors . . . . . . . . . . . . . 141
6.3 Orthogonal Projections . . . . . . . . . . . . . . . . . . . 145
6.4 Least-Squares Approximations and Orthogonal Projection Matrices . . . .. ... .. 153
6.5 Orthogonal Matrices and Operators . . . . . . . . . .. .. ... ... 155
6.6 Symmetric Matrices . . . . . . . . e e e 161
6.7 Singular Value Decomposition . . . . ... ... ... ... ... ... ... 168
6.8 Principal Component Analysis . . . . . .. ... .. ... ... ... 176
6.9 Rotations of R3 and Computer Graphics . . . . . ... ... .. ... ... ..... 179

Chapter 6 Review Exercises . . . . . . . . . . . . . it 185
Chapter 6 MATLAB Exercises . . . . . . . v v v it i i i it e e e e e e 189

7 Vector Spaces 195
7.1 Vector Spaces and Their Subspaces . . . . . . . ... i vt i 195
7.2 Linear Transformations . . .. ... ... ... ... ... ... ... .. ... . ... 203
7.3 Basisand Dimension . . . . . . . . . ... e 209
7.4 Matrix Representations of Linear Operators . . . . . .. .. ... ... ... ...... 217
7.5 Inner Product Spaces . . . . . . .. . . . . .. ... 223

Chapter 7 Review Exercises . . . . . . . . . .. .. . i 228

Chapter 7 MATLAB EXercises . . . . . . . v v v it i it e e e e e e e e e e e e 234



Preface

This Instructor’s Manual contains solutions to the exercises in the second edition of Elementary Linear
Algebra: A Matriz Approach. It is intended for the use of instructors rather than students, and
so many solutions are written more succinctly than those in the Student Solutions Manual (ISBN
0-13-239734-X). In a cluster of similar exercises (such as Exercises 27-34 in Section 1.4), we usually
work only one or two in detail and provide answers to the others. The Student Solutions Manual,
which is available for student purchase, contains detailed solutions to selected odd-numbered exercises.

Additional materials for use with our book are available at

www.math.ilstu.edu/matrix

On this site, you will find data files for the technology exercises in our book that can be used with
MATLAB or Texas Instrument calculators. There is also an appendix on mathematical proof, written
by the authors, for use in a linear algebra course in which mathematical proof is an emphasis.

Other resources for an instructor are available on the publisher’s website, whose address is

www.prenhall.com/spence

Planning Your Course

The chart below lists the sections of the text, categorized as essential material and supplemen-
tary material/applications. The 26 sections listed as essential material contain the material described
in the Linear Algebra Curriculum Study Group’s core syllabus as well as a thorough introduction
to linear transformations. Some of these sections contain optional subsections (for example, Sec-
tions 3.1, 3.2, and 5.2) that can be included or excluded at the discretion of the instructor. The
sections listed as supplementary material/applications may also be omitted depending on the na-
ture and objectives of your course. In a semester course of 3 or 4 hours, there should be time to
include some of the supplementary material or applications. We believe that a first course in lin-
ear algebra is strengthened significantly by the inclusion of applications and therefore recommend
that, whenever possible, at least one application from each of Sections 1.5, 2.2, and 5.5 be included.

iv
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16.
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20.

Matrices, Vectors, and
Systems of Linear
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MATRICES AND VECTORS (12 4 -7 -1
9g. |4 20 3. | 3 0
(8 —4 20 o [2 1 -5 8 —24 -3 3
12 16 4 o R R | [ 16 -8 -4 4
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0 6 6. |-1 10 Cg
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e RPN T [ 150
5 1 ‘1 -3 33. |150v/3| mph
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1 -2 1 - /3
0 -3 12. 0 - 34. (a) Theswimmer’s velocity is u = [ \/—] mph.
2 - 2 - 2

(-3 1 -2 —4 6 15
-1 -5 6 2

6 2 -4 -8
-2 10 12 4

-8 4 -2 - 4] 17. not possible

| 0 10 -6
7 1
7 -3 3 4 -3 0
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3 25 -24 -2
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Figure for Exercise 34(a)
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Chapter 1 Matrices, Vectors, and Systems of Linear Equations

1 mph. So

the new velocity of the swimmer is

_[ v2
utv= [ NI mph. The correspond-

(b) The water’s velocity is v = [0]

ing speed is V5 + 2v/2 ~ 2.798 mph.

North
combined
velocity
water current
o
45 z
East

Figure for Exercise 34(b)

150v/2 + 50
(b) 504/37 + 6+/2 ~ 337.21 mph

The three components of the vector represent,
respectively, the average blood pressure, average
pulse rate, and the average cholesterol reading
of the 20 people.

True 38. True 39. True

False, a scalar multiple of the zero matrix is the
zero matrix.

False, the transpose of an m X n matrix is an
n X m matrix.

True
False, the rows of B are 1 X 4 vectors.

False, the (3,4)-entry of a matrix lies in row 3
and column 4.

True
False, an m X n matrix has mn entries.
True 48. True 49. True

False, matrices must have the same size to be
equal.

True 52. True
True 55. True

Suppose that A and B are m X n matrices.

(a) The jth column of A+ B and a; + b; are
m x 1 vectors. The ith component of the
jth column of A + B is the (i, j)-entry of

53. True
56. True

58.

59.

60.

61.

62.
63.

64.

65.

66.

A+ B, which is a;; +b;;. By definition, the
ith components of a; and b; are a;; and
bij, respectively. So the ith component of
a; + b; is also aj; + b;;. Thus the jth
columns of A+ B and a; + b; are equal.
(b) The proof is similar to the proof of (a).

Since A is an m X n matrix, 0A is also an m xn
matrix. Because the (i, j)-entry of 0A is Oa;; =
0, we see that 0A equals the m X n zero matrix.

Since A is an m X n matrix, 14 is also an m x n
matrix. Because the (i, j)-entry of 14 is la;; =
a;j, we see that 14 equals A.

Because both A and B are m X n matrices, both
A+ B and B+ A are m X n matrices. The (4, j)-
entry of A+ B is a;; + bs;, and the (4, j)-entry
of B+ A is bi; + ai;. Since ag; + byj = bij + aij
by the commutative property of addition of real
numbers, the (%, j)-entries of A+ B and B+ A are
equal for all < and j. Thus, since the matrices
A+ B and B + A have the same size and all
pairs of corresponding entries are equal, A+ B =
B+ A.

If O is the m x n zero matrix, then both A
and A + O are m X n matrices; so we need
only show they have equal corresponding en-
tries. The (i, j)-entry of A+ O is as; + 0 = ayj,
which is the (i, j)-entry of A.

The proof is similar to the proof of Exercise 61.

The matrices (st)A, tA, and s(tA) are all m xn
matrices; so we need only show that the corre-
sponding entries of (st)A and s(tA) are equal.
The (¢, j)-entry of s(tA) is s times the (i,j)-
entry of tA, and so it equals s(ta;;) = st(as;),
which is the (i,j)-entry of (st)A. Therefore
(st)A = s(tA).

The matrices (s+t)A, sA, and tA are m X n ma-
trices. Hence the matrices (s +t)A and sA+tA
are m X n matrices; so we need only show they
have equal corresponding entries. The (4,j)-
entry of sA + tA is the sum of the (i, j)-entries
of sA and tA, that is, sa;; +ta:;. And the (4, j)-
entry of (s +t)A is (s + t)as; = sas; + tas;.
The matrices (sA)T and sA” are n x m matri-
ces; so we need only show they have equal corre-
sponding entries. The (4, j)-entry of (sA)7 is the
(4,%)-entry of sA, which is sa;;. The (i, j)-entry
of sA” is the product of s and the (i, j)-entry of
AT which is also saj;.

The matrix AT is an n X m matrix; so the ma-
trix (AT)T is an m x n matrix. Thus we need
only show that (AT)T and A have equal corre-
sponding entries. The (4, 7)-entry of (AT)T is



67.

68.

69.

70.

71.

72.

73.

74.
75.

76.

7.

78.

79.

80.
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the (j,i)-entry of AT, which in turn is the (i, j)-
entry of A.

If i # j, then the (i, j)-entry of a square zero
matrix is 0. Because such a matrix is square, it
is a diagonal matrix.

If B is a diagonal matrix, then B is square.
Hence cB is square, and the (i,j)-entry of cB
is cb;j = ¢-0=0if i # j. Thus cB is a diagonal
matrix.

If B is a diagonal matrix, then B is square. Since
BT is the same size as B in this case, BT is
square. If i # j, then the (4,j)-entry of BT is
bj; = 0. So BT is a diagonal matrix.

Suppose that B and C are n x n diagonal ma-
trices. Then B + C is also an n X n matrix.
Moreover, if i # j, the (i,4)-entry of B4 C is
bij +cij =0+ 0=0. So B+ C is a diagonal
matrix.

2 5 6
[z Z] and |5 7 8

6 8 4
Let A be a symmetric matrix. Then A = AT,
So the (i, j)-entry of A equals the (4, j)-entry of
AT which is the (j,i)-entry of A.

Let O be a square zero matrix. The (i, j)-entry
of O is zero, whereas the (3, j)-entry of O7 is the
(j,4)-entry of O, which is also zero. So O = o7,
and hence O is a symmetric matrix.

By Theorem 1.2(b), (cB)T = ¢BT = ¢B.

By Theorem 1.1(a) and Theorem 1.2(a) and (c),
we have

(B+B")T = BT +(B")" =B"+B=B+B".

By Theorem 1.2(a), (B + C)T = BT +CT =
B+ C.

2 5 6 2 6
No. Consider |5 7 8| and [5 8]'
6 8 4
Let A be a diagonal matrix. If ¢ # j, then a;; =
0 and a;; = 0 by definition. Also, a;; = aj; ifi =
j. So every entry of A equals the corresponding
entry of AT. Therefore A = A”.
The (i,4)-entries must all equal zero. By equat-
ing the (i,i)-entries of AT and —A, we obtain
ai; = —a4, and so a;; = 0.
Take B = [_(1) (1)] If C is any 2 X 2 skew-

symmetric matrix, then CT = —C. Therefore
c12 = —c21. By Exercise 79, c11 = c22 = 0. So

_ 0 —C21 _ 0 1 _
C— [021 0] = —C21 [_1 O] = Cle‘

81. Let Ay = 1(A+ AT) and A = L(A— AT). It
is easy to show that A = A; + Az. By Exercises
75 and 74, A; is symmetric. Also, by Theorem
1.2(b), (a), and (c), we have

1 r 1 T
AT = La— a7 = AT amy)

1
- %(AT —A)=—5(A-AT) = — A

82. (a) Because the (4,)-entry of A+ B is as; +bii,
we have
trace(A + B)
= (@11 +b11) + -+ (ann + bnn)
= (a1 + -+ 4 @nn) + (b11 4+ + bnn)
= trace(A) + trace(B).
(b) The proof is similar to the proof of (a).
(¢) The proof is similar to the proof of (a).

83. The ith component of ap +bq is ap; +bg;, which
is nonnegative. Also, the sum of the components
of ap + bq is

(ap1 + bg1) + - - + (apn + ban)
=aP1+--+pn)+ 0@+ +an)
=a(l)+b(1)=a+b=1

[ 65 -05 —19 —28]
96 -29 15 -30
84. (a) | 174 04 —155 52
-10 -37 -73 175
| 52 14 35 168]
1.3 34 —40 104]
30 49 -24 66
(b) |-39 —41 94 -86
1.7 —01 —145 —0.2
[-47 41 -07 -18]
39 74 103 -01 19
© | 08 -03 -1l -25 23
—26 02 -72 -97 21
| 16 02 06 116 106

1.2 LINEAR COMBINATIONS,
MATRIX-VECTOR PRODUCTS,
AND SPECIAL MATRICES

L[ e [:3 N Lé] o [
ST Y

6. [18]



Chapter 1 Matrices, Vectors, and Systems of Linear Equations

sa 2 - 1 0 0
uc 10 2 0 0 1
3 1 0 0
["é 14. [—1] 15. [f;] 16. [28] 43. u=(-4) [8] +(=5) H +(-6) H
2
V2

'™

—1

2
-1
+(-2) [ 3:' 63. True 64. True

1[v2 1[- [ 1 0 -1
2 |V2 ’ 2 44. u=0|-1{+0|-2] +1]| 3
1 3

10 S - 2

o 1'® 45. True

17 1 \/g] 1 [ q 46. False. If the coefficients of the linear combina-
2[v3 1]’ 2 |3v3+ tion 3 g] + (—6) [ﬂ = [g] were positive, the
1 V3 \/l] 1 \/_] sum could not equal the zero vector.
2(1 3’2 1+2

+ 47. True 48. True 49. True
1 —\/§ 1 .
2| -1 -3 3 \/— 34 1 50. False, the matrix-vector product of a 2 x 3 ma-
- trix and a 3 x 1 vector is a 2 x 1 vector.

—1 [ i 1] , [ ] 23. [g] 51. False, the matrix-vector product is a linear com-
V2 |- bination of the columns of the matrix.
1 [4\/:9; + 1] 25. 1 [3 — \/5] 52. False, the product of a matrix and a standard
2|v3-4 2 [3v3+1 vector is a column of the matrix.

1[2—5\/§] 97, 1[ 3 } 53. True

3V3

2 [2v3+5 2 V3 54. False, the matrix-vector product of an m x n
V3 ' 1 1 0 matrix and a vector in R™ yields a vector in
7 wf-ofof) T E

[ 1 bl 55. False, every vector in R? is a linear combination
_-—1 =11]- 31. not possible of two nonparallel vectors.

) ] 56. True

ﬂ = (1) (1) +(1) [ ] 33. not possible

L ] 57. False, a standard vector is a vector with a single
(1 (1] 0 component equal to 1 and the others equal to 0.

]=(1) +(- 1)[ ]+0H

1 0] 58. True

-1 1] . 1 -1 )

- 11] =3 3] +(-2) [ ] 59. False, consider A = [_1 1] and u = [1]
(1] 60. True

| =ola+o[H]+00;

L] 61. False, Agu is the vector obtained by rotating u
9] [ ] ) [ ] [ 2] by a counterclockwise rotation of the angle 0.

= +

8 5 —

- 62. False, consider A = [ } }], u= [i], and
a a+2b n 2 -

b =\ T3 )+ (550) | v= [2]

0
not possible 40. u=14 [1

—_—

2 0 65. If = 0, then Ag = I. So Agv = v = v by
9 3 4 Theorem 1.3(h).
u=0|-1|+1|-2{4+0] 1 _|-1r o} _ _
9 1 3 66. We have Aiggov = [ 0 __1] v=—Lhv=-v.
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Let v= [Z] Then Ag(Apv)
_ [cos§ —sind cos —sinf] |a
~ [sin@ cos @ sin 3 cos 3| |b
[cos§ —sin6] [acosB — bsin 3

" |sinf  cos 6‘] [a sin 3 + bcos ,B]

la cos @ cos 8 — beosOsin B
| asin @ cos 3 — bsinOsin 3

—asin@sin 8 — bsin 6 cos #
acosfsin 3 + bcosf cos

_ [acos (64 B8) — bsin (0 + ﬂ)]
asin (0 + B8) + beos (6 + B)

= A9+pv.

Let u= [Z] Then

AF (Agu)

—sinf| {a
cosf| |b
__. cosf® sinf]| [acosf — bsinf

| —sin@ cosd asinf + bcos@

[ cosé sinB] <[cos0

—sin@ cosf sin @

[ acos? @ — bsinfcosd
| —asin 0 cosf + bsin? 6

asin? @ + bsinf cosd
asinfcos@ + bcos? 6

_ [a(sin®6 +cos®0)] _ [a u
T |b(sin® @+ cos?0)| — |b]

Similarly, A¢(A7u) = u.

(a) Asin Example 3, the populations are given

. 400 349
by the entries of A [300] = [351], so

there will be 349,000 people in the city and
351,000 in the suburbs.

349] _ [307.180
351] © |392.820)°

that there will be 307,180 people in the
city and 392,820 in the suburbs.

el

(b) Computing A [ we see

76.
77.

78.

79.

Au = [—1 0] [Z] = [——a , the reflection of u

0 1 b)
about the y-axis
We have
a =4 (7 Y [3])
13 0l
p=[p ]
@ ¢=dme=[Tg
(b) We have
A(Cu) = [—(1, (1)] ([_(lb —(1)] [‘ZD

In a similar fashion, we have C(Au) =

[_‘;] = Bu and B(Cu) = C(Bu) = Au.

(c) The first equation shows that reflecting

about the z-axis can be accomplished by
either first rotating by 180° and then re-
flecting about the y-axis, or first reflect-
ing about the y-axis and then rotating by
180°.
The second equation shows that reflecting
about the y-axis may be accomplished ei-
ther by first rotating by 180° and then re-
flecting about the z-axis, or first reflect-
ing about the z-axis and then rotating by
180°.

Au = [a] , the projection of u on the z-axis

0

This exercise is similar to Exercise 72.

N R

oo 1]
(a) We have
A(Cu) = (1, g] ([_(1) —(1)] Z])
-l =]
and ] i
C(Au) = __(1) -—(1)] ([cl) 8] Z])
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Chapter 1 Matrices, Vectors, and Systems of Linear Equations

_|=1  Offa] _|—a
-1 -]

(b) Rotating a vector by 180° and then pro-
jecting the result on the z-axis is equiva-
lent to projecting a vector on the z-axis
and then rotating the result by 180°.

The sum of the two linear combinations

. au; + buz and cu; + dus
is

(aui +buy)+ (cu; +duz) = (a+c)uy + (b+d)us,
which is also a linear combination of u; and u,.
Write v = aju; + azuz and w = byu; + baus,
where a1, a2, b1, and by are scalars. A linear
combination of v and w has the form
cv +dw = c(a1u1 + azuz) + d(bllh + bzl.lz)
= (cai + db1)uy + (Ca,z + dbz)llz,

which is also a linear combination of u; and u,.

The proof is similar to that of Exercise 81.
We have

A(cu) = (cu1)ai + (cuz)az + - - - + (cun)an
= c(u1a1 + u2a2 + - -+ + unan) = c(Au).
Similarly, (cA)u = c¢(Au).
We have
(A+ B)u=ui(a1 +b1) + - +un(an + by)
=way +uiby + -+ + Unan + unbn
= (w181 + - + unay)
+ (vaby + - + unbyp)
= Au + Bu.

We have Ae; =
O0a;+:.-+0a;_1+1a;+0a;41+---+0a, = a;.

Suppose Bw = Aw for all w. Let w = e;. Then
Be; = Ae;. From Theorem 1.3(e), it follows
that b; = a; for all j. So B = A.

The vector A0 is an m X 1 vector. By definition
A0 =0a; + 0az + --- + 0a, = 0.

Every column of O is the m x 1 zero vector. So
Ov=v0+v0+---4+2,0=0.

The jth column of I, is e;. So

Inv =vie; +v2e3 + - +vpen = V.

90.

91.

1.3

Using p = [ggg] , we compute Ap, A(Ap),...

until we have ten vectors. From the final vector,
we see that there will be 155,610 people living in
the city and 544,389 people living in the suburbs
after ten years.

24.6 134.1 128.4
45.0 44.4 80.6
@) | 960 ®) 1 e © | 635
| —41.4 104.8 25.8
[ 653.00
399.77
@ | 59893
| —394.52

SYSTEMS OF LINEAR EQUATIONS

@i 3o of 50

(a) [2 -1 3] (b) [2 -1 3 4]
[1 2 1 2 3
(a) |-1 3 (b) |-1 3 2
-3 4 -3 4 1
1 0 2 -1
N PR 1]
1 0 2 -1 3
(b)_2—10 10]
0 2 -3 0 2 -3 4
(@ -1 1 2 (b)|-1 1 2 -6
| 2 0 1 2 0 1 0
[1 -2 1 7
(@ |1 -2 0 10
2 -4 4 8
[1 -2 1 7 5
byt -2 0 10 3
2 -4 4 8 7
0 2 -4 4 2
-2 6 3 -1 1
1 -1 0 2 -3



10.

11.

12.

13.

14.

15.

17.

19.

21.

23.

24.

25.

1 -1 0 2

0 4 3 3

0 2 -4 4 2

2 6 3

1 -1 0 -3

| 0 2 —4

1 -1 0 -

2 6 3

[0 1 -2

"1 -1 0 -3

-2 0 15 -5

[ 0 2 —4

f1 -1 0 -

-2 6 3 1

-8 26 8 6

1 -1 0 -3

-2 6 3

L 2 0 —4 —

—2 4 0] 1 -2 0
-1 1 -1 16. _% % _%
2 —4, 6 2 _4 6

-3 2 1] -3 2 1

[ 1 -2 0] 1 -2 0]
-1 1 -1 -1 1 -1
o 0 6 18 | 9 _4 6

-3 2 1] [ 0 -4 1]

1 -2 0] T 1 -2 0]
2 -4 6 -3 2 1
1 1 -1 20. | 9 4 6

-3 2 1] -1 1 1]

1 -2 0] 1 0 -2
-1 1 -1 -1 1 -1
2 -4 6 2. | 9 4 s
-1 0 3 -3 2 1

\;es, because 1-(1) — 4(=2) + 3(-1) = 6 and
1(—5) — 2(—1) = —3. Alternatively,

BRI ]

-2
-5
No, because 1(2) — 4(0) + 3(1) = 5 # 6. Alter-
natively, if A is the coefficient matrix, and the
5 6
o #1)
No, because the left side of the second equation
yields 1(2) — 2(1) = 0 # —3. Alternatively,
3

] RNl

given vector is v, then Av = [

26.

27.
31.
35.

39.

41.

43.

45.

47,

48.

49.

50.

51.

1.3 Systems of Linear Equations 7

Yes, the components of the vector satisfy both
equations. Alternatively, if the given vector is

v, then Av = [ 6].
-3
no 28. yes 29. yes 30. yes
yes 32. no 33. yes 34. yes
no 36. yes 37. no 38. no
1 =2+ T2 1 = —4
r2 free 40. 2= 5
1 =6 + 2x2 42 1 =5+ 4x2
zo free ' xp free
not consistent 44. 1 = —6
T2 = 3

1 =4+ 2x2
xy free 46. not consistent
z3 =3
1= 3x4 T 3
T2 = 4:E4 and T2| _ . 4
T3 = —5x4 zz| = -5
x4 free T4 1
1 =94+ x3 — 374
Ty =8 — 223 + 5x4 and
x3 free
x4 free

1 1 -3 9

T2| _ -2 5 8

zs| =% 1 T2 ot o

T4 0 1 0
r; free T1 1 0
T2 = —3 T2| _ 0 -3
T3 = —4 and xr3 =T 0 + —4
4= 5 T4 0 5
1 = —3 + 2x2
zo free and
T3 = —4
r4= 5

T 2 -3

T2 _ 1 0

zs| =% o] |-

Ta 0 5
1 =6 — 3x2 + 2x4
xo free and
r3 = 7 — 4(1,'4
za free

Ty -3 2 6

T2| 1 0 0

zs| x2 0 + x4 4 + 7

T4 0 1 0



52.

53.

54.

55.

56.

57.
58.

59.
60.

61.
63.

64.
66.

67.

Chapter 1 Matrices, Vectors, and Systems of Linear Equations

z1 free

Ty = -4 — 33’:4

3= 9 — 214 and

x4 free
T 1 0 0
X2 _ 0 -3 —4
zs| = T 0 + x4 9 + 9
T4 0 1 0

not consistent

z; free

zo free

x3 = 3x4 — 276 and

z4 free

rs = Te

re free
T 1 0 0 0
T2 0 1 0 0
T3| 0 0 3 -2
T4 =11 |, + x2 0 + T4 1 + zs 0
s 0 0 0 1
Te 0 0 0 1

All variables are either free or basic, so if there
are k free variables, there must be n — k basic
variables.

Because R is in reduced row echelon form, the
leading entry must equal 1, and every other en-
try in the column must be 0. So this column
equals e4.

False, the system 0z +0z2 = 1 has no solutions.

False, a system of linear equations has 0, 1, or
infinitely many solutions.

True

False, the matrix [(2] g] is in row echelon form.

True 62, True

.2 0 1 0 ’
False, the matrices [O 0} and [0 0] are both

row echelon forms for [(2) g}

True

False, the system

65. True

0z +0z2 =1
0x; +0x2 =0

is inconsistent, but its augmented matrix is
0 0 1
0 0 0|

True 68. True

69.

70.

74.
75.

76.
7.

79.

80.

81.

82.

False, the coefficient matrix of a system of m
linear equations in n variables is an m X n ma-
trix.

True 71. True 72. True

False, multiplying every entry of some row of a
matrix by a nonzero scalar is an elementary row
operation.

True

False, the system may be inconsistent; consider
0x1 + 0z2 = 1.

True

If [R c] is in reduced row echelon form, then so
is R. If we apply the same row operations to A
that were applied to [A b] to produce [R c], we
obtain the matrix R. So R is the reduced row
echelon form of A.

The row operations that reduce A to R may
be applied to [A O] and do not affect its last
column. The resulting matrix is [R 0], which is
in reduced row echelon form.

If we let 0, be the n x 1 zero vector, then, by
Theorem 1.2(f), A0, = 0. So 0, is a solution
of Ax = 0, and hence Ax = 0 is consistent.

Let R be the reduced row echelon form of A.
Then by Exercise 77, [R c] is the reduced row
echelon form of [A b] for some vector c. By
hypothesis, [R c] contains no row whose only
nonzero entry lies in the last column. So the
system Ax = b is consistent.

The ranks of the possible reduced row echelon
forms are 0, 1, and 2. Considering each of these

ranks, we see that there are 7 possible reduced
row echelon forms:

[0 0 0] [t » ] [0 1 %] [o 0 1
0 0 0’0 0 0J’]0 0 O|’(0 0 O}
1 0 %] [t = 0 d'o 10
0 1 «7Jo 0o 1% o o 1
As in the solution to Exercise 81, there are 11

possible reduced row echelon forms:

0 0 O Of 1 x % x| [0 1 =% =

0 0 0 010 0 0 0f’]0 0 0 O]
[0 0 1 «x] [0 0 0 1] [1 0O =x =]

0 0 0 070 0 0 0|0 1 = x|
1 %« 0 0] [t = % 0] [o 1 0 x]

0 01 %[0 0 0 1[0 0 1 x|’
'01*0'and0010

0 0 0 1) 0 0 0 1}




83.

84.

85.

86.

1.4

11.

13.

15.

There are three cases. If the operation inter-
changes rows i and j of A, then interchanging
rows i and j of B produces A. If the operation
multiplies row i of A by the nonzero scalar c,
then multiplying row i of B by % produces A.
Finally, if the operation adds k times row i to
row j of A, then adding —k times row i to row
j of B produces A.

The system z1 = 1 has only the solution 1, but
the system Ox; = 0 - 1 has infinitely many solu-
tions.

Multiplying the second equation by ¢ produces
a system whose augmented matrix is obtained
from the augmented matrix of the original sys-
tem by the elementary row operation of multi-
plying the second row by c. From the statement
on page 33, the two systems are equivalent.

The solution is similar to that of Exercise 85.

GAUSSIAN ELIMINATION
1 = —2 — 3x2 2 1 =3+ 12
zo free " 12 free
2 =4 Ty = 14 2x3
4. T2 =—-2— x3
I = 5
x3 free

1 =3+ 2x2 + 3

not consistent 6. T2 free
xz3 free
ry = —1 + 2:1)2 zl _=_ 3;1 - 41:4
z2 free L
e = 2 3= 1—2x4
8 x4 free
Ty = 14 2z3
Ty =—2- &3 10. not consistent
x3 free
T4 = —3
1 =—4—3x2 + x4 21 = 3+ 23
xo free
12. 72 = —4 — 3x3
T3 = 3 —2x4
T3 free
x4 free

not consistent 14. not consistent

T1=-24+ x5
Ty free

3= 33— 3z5
x4 = —1— 2x5

x5 free

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

1.4 Gaussian Elimination 9

1 = —3 + 2 + 275

Ty free
z3 free
Tra -1 - 2:1:5
x5 free

The augmented matrix can be transformed to

-1 4 3| using an elementary row op-
0 r+12 11 & y row op

eration. Therefore the system is inconsistent if

r+ 12 = 0, that is, r = —12.

The augmented matrix can be transformed to

-1 4 6 using two elementary row

0 r+12 16 & y
operations. So the system is inconsistent if
r+ 12 = 0, that is, r = —12.

The augmented matrix can be transformed to

1 -2 0 . . .
[O 0 r]‘ So the system is inconsistent if
r#0.

The augmented matrix can be transformed to

[(1) 2 _.g] So the system is inconsistent for

no value of r.

The augmented matrix can be transformed to

1 -3 -2 - .
[O r46 O] . So the system is inconsistent

for no value of r.
L5 Add g
4 3| 2
times the first row to the second row to obtain
-2 1 5
[ 0 4+% 3+3r
tent if 4+ 5 =0and 34+ 3r #0. So 7 = —8.
The augmented matrix can be transformed to
-1 T 2
[ 0 r*-9 2r+

inconsistent, we need 2 —9 = 0 and 2r + 6 # 0.
So r = £3 and r # —3. Therefore r = 3.

The argument is similar to that of Exercise 23.
The system is inconsistent if r = —4.

The augmented matrix is [_3

]. The system is inconsis-

6]' For the system to be

The augmented matrix can be transformed to
1 -1 2 4 . .
[O r+3 —7 _10] . Because this matrix
does not contain a row whose only nonzero en-
try lies in the last column, the system is never

inconsistent.

The augmented matrix can be transformed to

12 -4 1
h 0 r—8 5
contains a row whose only nonzero entry lies in

]. If » = 8, then this matrix
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27.

28.

29.

30.

31.

32.

33.

34.

35.

36.
37.
38.
39.
40.
41.
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the last column, and so the system is inconsis-
tent if r = 8.

The augmented matrix can be transformed to
1 r 5
0 6—-3r s-—15|"
(a) Weneed 6 —3r =0and s— 15 # 0. So
r =2 and s # 15.
(b) We need 6 — 3r # 0, that is, r # 2.
(c) Weneed 6 —3r =0 and s — 15 = 0. So
r=2and s = 15.

The augmented matrix can be transformed to
-1 4 s
[ 0 r+8 6+ 28] )
() Weneed r+8 = 0 and 6 +2s # 0. So
r=—8and s # —3.
(b) We need r + 8 # 0, that is, r # —8.

(c) Weneedr+8 =0and 6+2s =0. So
r=-8and s =-3.

(a) r=—8,5# -2 (b) r # -8
(c)r=-8,8=-2

(a) r=-12,5+#2 (b) r # —12
(c)r=-12,s=2
@r=§s4-6 ()r#}
(c)r=%,s=-6

(a) r=-2,s#-15 (b) r# -2
(c)r=-2,s=-15
(a)r=3,s#2 (b) r#3
(c)r=3,s=2

(a) r=-2,5#6 (b) r #£ -2

(c)r=-2,5=6

The reduced row echelon form of the matrix is

1.0 0 -2
01 0 1
R=(0 0 1 -3
0 0 O 0
0 0 O 0

The rank of the given matrix equals the number

of nonzero rows in R, which is 3. The nullity of

the given matrix equals its number of columns
minus its rank, which is 4 — 3 = 1.

The rank is 2, and the nullity is 2.
The rank is 2, and the nullity is 3.
The rank is 4, and the nullity is 2.
The rank is 3, and the nullity is 1.
The rank is 3, and the nullity is 2.
The rank is 2, and the nullity is 3.

42,
43.

44.

45.

The rank is 3, and the nullity is 3.

Let z1, 2, and x3 be the number of days that
mines 1, 2, and 3, respectively, must operate to
supply the desired amounts.

(a) The requirements may be written as the
matrix equation

1 1 2 = 80
1 2 2| |z2]| = |100] .
2 1 0] |z 40

The reduced row echelon form of the aug-
mented matrix of this system is

1 0 0 10
0 1 0 20f.
0 0 1 25

So ry = 10, g = 20, r3 = 25.
(b) A system of equations similar to that in
(a) yields the reduced row echelon form

1 0 0 10
0 1 0 60| .

0 0 1 -15
Because 3 = —15 is impossible for this
problem, these amounts cannot be sup-
plied.

Let z1, z2, and z3 denote the number of pounds
of the three types of fertilizer, respectively,
needed to satisfy the requirements.

(a) The given requirements yield the system

x1 + x2 + x3= 600
.10x; + .08z2 + .06z3 = .075(600)
.03z + .06z2 + .01zz = .05(600).

This system has the solution z; = —18.75,
zp = 487.5, and z3 = 131.25. So this mix-
ture is impossible.
(b) A similar approach yields the solution
z1 = 375, z2 = 150, and z3 = 75.
Let z1, x2, and 3 be the amounts of the three
supplements, respectively, that must be used.
(a) The given requirements yield the system

10x1 + 15x2 + 36x3 = 660
10z1 + 20x2 + 44x3 = 820
15z + 15x2 + 42x3 = 750,

which has the solution

r1 = 18 —1.2z3
2 = 32— 1.6x3
z3 free.

Because the solution must be nonnegative,
we need 3 < 15 and z3 < 20. This yields
a maximum value of z3 = 15.



46.

47.

48.
49.
50.
51.

52.

53.
54.

55.

(b) No. A similar approach yields an inconsis-
tent system.

Let z1, 22, and 3 be the amounts of A, B, and
C, respectively, that must be blended.

(a) The given requirements yield the system

1+ X2+ T3 = 100
40z; + 32z2 + 24x3 = 35(100)
30z; + 62z2 + 943 = 50(100),

which has the solution

1 = 3754+ x3
Ty = 62.5 — 2x3
z3 free.

Letting £3 = 0, we obtain z; = 37.5 and
T2 = 62.5.

(b) In order that z; and x2 be nonnegative, we
need z3 > 0 and 2z3 < 62.5. So we take
z3 = 31.25 for a maximum value of x3.

We need f(—1) = 14, f(1) = 4, and f(3) = 10.
These conditions produce the system

a— b+c=14
a+ b+c= 4
9a + 3b 4+ ¢ = 10.

This system has the solution a = 2, b = -5,
c=1. So f(x) =2x* -5z + 1.

f(z) = —32*+8z -5
f(zx) =42® — Tz +2
f(x) = —® + 62 + 4z — 12.

Column j is e3. Each pivot column has exactly
one nonzero entry, which is 1, and hence it is a
standard vector. Also because of the definition
of the reduced row echelon form, the sequence
of pivot columns must be e;,ez,.... Hence the
third pivot column must be es.

As noted in the solution to Exercise 51, column j
equals e4, and because e;, ez, and e3 are among
the previous columns, it follows that j > 4. Be-
cause the fourth component of column j is 1,
the only nonzero entry, it follows that ¢ = 4.

True

01
9 of can be
reduced to I; by interchanging its rows and then
multiplying the first row by %, or by multiply-
ing the second row by % and then interchanging
rows.

True

False. For example, the matrix

56. True 57. True 58. True

59.

60.

65.

66.

69.
71.

72.
73.

74.

75.

76.

77.

78.

1.4 Gaussian Elimination 11

False. By definition, rank A + nullity A equals
the number of columns of A. So, for a 5 x 8
matrix, we have 3 + 2 # 8.

False, we need only repeat one equation to pro-
duce an equivalent system with a different num-
ber of equations.

True 62. True 63. True
1 0 2
False, the augmented matrix {0 1 3| con-
0 0 0

tains a zero row, but the corresponding system
has the unique solution z1 = 2, 3 = 3.

False, the augmented matrix 001 con-
0 0 0
tains a zero row, but the system is inconsistent.

True 67. True

False, the sum of the rank and nullity of a matrix
equals the number of columns in the matrix.

True 70. True

False, the third pivot position in a matrix may
be in any column to the right of column 2.

True

If the rank of a matrix is 0, then its reduced row
echelon form has only zero rows, which means
that the original matrix must have only zero
rows, and hence must be the zero matrix.

The 4 x 7 zero matrix has rank 0, and the rank
of any matrix must be nonnegative. Hence the
smallest possible rank is 0.

The largest possible rank is 4. The reduced row
echelon form is a 4 X 7 matrix and hence has at
most 4 nonzero rows. So the rank must be less
than or equal to 4. On the other hand, the 4 x 7
matrix whose first four columns are e, ez, es,
and e4 has rank 4.

The largest possible rank is 4. By the first boxed
result on page 48, the rank of a matrix equals
the number of its pivot columns. Clearly a 7 x 4
matrix can have at most 4 pivot columns.

The smallest possible nullity is 3. Note that if
the rank of a 4 x 7 matrix A equals 4, then its
nullity is 7 — rank A = 7 — 4 = 3. On the other
hand, from the solution to Exercise 75, we see
that rank A < 4. So

nullity A=7—rank A >7—-4=3.

The smallest possible nullity is 0. The solution
is similar to that of Exercise 77.
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79.

80.

81.

82.

83.

84.

85.

86.
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The largest possible rank is the minimum of m
and n. If m < n, the solution is similar to that
of Exercise 75. If n < m, the solution is similar
to that of Exercise 76.

The smallest possible nullity isn —m if m <n
and 0 if m > n. By Exercise 79, the rank of a
matrix A equals the minimum p of m and n. So
nullity A = n —rank A = n — p. If m < n, then
p =m, so nullity A = n —m. If n < m, then
p = n; so nullity A = 0.

No. Let R be the reduced row echelon form of A.
By Exercise 79, rank A < 3; so R has a zero row.
Thus we can choose ¢ so that [R c] has a row
equal to [0 0 0 1]. By appropriate elementary
row operations, we can transform [R c] into a
matrix of the form [A b]. So, by Theorem 1.5,
the system Ax = b is not consistent.

For the solution to be unique, the solution must
have no free variables; so nullity A = 0. There-
fore rank A = n — nullity A = n.

There are either no solutions or infinitely many
solutions. Let the system be Ax = b, and let
R be the reduced row echelon form of A. Each
nonzero row of R corresponds to a basic vari-
able. Since there are fewer equations than vari-
ables, if the system is consistent, there must be
free variables. Therefore the system is either
inconsistent or has infinitely many solutions.

1 +22=2 T1+22=3
(a) z1+22=3 (b) 221 + 22 =4
1+ x0=4 3x1+x2=5
1+ x22=3
(C) 2x1 + 222 =6
3.’)31+3.’L‘2=9

Let [R c| denote the reduced row echelon form
of [A b]. Then R is the reduced row echelon
form of A. If rank A = m, then R contains
no nonzero rows. Hence [R c] contains no row
in which the only nonzero entry lies in the last
column. So Ax = b is consistent for every b by
Theorem 1.5.

Let [R c]| denote the reduced row echelon form
of [A b]. Then R is the reduced row echelon
form of A. If Ax = b is inconsistent, then [R c]
contains the row [0 0 0 1]. The corre-
sponding row of R is a zero row, and every other
nonzero row of [R c| corresponds to a nonzero
row of R. Thus rank[A b] = 1+rank A; so the
ranks of [A b] and A are not equal.

Conversely, the reduced row echelon form of A
equals the reduced row echelon form of [A b]
with its last column removed. Thus if the ranks

87.

88.

89.

90.

91.

92.

93.

94.

95.

96.
97.

1.5

of these matrices are not equal, we must have
rank[A b] =1+rank A. This can happen only
if [R c| contains the row [0 0 ... 0 1. So
the matrix equation Ax = b is inconsistent.
Yes, A(cu) = ¢(Au) = ¢c-0 = 0; so cu is a
solution of Ax = 0.

Yes, A(u+v) = Au+Av=0+0=0;s0 u+v
is a solution of Ax = 0.

We have A(u—-v) =Au—Av=b-b=0; so
u — v is a solution of Ax = 0.

We have A(u+v) =Au+ Av=b+0=b;so
u + v is a solution of Ax = b.

If Ax = b is consistent, then there exists a vec-
tor u such that Au = b. So A(cu) = ¢(Au) =
cb. Hence cu is a solution of Ax = cb, and
therefore Ax = cb is consistent.

As in Exercise 87, there exist vectors u; and us
such that Au; = b; and Auz = bs. Therefore
A(U1 + llz) = Au; + Auz = b; + by, Hence
Ax = by + by is consistent.

No. If u+ v were a solution of Ax = b, then
b=A(u+v)=Au+ Av=>b+ b = 2b;

so b = 0. Therefore the result is not true if
b # 0.

1 = 4.9927 + 1.1805z4 + 8.5341zs

T2 = 7.1567 + 3.0513z4 + 15.3103z5

r3 = —2.5738 + 5.2366x4 + 15.1360z5

zg free

x5 free
xr1 = 232+ 0.32z5
T2 = —6.44 4 0.56x5
3 = 0.72 — 0.28z5
ra = 5.92 + 0.92z5
x5 free

The system is not consistent.
3,2 98. 5,0 99. 4,1

APPLICATIONS OF SYSTEMS OF
LINEAR EQUATIONS

2. True

False, the net production vector is x — Cx. The
vector Cx is the total output of the economy
that is consumed during the production process.

True

False, see Kirchoff’s voltage law.
True 6. True
$50(.22) = $11 million



10.

11.

12.

13.

14.

15.

16.

17.

$100(.20) = $20 million

The smallest entry in the row labeled services
lies in the column labeled services; so the ser-
vices sector is least dependent on services.

The largest entry in the row labeled services lies
in the column labeled entertainment; so the ser-
vices sector is most dependent on entertainment.

The smallest entry in the column labeled agri-
culture lies in the row labeled entertainment; so
the agriculture sector is least dependent on en-
tertainment.

The largest entry in the column labeled agri-
culture lies in the row labeled manufacturing;
so the agriculture sector is most dependent on
manufacturing.

30
40
301"
20
each sector of the economy that are consumed
during the production process are the compo-
nents of Cx, which are $16.1 million of agricul-
ture, $17.8 million of manufacturing, $18 million
of services, and $10.1 million of entertainment.

Let x = The totals of the inputs from

As in Exercise 13, the totals of the inputs from
each sector of the economy that are consumed
during the production process are $10.5 million
of agriculture, $11.9 million of manufacturing,
$11.8 million of services, and $6.8 million of en-
tertainment.

The net production for each sector is given by
the components of x — Cx, where x is the vec-
tor in the solution to Exercise 13. These values
are $13.9 million of agriculture, $22.2 million of
manufacturing, $12 million of services, and $9.9
million of entertainment.

As in Exercise 15, the net production for each
sector is $9.5 million of agriculture, $18.1 million
of manufacturing, $8.2 million of services, and
$3.2 million of entertainment.
40
(a) The gross production vector is x = |30].
35
If C is the input-output matrix, then the
net production vector is x — Cx =

40 2 .20 .3] |40 15.5
30| — |4 .30 .1 |30 =| 15
35 2 .25 .3] 1|35 9.0

1.5 Applications of Systems of Linear Equations 13

18.

19.

20.

21.

(b)

(a)

(b)

(a)
(b)

()

(a)
(b)

(©)

(a)

(b)

(©

So the net productions are $15.5 million of
transportation, $1.5 million of food, and
$9 million of oil.

32
Let d = |48].

24
gross production, we must solve the system
(Is — C)x = d, which yields the solution
128
160|. So the gross productions re-
128

quired are $128 million of transportation,
$160 million of food, and $128 million of
oil.

In order to obtain the

X =

As in Exercise 17(a), the net productions
required are $24 million of metals, $8 mil-
lion of nonmetals, and $14 million of ser-
vices.

As in Exercise 17(b), the gross productions
required are $370 million of metals, $680
million of nonmetals, and $400 million of
services.

d1 4

5 3)
As in Exercise 17(a), the net productions
required are $34 million of electricity and
$22 million of oil.
As in Exercise 17(b), the gross productions
required are $128 million of electricity and

$138 million of oil.

1 3]

As in Exercise 17(a), the net productions
required are $12 million of nongovernment
and $7 million of government.

As in Exercise 17(b), the gross productions
required are $94 million of nongovernment
and $198 million of government.

As in Exercise 17(a), the net productions
required are $49 million of finance, $10
million of goods, and $18 million of ser-
vices.

As in Exercise 17(b), the gross productions
required are $75 million of finance, $125
million of goods, and $100 million of ser-
vices.

As in Exercise 17(b), the gross productions
required are $75 million of finance, $104
million of goods, and $114 million of ser-
vices.
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22.

23.

24.
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(a) As in Exercise 17(a), the net productions
required are $20 million of agriculture, $21
million of manufacturing, and $10 million
of services.

(b) As in Exercise 17(b), the gross produc-
tions required are $194 million of agricul-
ture, $226.5 million of manufacturing, and
$196.5 million of services.

We are given that v = p — CTp, and we know
that x — Cx = d. So we have

p=v+C’Tp and x=Cx+d.

Therefore
p'x=(v+0Tp)"x = [v' +(CTp)"Ix
="+ p Clx = vix+pTCx.
Also
p’x=pT(Cx+d)=pTCx +pTd
Hence
vix + pTC’x =plox + pTd.

So vP'x = p¥d.
(a) Observe that

Nl 2 3 P
CT'p=12 4 1| |p
1 2 .1 P3

Api + 2p2 + .3p3
= |.2p1 + .4p2 + .1p3
Ap1 + .2p2 + .1p3

It takes .1 ton of agricultural input to pro-
duce one ton of agricultural output. So
.1p; is the value of the agricultural in-
put needed to produce 1 ton of agricul-
tural output. Likewise, .2p; is the value of
the agricultural input needed to produce 1
ton of manufacturing output, and .3ps is
the value of the agricultural input needed
to produce one ton of services output. So
the first component of CTp gives the total
value of the inputs from each of the three
sectors needed to produce a ton of agri-
cultural output. A similar interpretation
applies to the other components of CTp.

(b) The vector p — CTp gives the difference
between the selling price of a ton of each
sector’s output and the value of the inputs
needed to produce the output.

25.

26.

27.

A W B
3 ohms

22 ohms I }
3

i lghm 3% o
29 volts

I3 V

gl 4 ghms D

Figure for Exercise 25

Applying Kirchoff’s voltage law to the closed
path FCBAF in the network above, we obtain
the equation

31z + 21> + 11, = 29.

Similarly, from the closed path FCDEF', we ob-
tain
11, + 413 = 29.
At the junction C, Kirchoff’s current law yields
the equation
I, = I + I.

Thus the currents I, Iz, and I3 satisfy the sys-
tem

I + 51> =29
I + 413 =29
L — In— Is= 0.

Since the reduced row echelon form of the aug-
mented matrix of this system is

10 0 9
01 0 4},
0 01 5
this system has I) =9, I = 4, and I3 = 5 as its

unique solution.

As in Exercise 25, the currents Iy, Iz, and I3
satisfy the system

I + 21, =35
2l — 613 =30
L - Ib—- Is3= 0.

SolL =11,1, =12, and I3 = —1.

As in Exercise 25, the currents Iy, I, and I3
satisfy the system

2 + I =60
—I;+6I3= 0
L —I,— Is= 0

So Iy =21, I =18, and Iz = 3.



28.

29.

30.

As in Exercise 25, the currents I, I, and I3
satisfy the system

2I; + 31, =30
31, + 613 =54
L — I+ I3= 0.

SoI1=3,Iz=8,andI3=5.

As in Exercise 25, the currents I;, Iz, and I3
satisfy the system

41 + 21> =60
Iy — 213 —Is+1g= 0
214 + Is =30
L -1, —- I3 = 0
I — I+ Is =0
Iy —Is—Ig= 0
Therefore I = Iy = 12.5, I = I = 7.5, and
I3=15=5.
A ' B C
>
32 volts [t y 2 Is
EE 2 ohms EE 1 ohm EE 3 ohms
F 6‘(‘)31Ams E lj :zolts D
wy Il

Figure for Exercise 30

Applying Kirchoff’s voltage law to the closed
path ABEF A in the network above, we obtain
the equation

11, + 61y + 21, = 32.

Similarly, from the closed path BCDEB, we ob-
tain
1(——[2) + 313 = v.
At junction B, Kirchoff’s current law yields the
equation
I = I+ I3.

Thus the currents I, I, and I3 satisfy the sys-
tem

8L + I =32
—ILb+3l3= v
I — I,— Is= 0.

The reduced row echelon form of the augmented
matrix of this system is

128

1 0 0 =
0 1 0 =Bgdse
9v432

0 0 1 32

Hence for I = 0, we need —8v + 96 = 0, that
is, v =12.

31.

1.6

3.
7.
11.
15.
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Solving the system (I —C)x = d, we obtain the
gross production vector, which is

454.0403
508.6149
618.7457
623.7464 |’
810.8047
640.3667

where each entry is rounded to 4 places after the
decimal point.

THE SPAN OF A SET OF VECTORS

Yes. By the boxed result on page 68, the given
vector is in the span if and only if there exists a
solution of Ax = b, where

1 -1 1 -1
A= 1|0 11 and b=| 4
1 1 3 7

The reduced row echelon form of the augmented
matrix associated with this system is

3

1 0 2
01 1 4
00 0 O

Thus, by Theorem 1.5, Ax = b is consistent,
and hence the given vector is in the span of the
given set.

No. The given vector is in the span if and only
if there exists a solution of Ax = b, where

1 -1 1 0
A=10 11 and b= ]0].
1 1 3 1

The reduced row echelon form of the augmented
matrix associated with this system is

1 0 2 0
01 1 0f.
0 0 0 1

Because of the form of the last row, it follows
that the system is inconsistent, and hence the
given vector is not in the span of the given set.

no 4. no 5. yes 6. yes
no 8. yes 9. no 10. yes
yes 12. no 13. yes 14. no

no 16. yes
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17.

18.

21.

22.
25.

26.
29.

34.
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As in the solution to Exercise 1, v is in the span
of S if and only if the system Ax = v is consis-
tent, where

1 -1
A=1 0 3
-1 2

With elementary row operations, its augmented

1 -1 2
matrix 0 3 r| can be transformed to
-1 2 -1
1 -1 2
0 1 1
0 0 r—3

This system is consistent if and only if r—3 = 0,
that is, r = 3. Therefore v is in the span of S if
and only if r = 3.

r=2 19. r= -6 20. r=-3
No. Let A = [_i —g] . The reduced row ech-
1

elon form of A is _(2)] , which has rank 1.

0
By Theorem 1.6(c), the set is not a generating
set for R2.

yes 23. yes 24. no
Yes. Let
1 -1 1
A=1] 0 1 2
-2 4 -2

The reduced row echelon form of A is
1 00
0 1 of,
0 0 1
which has rank 3. By Theorem 1.6(c), the set is
a generating set for R3.
no 27. no

28. yes

Yes. The reduced row echelon form of A is I,
which has rank 2. By Theorem 1.6(b), the sys-
tem Ax = b is consistent for every b in RZ.

no 31. no 32. yes

The reduced row echelon form of A is [e1 e],
which has rank 2. By Theorem 1.6(b), the sys-
tem is inconsistent for some b in RS.

no 35. yes 36. yes

37.

38.

39.

40.

41.

42.

43.

The desired set is { [:1,)] , l(l)] } If we delete ei-

ther vector, then the span of S consists of all
multiples of the other vector. Because neither
vector in § is a multiple of the other, neither

can be deleted.
-1 1
1] s [0] } The second

vector from S may be deleted because it is a
multiple of the first. Neither of the two remain-
ing vectors can be deleted for the same reason
given in Exercise 37.

One possible set is { [

1 0
One possible set is 0f,|1| p. The reason
|—-1] |0
is the same as that given in Exercise 38.
[ 1] [ 2
One possible set is —11,|-=3]| 7. The third
2 0

vector in § is the zero vector, and so can be
deleted. Neither of the two remaining vectors
can be deleted for the same reason given in Ex-
ercise 37.

1
-2
1

tors in S are multiples of the first, and so can
be deleted.

The desired set is S itself. The rank of the
matrix whose columns are the three vectors in
S is 3; so by Theorem 1.6, S is a generating
set for R3. On the other hand, if a vector is
deleted from S, then the rank of the matrix
whose columns are the remaining vectors is less
than 3, and hence the smaller set is not a gen-
erating set for R3, again by Theorem 1.6.

One possible set is . The last two vec-

-1 0
One possible set is 0|, |1] p. Since the
1 2
reduced row echelon form of the matrix whose
1 0 -1
columns are the given vectors is [0 1 21,
0 0 0
-1 0 1
the equation 0 1| x= |2]| has a solution.
1 2 3

So the third vector in S is a linear combination
of the first two and hence can be deleted. Nei-
ther of the two remaining vectors in S can be
deleted for the reason given in Exercise 37.



44.

45.
48.

49.
52.

53.

54.

55.
59.
63.
65.

66.

67.

68.

69.

1] [1 1
One possible set is of,|1],]1] 7. There-
0 0 1

duced row echelon form of the matrix whose
columns are the given vectors is

1 0 0 0
01 0 -1].
0 0 1 1

Using the reasoning in Exercises 43 and 42, we
see that the fourth vector in S can be deleted,
but none of the three remaining vectors can be
deleted.

True 46. True 47. True

False, by Theorem 1.6(c), we need rank A = m
for Ax = b to be consistent for every b.

True 50. True 51. True

False, the sets S1 = {e1} and Sz = {2e;} have
the same spans, but are not equal.

False, the sets S; = {e1} and S; = {e1,2e:1}
have equal spans, but do not contain the same
number of vectors.

False, S = {e1} and SU{2e;} have equal spans,
but 2e; is not in S.

True 56. True 57. True 58. True
True 60. True 61. True 62. True
True 64. True

(a) 2

(b) Every choice of the scalars a and b yields
a different vector of the form au; + bus.
Thus there are infinitely many vectors in

the span.

1 0 1 2 4 5
o, (1] 2,3 |1].]3] 7,4 |5],|6
0 0 0 0 0 0

By Exercise 79 in Section 1.4, rank A is less than
m. So, by Theorem 1.6, there is some b in R™
such that Ax = b is inconsistent.

There must be at least m vectors in the set.
Let k& be the number of vectors in the set, and
let A be the matrix whose columns are these
vectors. So A is an m x k matrix. By Theorem
1.6, rank A = m. Thus k > m by the solution
to Exercise 79 in Section 1.4.

Suppose that S; = {uy,uz,...,ux} is a generat-
ing set for R™ and Sz = {ui,u2,...,u,}, where
r > k. Let v be in R™. Then, for some scalars
ai,az,...,ak, we have

vV =aiu; +aguz+ -+ axux

70.

71.

72.

73.

74.

75.

1.6 The Span of a Set of Vectors 17

=aiu1 + -+ + apug + Ougyr + -+ - + Ouy.

So S is also a generating set for R™.

If w is in Span {u + v,u — v}, then for some
scalars a and b we may write

w=a(u+v)+bu—v)=(a+bu+(a—->bv.

So w is also in Span {u, v}.

On the other hand, if z is in Span{u, v}, then for
some scalars ¢ and d, we may write z = cu+dv.
It follows that

z=C +d
T2
Thus z is in Span {u+v,u—v}. So Span{u, v}
and Span {u + v,u — v} are each contained in
one another and hence are equal.

c —

d
3 (u—v).

(u+v)+

Use the reasoning in Exercise 70 and the rela-
tionship
aju; +azuz + -+ + agug

= ﬂ(01u1) + 23(Czunz) 4ot 2 (cpuy),
C1 Cc2 Ck

which holds for all scalars a1,az,...,ak.
Use the reasoning in Exercise 70 and the rela-
tionship
aju; +azuz + -+ + gk
= a1(u1 + cuz) + (a2 — car)uz

+azug + -+ + agug,

which holds for all scalars a1,az,...,ak.
Nolet A= |1 . Then R =|' 0| The
o, le =1 ol e =10 ol

span of the columns of A equals all multiples

1 b
equals all multiples of e;.

of [1] whereas, the span of the columns of R

Let v be in the span of §1 = {ui,uz,...,ux},
and let S = {uj,uz,...,un}, where k < m.
We can write v = aju; + azuz + - - - + apuy for
some scalars a1, az,...,ak. Since

v =ajui+azuz+- - Faxup+0up 1+ - - +0um,

we see that v is also in Span Sa.

Let S = {ui,uz,...,ux}. If u and v are in
Span S, then u = aju; +azuz + - - - + axug and
v = biu; + byuz + - -+ + bguy, for some scalars
ai,az,...,a and by, ba,...,b;. For any scalar
¢, we have

U+cv=(a1u1+~--+akuk)
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76.

e

78.

79.

80.
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+c(biug + -+ - + brug)
= (a1 + cbi)uy + - -+ + (ag + cbx)ug.

So u+ cv is in Span S.

Let V = Span S. If S contains only the zero vec-
tor, then Span S = {0}. If S contains a nonzero
vector u, then Span S contains all multiples of
u, and hence is infinite.

Let B be obtained by performing a single ele-
mentary row operation on a matrix A. If B is
obtained by interchanging two rows of A, then
the set of rows of A is the same as that of B. So
the spans of their rows must be equal.

If B is obtained by multiplying row ¢ of A by
a nonzero scalar c, then the result follows from
Exercise 71 by taking ¢; =cand ¢; = 1if j # 4.
Finally, if B is obtained by multiplying row 2
of A by the scalar ¢ and adding it to row 1,
the result follows from Exercise 72. The general
case follows by a similar argument.

Let R be the reduced row echelon form of A. By
applying appropriate elementary row operations
to A, we obtain a sequence A, B, Ba,..., B, R,
where each matrix after the first is formed from
the previous matrix by an elementary row op-
eration. By Exercise 77, the span of the rows
of any of these matrices equals the span of the
rows of the previous matrix. Thus the span of
the rows of A equals the span of the rows of R.

Yes. As in the analysis in Exercise 1, a vector
v is in the span of {ui, uz,us,us} if and only
if the system [u; w2 uz wy)x = v is consis-
tent. Since the reduced row echelon form of the
associated augmented matrix does not contain
the row [0 0 0 0 1], v is in the span of
{ul, uz, us, U4}.

no 81. no 82, yes

LINEAR DEPENDENCE AND LINEAR
INDEPENDENCE

Yes, the second vector is a multiple of the first.
No, neither vector is a multiple of the other.
Yes, the second vector is a multiple of the first.
Yes, the set contains the zero vector.

No, the first two vectors are linearly indepen-
dent because neither is a multiple of the other.
The third vector is not a linear combination of
the first two because its first component is not
zero. So, by Theorem 1.9, the set of 3 vectors is
not linearly dependent.

6.

7.
10.

13.

14.

15.

16.

17.

19.

21.

23.

24.
25.

yes, by property 4 of linearly dependent and lin-
early independent sets

yes 8. yes 9. no

yes 11. yes 12. yes

[ 1
{ —2} }, because the second vector is a mul-

3
tiple of the first
n .
0|, |—1] p, because neither vector is a mul-
-2 1—
tiple of the other
g 1
2|, 16| 7, because the third vector is
0 0

zero, and nei_ther of the first two vectors are mul-
tiples of the other

0] [0o] [1
ol,|1], |2
1] 2] (3

the sum of the first three, and none of the first
three can be deleted for a reason similar to that
in the solution to Exercise 5

} because the fourth vector is

2] 1 1
-31,10 18. 0
5] |2 -1
- 1 4
B = {2
L -3 2
-2 o 2 3
0], |4 22. 11,12
3_ 0 0 1
No, let
1 -1 1
A=|-1 0 2/,
-2 11
which has reduced row echelon form
1 0 -2
01 -3
0 0 0

So rank A = 2. By Theorem 1.8, the set is lin-
early dependent.

yes
Yes, let
1 1 1
2 -3 2
A= 0 1 -2|’

-1 -2 3



26.
30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

which has reduced row echelon form

OO O
OO =O
o= OO

So rank A = 3. By Theorem 1.8, the set is lin-
early independent.

no 27. yes 28. no 29. no

1] 2] 5

-310| +4|-1| = |-

3] | 1] -
[ 1] " 0] [—17 [ 2]
5| 21 -3 1| +3|-2[=| 1
1] |—1] | o] |2
[ 1] [—1] (11 [ 0]
0 1 -1 -1
5({-1|+2| 1{+3| 2|=1| 3
-1 0 1 -2
|1 | 1] 0 | 7

all real numbers, because the second vector is a
multiple of the first

no value of r, because the second components of
the first two vectors are both 0

When r = —2, the sum of the first two vectors
equals the third.

Apply elementary row operations to the matrix
whose columns are the given vectors to obtain

1 0 -1 -1
0 -1 1 9
0 0 2 r+17
0 0 0 —-r—9

The rank of this matrix is less than 4 if and
only if r = —9, so by Theorem 1.8 the vectors
are linearly dependent if and only if r = —9.

1.7 Linear Dependence and Linear Independence 19

43. Every vector in R? is a linear combination of
two nonparallel vectors in R2. Hence the given
set is linearly dependent for every value of 7.

44. r=0 45. every r 46. nor 47. 4
48. 7 49. nor 50. every T
51. The solution of the system is

1 = 42 — 223

xy free
x3 free.

So
T 4o — 213 4 -2
T2| = T2 = xz2 |1| +z3| Of.
3 T3 0 1

52. 2| =3

55. x3

56. = T3 + x4

|
—0 O

57. = T2 + T4

8
S
1 T
cCoOoOoO~RO OO KN
|
—
—d
|
w

OO =N O

ES

58. 3| = x5 |—1.5

59. =3
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60.

61.

62.

63.
64.

65.

66.
69.
70.
71.

72.

73.

74.
7.
78.
79.

80.

83.
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T 2 —2 —4
T2 1 0 0
3| =x2 |0 + x4 1| +25 | -3
x4 0 1 0
_185_ _0 0 1
ENn [—2 1 -2 1
T2 1 0 0 0
x3| 0 1 0 0
za| = T2 0 +z3 0 +xs5 4 +x6 _3
s 0 0 1 0
| 26| | 0 0 0 1
En (1 2 -2
xr2 1 0 0
x3| 0 -3 -1
za| ~%2 o T 1| T o
s 0 0 2
| T6 _0 0 1
True
False, by Theorem 1.8 the columns are linearly
1 0
independent. Consider the matrix |0 1].
0 0

False, by Theorem 1.8, the columns are linearly
independent. See the matrix in the solution to
Exercise 64.

True 67. True 68. True
False, consider the equation Iox = 0.
True

False, if v # 0.

False, consider the set { [(1)} s [(1)} R [

1 2
False, consider n = 3 and the set of, |0
0 0
True 75. True 76. True
False, consider the example in Exercise 64.

True

False, {u1,uz,...,u} is linearly independent if
the only scalars such that

cui +couz+---+crup =0

areci =cp=---=c¢x =0.

True 81. True 82. True

I

85.

86.

87.

88.
89.

In R3 let u; = €3, uz = e, and v = e; + es.
The sets {ui, uz}, and {v} are both linearly
independent, but the set {ui,uz, v} is linearly
dependent because v = u; + us.

Let a1, a2, ...,ax be scalars such that

ai1v+azuz + -+ agur =0.
Substituting for v in this equation produces

0=a1v+azuz + -+ agug
= ai1(ciur + couz + - - - + cpug)
+azuz + - + agug
=aiciui + (ar1cz + az)uz + - -
+ (aick + ak)ug.
Because {uj,uz,...,ux} is linearly indepen-

dent, all the coefficients of this linear combina-
tion are 0, that is,

aici =ai1c2+az=...=aick +ar =0.

But if aic1 = 0 and ¢; # 0, then a; = 0. Thus

these equalities reduce to a1 = az = ... =ax =
0. This proves that {v,uz,...,ux} is linearly
independent.

Let {u, v} be linearly independent, and assume
that

a(u+v)+bu—-v)=0

for some scalars a and b. Then
(a+bu+(a—bv=0.

Because {u, v} is linearly independent, we have
a+b=0anda—-b=0. Soa=>b=0. Thus
{u+ v,u — v} is linearly independent.

Now let {u+v,u— v} be linearly independent,
and assume that cu + dv = 0 for some scalars c
and d. We may write

c+
2

c—d
5 (u—v).

cu+dv= d(u+v)+

Because {u + v,u — v} is linearly independent,
we have
c+d 0=~ d
2 27
from which it follows that ¢ =d = 0. So {u,v}
is linearly independent.

The proof is similar to that of Exercise 87.

Suppose a1,az,...,ar are scalars such that

ai(ciur) + az(czuz) + - - - + ap(crux) = 0,



90.

91.

92.

93.

that is,

(@1c1)ur + (azc2)uz + - -+ + (akck)ug = 0.

Because {uj,uz,...,ux} is linearly indepen-
dent, we have aici = axcz = -+ = agcy = 0.
Thus, since cy,ca,. .. ,ck are nonzero, it follows
thatay = a2 =---=ax =0.

If u; = 0, then write
lu; + Ouz + -+ 4+ O0ug =0,

from which it follows that {ui,ua,...,ux} is
linearly dependent. If w; is in the span of
{ul, uz,... ,ui_l}, then

u; =ciuy +cuz + ¢+ + Ci—1Wi-1
for some scalars c3,cg, ..., Ci—1. Because we can
write
0 =cius +couz + -+ Ci—1Ui-1
+ (—1)u; + Ougyy + - - - + Oug,
it follows that {u;,uz,...,ux} is linearly depen-
dent.
Let S’ = {uy,uy,...,u,} be a nonempty subset
of the linearly independent set
S = {lll,llz, ey Upy, Uprg1, .- .,uk}.
For some scalars ci,cg,. .. ,cr, suppose that
ciu; +cuz + -+ crur, =0.
Then
cug+cauz+- -+ +0ur g1+ -+ 0ug = 0.

Because S is linearly independent, it follows that
ci=c¢cy =--+-=c¢ =0. So& is linearly inde-
pendent.

This exercise states the contrapositive of the re-

sult in Exercise 91.

Suppose that v is in the span of S and that
v =ciu; +couz + -+ + cplg

and
v =djus +dauz + -+ +drug

for scalars ci,c2,...,Ck,d1,dz2,...,dg.  Sub-
tracting the second equation from the first yields

0= (C1 —dl)ul +(02 ——dz)uz +oet+ (Ck —dk)uk~

Because S is linearly independent, it follows that
0=c1—di =cp—dg =+ =cx—dk. Socy = dy,
C2 = d2,"',Ck — dk‘

1.7 Linear Dependence and Linear Independence

94.

95.

96.

97.

98.

21

Let S = {u1,uz,...,ux} be a nonempty subset
of R™. If every vector in the span of S can
be written as a unique linear combination of
ug,uz,...,ux, then S is linearly independent.
To show that S is linearly independent, suppose
that

ciuy +cpuz + - - +cpug = 0

for some scalars ci, ¢z, . .., Ckx. But also
Ou; +0uz + - -+ 0ur =0.

By uniqueness ¢; = 0,c2 =0,--+ ,cx =0. So S
is linearly independent.
Because S is linearly dependent, there are
scalars ci, ¢z, . . ., Ck, not all zero, such that
ciuy + cauz + - -+ cpug = 0.

So

A(C1u1 +coug + -+ ckuk) = AO0.
Hence

ci1Auy + coAug + -+ -+ cxAug, = 0.

Therefore {Au;, Auz,...,Aui} is linearly de-
pendent.

1 2] . Then

In R?, let S = {e1,e2} and A = [1 9

S is linearly independent, but

s = oo = { . [}

is linearly dependent.

Suppose
c1Au; + cgAuz + -+ - + crAug, =0
for some scalars ci,cz2,...,ck. Then
A(ciuy + couz + -+ + crug) = 0.
By Theorem 1.8, it follows that
ciug +couz + -+ cpup = 0.

Because S is linearly independent, it follows that
cp=cy=-=c¢ck=0.

If B is obtained from A by a row interchange,
then the sets of rows of A and B are the same; so
the result is immediate. If B is obtained from
A by a scaling operation, then the result fol-
lows from Exercise 89. So we need to prove the
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99.

100.

101.

102.
103.
104.
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result only for row addition operations. To sim-
plify the notation, we consider only the opera-
tion of adding k times the first row of A to the
second row. Let the rows of A be denoted by

uj,Uz,...,U,. Then the rows of B are given
by ui, uz +kuy, us, ..., un. Suppose for scalars
C1,C2, ... ,Cyn We have

ciug +ez(uz + ku) + cauz + -+ + cpup, = 0.
Then
(c1 + c2k)us + couzg + cauz + -+ - + e = 0.

Because the rows of A are linearly independent,
we have ¢; +c2k =0,c2 = 0,3 =0,...,cm = 0.
It follows that ¢; = ca = -+ = ¢ = 0, and so
the rows of B are linearly independent.

Let uj,uz,...,ur be the nonzero rows of a ma-
trix A in reduced row echelon form, and suppose

aiju; +azuz + ---+agug =0

for some scalars ai,a2,...,ax. Each u; has a
component equal to 1 in a position where all the
other vectors have components of 0. By equat-
ing these components on both sides of the equa-
tion, we obtain a1 =0, az = 0,---,ax = 0. So
up, uy,...,u, are linearly independent.

Let R be the reduced row echelon form of A.
Suppose A has linearly independent rows. By
repeatedly applying the result in Exercise 98,
we see that R has linearly independent rows. So
R has no zero rows, and therefore rank A = m.
Conversely, if rank A = m, then R has no zero
rows, and so, by Exercise 99, the rows of R are
linearly independent. There is a sequence of el-
ementary row operations that transforms R into
A. Beginning with R, apply Exercise 98 repeat-
edly to deduce that the rows of A are linearly
independent.

Let v; denote the jth vector in the set. The set
is linearly dependent and vs = 2v; — vz + v4.

The set is linearly independent.
The set is linearly independent.

The set is linearly independent.

CHAPTER 1 REVIEW EXERCISES

False, the columns are 3 x 1 vectors.
True 3. True 4. True
True 6. True 7. True

10.
13.

14.

16.

17.
18.

19.

20.

23.

24.

26.

27.

False, the nonzero entry has to be the last entry.

1 0 2
False. For the matrix |0 1 3|, which is in
0 0 O

reduced row echelon form, the associated system
has the unique solution z; = 2, £ = 3.

True 11. True 12. True

False, in A = [1 2] , the columns are linearly
dependent, but rank A = 1, the number of rows
in A.

True 15. True
1 2

False, the subset 2(,14 of R3 is linearly
3 6

dependent.

False, consider the example in Exercise 16.

(a) Misuse, “inconsistent” applies to systems
of linear equations.

(b) Misuse, “solution” applies to systems of
linear equations.

(c) Misuse, “equivalent” applies to systems of
linear equations.

(d) Misuse, “nullity” applies to matrices.

(e) Misuse, “span” applies to finite subsets of
R™.

(f) Misuse, “generating set” applies to finite
subsets of R™.

(g) Misuse, “homogeneous” applies to systems
of linear equations.

(h) Misuse, “linearly independent” applies to
finite subsets of R™.

(a) There is at most one solution. (See the
table at the end of Section 1.7.)

(b) There is at least one solution. (See the
table at the end of Section 1.7.)

undefined because A and BT don’t have the
same number of rows

3 2 -3
-2 7 22. | 15
4 3 9

undefined because A has 2 columns and DT has
3 rows

—4 9
-4 -1 25. [3]
—12 1

undefined because AT and B don’t have the
same number of rows

undefined because CT and D don’t have the
same number of columns



28.

29.

30.

33.

35.

The boat has a velocity of

o= B[ -]

and the passenger has a velocity of

-

with respect to the boat. So with respect
to the riverbank, the passenger has a veloc-

2

. |6
ity of v+ w = [_4‘/5 mph and a speed of

V/(=6v2)? + (~4v/2)? = VT04 ~ 10.20 mph.
The components are the average values of sales
at all stores during January of last year for pro-
duce, meats, dairy, and processed foods, respec-
tively.

0
13
-4 1 [3]
~1 31. 32. —
6 g va ll

2 -1
1 [2\/3 - 1] [ 3]
- 34. |1 3
2|-2-v3 5 ol 74
Vector v is in the span of S if and only if v is a
linear combination of the vectors in S, which is

true if and only if the system Ax = v is consis-
tent, where

-1 1 1
A=1] 5 3 -1
2 4 1

Any solution of the system gives the coefficients
of a particular linear combination. The aug-
mented matrix for this system has reduced row
echelon form

10 - -
01 & 1
0 0 0 0
Hence the solution is
1 =—-3 4 ta;
T2 = % - %:Bs
r3 free.
So taking s = 1, we obtain z; = —1, 2 = 3.
Thus one possibility is
5 -1 1 1
v=|3l=(-1)| 5[+3]|3|+1]-1
11 2 4 1

43.

45.

46.

47.

48.

49.

50.

51.

52.
54.
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v is not in the span of S.
v is not in the span of S.

v is not in the span of S.

1 =1— 222 + x3 :IJ1=25/24
z2 free 40. z; = 31/12
I3 free T3 = —5/8

not consistent 42. not consistent

ry= 7 —5xs — 4xa 1= 15— Txq
o = —5 + 3x3 + 34 44 Ty = —9 + 44
z3 free g3 = -5+ 214
x4 free xq4 free

The given matrix is in reduced row echelon form.
Hence its rank is 1, and its nullity is 5 — 1 = 4.

The given matrix is in reduced row echelon form.
Hence its rank is 1, and its nullity is 5 — 1 = 4.

The reduced row echelon form of the given ma-
trix is

1 00 1 2.125
0 1 0 -1 -1.250
0 0 1 0 2.375

Thus its rank is 3 and its nullity is 5 — 3 = 2.

The reduced row echelon form of the given ma-
trix is [e1 ez es]. Thus its rank is 3 and its
nullity is 3 -3 = 0.

Let z1, x2, T3, respectively, be the appropriate
numbers of the three fruit packs. We must solve

10z, 4+ 10z2 + 5x3 = 500
10z + 15z2 + 10x3 = 750
10z2 + bz3 = 300.

The unique solution of this system is z1 = 20,
Ty = 10, I3 = 40.

The matrix whose columns are the vectors in
the set is a 3 x 4 matrix. Since its rank equals
the number of its pivot columns, its rank cannot
equal 4. Thus, by Theorem 1.6, the set is not a
generating set for R*.

The reduced row echelon form of the matrix
whose columns are the vectors in the set is Is.
Thus its rank is 3, and so the set is a generating
set, for R3.

53. no

For an m x n matrix A, the system Ax = b is
consistent for every vector b in R™ if and only
if the rank of A equals m. Since the rank of
1 2
3 6
vector b in R2.

yes

e

] is 1, Ax = b is not consistent for every
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55.
58.
60.

61.
62.
63.

64.

65.

66.

67.

68.
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yes 56. yes 57. yes

no 59. no

The set is linearly dependent. By Theorem 1.8,
the set is linearly independent if and only if the
rank of the matrix whose columns are the given
vectors equals the number of columns of the ma-
trix. The reduced row echelon form of this ma-
trix is

1 01
0 1 2f.
0 0 0

Therefore its rank is 2, not 3.
linearly independent
linearly dependent

In this exercise, we have a set of 4 vectors from
R3. Since, by property 4 on page 81, no subset
of R™ containing more than n vectors is linearly
independent, this set is linearly dependent.

By inspection, we see that the third vector is
twice the second, so

2 1 1
4{ =0]-11+212
2 3 1
3] 1] [ 1
3| =22 +1|-1
|8 ] 3] | 2
3] 3] 3
3 1 0
2| =3|4| 725
1] 1] |1
[ 1 1 1 1
-1 -1 0 1
il = 0 1 + 2 1 +(-1) 1
-1 2 0 1
The solution of the system is
Ty = —2T2 + T3 — 24
zo free
r3 free
zqg free.
Therefore
1 —2%2 + T3 — T4 |
T2| T2
z3| 3
T4 T4 |
-2 1] -1
1 0 0
=22 +z3 1 + x4 0
0 0] 1

69.

70.

71.

72.

73.

74.

T -3
2| =3 2

_ma- L 1_

(1] [ 13] -8
Ta| _ -5 3
T3 =3 1 + 24 0

| Z4 | | O] 1

-$1- o
T2| 5
I3 =T 0

l-x4- L 1_

(a) The vector v + w is a solution of Ax = b
because A(v+w) = Av+Aw =b+0=b.

(b) Let u be a solution of Ax = b, and define
w =u—v. Then

Aw =A(u—-v)=Au—Av=b-b=0.

Therefore w is a solution of Ax = 0, and
u=v-4w.
We prove the equivalent result: Suppose that
w; and wy are linear combinations of vectors
vy and va. If vi and v3 are linearly dependent,
then w; and w are linearly dependent.
By assumption, one of v or v is a multiple of
the other, say vi = kv, for some scalar k. Thus,
for some scalars a1, az,b1,bz, we have

W1 = a1vi + a2ve = a1kve + azxva
= (a1k + az)v

w2 = bi1vi + bave = bikva + bava
= (bik + b2)va.

Let ¢c1 = a1k+az and c2 = bik+b2. Then w; =
c1vz and w2 = ceva. If wi = 0 or wp = 0, then
w; and wy are linearly dependent. Otherwise,
c2 #0, and

1 C1
Wi =CV2=¢C | —W2 | = —Wg,
Cc2 C2

proving that w; and w are linearly dependent.

(a) Because elementary row operations per-
formed on the first n columns of [A 0] do
not change the last column, the reduced
row echelon form of [A 0] is [R O].

(b) Because elementary row operations per-
formed on the first k columns of A do
not affect the last n — k columns, the re-
duced row echelon form of [a; az -+ ag]
is [r1 r2 --- rg]. In other words, the re-
duced row echelon form of the matrix ob-
tained by deleting the last n — k columns
of A is obtained by deleting the last n — k
columns of R.
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(c) First, observe that cA can be transformed 17.67 —143.166
into A by means of m elementary row op- (f) —15.87 (g) —154.174
erations, namely, multiplying each row of —9.83 —191.844
A by 1/c. Since A can be transformed into | —44.27 —202.945
R by means of elementary row operations, _
it follows that cA can be transformed into —64.634
R by means of elementary row operations. (h) —322331
Thus the reduced row echelon form of cA :
is R. | —240.642
(d) Because [I A] is in reduced row eche- 35 ~3.30 3.5
lon form, its reduced row echelon form is . ~1.2 6.94 ~1.2
[Im Al DA 41| =] 3s0] V™| a1
(e) The same elementary row operations per- 2.0 19.70 2.0
formed on A to obtain R will transform
[A cA] into [R cR], which is in reduced (i) Mu = B(Au) for every u in R4
o, T el o] [
) ' 3.1611 2.6944

@ o @ fsoom)

CHAPTER 1 MATLAB EXERCISES 4. (a) The following sequence of elementary row
3.38 operations transforms A into reduced row
1.5 8.86 echelon form: —%rl + 1y —ra,
—2.2 : '
(a) A 271 = 16.11 —;’—:i-rl +r3 —rz, —2ri+r4—ryg,
4 32.32 —214091y, L py 513, T3
15.13 7 1363 12 3 3 3 4,
13.45 20.18 —2Irs 41—y, —2892ry4r o,
—4.30 —-11.79 2 _podr 11, —skors ot
(b) —~1.89 (C) 771 7.1364 7.1364
7.78 8.52 $5r3 — T3, I — T
10.69 0.28 (Other sequences are possible.)
[ -0.3 85 -—123 3.9 1 0 20000 0 .1569  9.2140
(2) 275 —-9.0 -223 —2.7 b 0 1 1.0000 O .8819 —.5997
—11.6 4.9 16.2 2.1 (b) 0 0 0 1 -.2727 -3.2730
8.0 127 342 -—-24.7 0 0 0 0 0 0
C 71 205 —13.3 6.9 5. Answers are given correct to 4 places after the
by | 105 —300 —22.1 ~14.3 decimal point.
-7.0 =317 16.4 27.3 1 —8.2142 —2.0000
| —14.6 193 -9.6 -—23.9 T3 —0.4003 —1.0000
(a) zz| _ | 0.0000 n 1.0000
130 41 -275  3.15 ) gl = | 327271 T | 0.0000
(©) 410 24 1.90 1.50 Ts 0.0000 0.0000
) |_275 19 320 465 6 0.0000 0.0000
| 3.15 1.5 4.65 -5.10 —0.1569 —-9.2142
—0.8819 0.5997
[0.00 —2.00 -.55 .95 0.0000 0.0000
@ |20 000 -320 460 +os | gorer| T2 | 32127
.55 3.20 0.00 -2.55 1.0000 0.0000
| —.95 4.60 2.55 0.00 0.0000 1.0000

(e PT=P,Q"=-Q,P+Q=A (b) inconsistent
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1 —9.0573 —2.0000
2 1.4815 —1.0000
zs| | 0.0000 1.0000
© |24| = | 2.0000] 7% | 0.0000
s 0.0000 0.0000
s 0.0000 0.0000
—0.1569 —9.2142
—0.8819 0.5997
0.0000 0.0000
T gorer| T | 39707
1.0000 0.0000
0.0000 1.0000

(d) inconsistent

6. By solving the equation

we see that the gross production for each of the
respective sectors is $264.2745 billion, $265.7580
billion, $327.9525 billion, $226.1281 billion, and

(I5 - C)x = d,

$260.6357 billion.

7. (a) linearly dependent
1

NN = =O
I
|
[
+
—_O - O
|

oy

1
(b) linearly independent

8. Let vi,Vva,...,vs denote the vectors in the set
S in the order listed in Exercise 7(a), and let
A= [V1 Va2 Vs].

(a) For the vector u given in (a), the equation
Ax = u is not consistent; so u is not in the
span of Sj.

(b) For the vector u given in (b), the equation
Ax = u is consistent, and

u=2v; —vy+0vz +vy+0vs.

(c) yes, 2vi — va + Ovs + v4 + Ovs
(d) no
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2.1

10.

12.

13.

15.

16.

17.

19.

20.

Matrices and Linear
Transformations

MATRIX MULTIPLICATION

AB is defined and has size 2 X 2.
AB is defined and has size 2 x 6.

AB is undefined because A has 3 columns and
B has 2 rows.

Let A be any 3 x 4 matrix and B be any 2 x 3
matrix.
22 28

or=[5] o [3

(14 -2
*2=121 -3
By is undefined because B is a 2 X 2 matrix, y
is a 3 x 1 matrix, and 2 # 3.
ACx is undefined because ACx = A(Cx) and
Cx is undefined because C is a 2 X 3 matrix, x
is a 2 x 1 matrix, and 3 # 2.

[ 9 5 0

_17] 11. [25 20]

-1 8 -—

17 24 19

[29 56 23 19 2
| 7 8 9] 14. [7 6]

C BT is undefined because C is a 2 X 3 matrix,
BT is a 2 x 2 matrix, and 3 # 2.

CB is undefined because C is a 2 X 3 matrix, B
is a 2 x 2 matrix, and 3 # 2.
—10
10

A® = [_35 _:;g] 18. [_5

45 15
C? is undefined because C is a 2 x 3 matrix and
the number of columns of C' does not equal the
number of rows of C.

53 36
9 8

27

22.

23.

24.
25.

29.

31.

33.

34.

35.
36.
37.

38.
39.
41.

42.

43.
44.

45.

46.
47.

15 40 5
(AB)C‘A(BC)‘[HE, 200 105]
r_ prar_ |5 25
= o= [3 2]
2(AC) = (zA)C = [-24 32 —68]
—2  26.12 27.24  28. -1

EnE
] o= ]

False, the product is not defined unless

n = m.

False, if A is a 2 x 3 matrix and B is a 3 x 4
matrix.

False, see Example 5.
True

False, if A is a 2 x 3 matrix and B is a 3 X 2
matrix.

False, (AB)T = BTAT.
True 40. True

False, see the box titled “Row-Column Rule for
the (i, j)-Entry of a Matrix Product.”

False, it is the sum of the products of corre-
sponding entries from the ith row of A and the
jth column of B.

True
False, (A + B)C = AC + BC.

False. If A= B = [O 1], then AB = [1 0].

1 0 01
True
10 0 0
False, let A = [O 0] and B = [1 0] .
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48.
51.

52,

53.

54.

55.
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True 49. True 50. True

(a) The number of people living in single-unit
houses is .70v; + .95v2. The number of
people living in multiple-unit housing is
.30v1 + .05v2. These results may be ex-
pressed as the matrix equation

70 .95] [vi] _ [wa
30 .05 V2 - u2 ’
So take
.70 .95
B= [.30 .05]'

(b)

Because A [:l] represents the number of
2

people living in the city and suburbs af-
ter one year, it follows from (a) that

BA {31] gives the number of single-unit
2

and multiple-unit dwellers after one year.

6 3
(a) B= [.3 .5] (b)A=[:i P Z]

1 0.2
53 48
() C= [.47 .52]
Today
Hot Bag
(a) Lunch Lunch
Next HotLunch , [.3 4
Day BagLunch =~ |.7 .6
s [w] _ [109.1 .
(b) A [uz] = |190.9|" Approximately 109

students will buy hot lunches and 191 stu-
dents will bring bag lunches 3 school days
from today.

(c) AN [Z;] = [igggggﬂ (rounded to four

places after the decimal)

We prove that s(AC) = A(sC). The remaining
part is proved similarly. Note that both s(AC)
and A(sC) are k X n matrices. The jth column
of s(AC) is s(Ac;). On the other hand, the
jth column of sC is sc;. So the jth column of
A(sC) is A(sc;), which equals s(Ac;) by Theo-
rem 1.3(c).

We prove that C(P + Q) = CP + CQ. Note
that P+ Q is an n X p matrix, and so C(P + Q)
is an m X p matrix. Also CP and CQ are both
m X p matrices; so CP + CQ is an m X p ma-
trix. Hence the matrices on both sides of the
equation have the same size. The jth column of

56.
57.

58.

59.

60.

61.

62.

63.

P +Q is p;j +q;; so the jth column of C(P+ Q)
is C(p; +q;), which equals Cp; +Cq; by Theo-
rem 1.3(c). On the other hand, the jth columns
of CP and CQ are Cp; and Cqj, respectively.
So the jth column of CP + CQ is Cp; + Cq;.
Thus C(P + Q) and CP + CQ have the same
corresponding columns, and hence are equal.

The proof is similar to that of Exercise 55.
The proof is similar to that of Exercise 55.

-1 0 2
0 1] reflects R* about

The matrix BA = [
the y-axis.
By the row-column rule, the (i, j)-entry of AB
is

@;1b1j + @izbzj + - -+ + Qinbn;.
Suppose ¢ < j. A typical term above has the
form a;kbi; for k = 1,2,...,n. If k < j, then
bx; = 0 because B is lower triangular. If k& >
j, then k > ; so a;x = 0 because A is lower
triangular. Thus every term is 0, and therefore
AB is lower triangular.

(a) The ith component of a; is a;;. If Aisa
diagonal matrix, then a;; = 0 if ¢ # j, and
hence every component of a;, except per-
haps the jth component, is zero. There-
fore the jth column of A is a; = ajje;.
The converse is proved similarly.

From (a), Theorem 1.3(c), and Theorem
1.3(a), the jth column of AB is

Ab; = A(bjje;) = bj;(Ae;)
= bjja; = bj;(aj;e;) = (bjjay;)e;

= ajjbj;e;.

(b)

Thus AB is a diagonal matrix by (a).

By the row-column rule, the (3, j)-entry of AB
is
ai1b15 + @izba; + « + + Ginbnj.

Suppose 7 > j. A typical term above has the
form airby; for k = 1,2,...,n. If k < 4, then
a;x = 0 because A is upper triangular. If k& >
i, then k > j; so bx; = 0 because B is upper
triangular. Thus every term is 0, and therefore
AB is upper triangular.

1 2
3 1
B= 1 0
01
1 0 0 0
LetA—[0 0] andB.—[1 0].ThenAB-—-

0 0
O, but BA = [1 0] £ O.



64.

65.

66.

67.

68.

69.

70.

For the matrices in the solution to Exercise 47,
we have rank AB = 0 and rank BA = 1.

The trace of AB is the sum of the diagonal en-
tries of AB, that is,
[@11b11 + @12b21 + - - + @1nbni]
+ [a21b12 + az2bzz + -+ + @anbna] + - -+
+ [am1bim + Gm2bzm + - + Gmnbam]-
By adding the first terms within each bracket,

then the second terms, etc., we obtain the trace

of BA.

Row 7 of EB is the same as row s of B, and the
other rows of EB are zero.

Using (b) and (g) of Theorem 2.1, we have
(ABC)T = ((AB)C)T =" (AB)"
=CT(BTAT) — CTBTAT,
(a) By Theorem 2.1(g), AB is symmetric if

and only if AB = (AB)T, which is true
if and only if AB = BT AT = BA.

1 0 0 1
(b) Let A= [0 0] and B = [1 0]. Then
01 0 0
=) Jomamas]?
(a), (b), (c), and (d) have the same answer,
namely, | & 0
amely, | _{|-
Yy
b o
k k
(e) m
« k=

Figure for Exercise 69(e)

(b) not valid in general
(c) We have

(A+B)’>=(A+ B)(A+ B)
= A(A+ B)+ B(A+ B)
= AA+ AB+ BA+ BB
= A?+ AB+ BA+ B>

(d) The equation in (c) holds if and only if
AB = BA.
(e) If AB = BA, then from (c) we have

(A+B)?= A+ AB+ AB + B?
= A%+ 24B + B>

T1.

2.2

N

© @ A ow

10.

11.

12.
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(b) The population of the city is 205,688. The
population of the suburbs is 994,332.

(c) The population of the city is 200,015. The
population of the suburbs is 999,985.

(d) Eventually the population in the city will
be 200,000, and the population in the sub-
urbs will be 1,000,000.

APPLICATIONS OF
MATRIX MULTIPLICATION

False, the population may be decreasing.

False, the population may continue to grow
without bound.

False, this is only the case for i = 1.
True 5. True
False, z = BAx.

False, a (0,1)-matrix need not be square, see
Example 2.

7. True

False, a (0, 1)-matrix need not be symmetric, see
Example 2.

3.0 20 0
(@) A=]06 00 0

00 02 O

420] [15588
60(, | 2786
12 166

(c) The only solution of (A — I3)z =0 is 0.

(a) all of them
(b) O from the first and 1 from the second

(b)

(c) [Z] in even-numbered years, and [Z] in
odd-numbered years
0 12 1
(a) A=|5 0 O
0 g O

(b) The population approaches 0.
(c) The population increases with an (approx-
imate) distribution given by the vector

3400
17001 .
1500

(d) ¢ = 0.8. The stable distribution is (ap-

1233
proximately) given by the vector | 617|.
493
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(e)

¢9)
(8)

13. (a)

(b)

(©

Over time, the population distribution

500
approaches |250].

200
q=038
The general solution of (A — I3)x is
1 = 2.50z3
x2 = 1.25z3
z3 free,

and its vector form is

T 2.50
z2| =x3 [1.25] .
T3 1.00

For 3 = 200, we obtain (e).

Using the notation on page 108, we have
p1 = q and p2 = .5. Also, b; = 0 because
females under age 1 do not give birth.
Likewise, b = 2 and b3 = 1. So the Leslie

matrix is
b1 b2 b3 0 2 1
A=|pr 0 O0|=1|q 0 O0].
0 5 0

0 p2 O
If ¢ = .8, then
0 2 1 300
A= |8 0 0| and xo= [1180] .
0 5 0 130

The population in 50 years is given by
9.28

A%xo ~10° |5.40] .

1.96

So the population appears to grow
without bound.
If ¢ = .2, then

0 2 1
A=1(2 0 0].
0 5 0

As in (b), we compute
.3697
A*x0 2~ 107% [1.009
.0689

and conclude that the population appears
to approach zero.

14.

(d)

(e)

()

(8)

(2)
(b)

(©)
(d)

400
q = .4. The stable distribution is |160{ .

80
210
For ¢ = .4 and xo = | 240/, the respective
180

vectors A%xg, A'%xo, and A*°x¢ equal
513.60 437.36 499.98
14496, [189.99|, and [180.01] .
114.00 85.17 89.99

It appears that the populations approach

450
1801 .
90

By Theorem 1.8, we need rank(A—1I3) < 3.
We can use elementary row operations to
transform the matrix

0 2 1
A—Ig: q 0 0
0 5 0

1 -2 -1
0 1 -2 .
0 0 —201-2¢)+q
For rank (A — I3) < 3, we need
-2(1-2¢)+¢=0,

that is, ¢ = .4. This is the value obtained
in (d).
For ¢ = .4, the solution of (A — I3s)x =0

is
T1 5
Tr2| =x3 21 .
I3 1
For x3 = 90, we obtain the solution in (e).
0 b 10
A=11 0 O
0 2 0

The population increases with an (approx-
imate) distribution given by the vector

503000
47001 .

to

8500

The population approaches 0.
= 8. The population stabilizes to the

6796
(approximate) distribution | 680].
136



15.

(e) The population stabilizes to the (approxi-

7296
mate) distribution | 730].

146
(f) b=38
0 8 10
(g) Let A= |.1 0 Of. Then A*p ap-
0 2 0

proaches q as k grows large. It is instruc-
tive to compute A* for a large value of
k, treating the matrix entries as rational
numbers. Using MATLAB, this can be
done using the command format rat (see
the subsection “Displaying Data” in Ap-
pendix D). In this case,

5 10 50
11 11 11

_ A0 _ |1 5 5
B - A - 22 11 11
11 1

110 11 11

Observe that AB = B, and hence A'®
yields a limiting value of A* (although a
smaller value of k may also be adequate).

Thus
5 10 50
i 1 1| [p, 50
a=|# & & |»|=c| 3],
a1 ] Lps 1
6 11 11
where ¢ = —1—(p1 + 10p2 + 10p3).

110

0 2 b
(a) {2 0 0]
0 5 0

(b) The population approaches 0.
(c) The population grows without bound.

1600
(d) b=6, | 320
160

1500
(e) Over time, it approaches | 300].
150

(f) b=6

0 2 6
(g) Let A= [.2 0 0. Asin 14(g), com-
0 5 0
puting A!% in rational format, we obtain

B=A100 —

8l Gl &I
Gl Sle 28

8- &Gl= &l

16.

17.
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Observe that AB = B, and hence
A yields a limiting value of A*. So

P1 10
p2| =c¢ 2 I}
D3 1

1
where c = -2—6(1)1 + 5p2 + 6p3).

1.0 1.0 O 80 110
(a) A= 105 00 O (b) |30f and | 40
[0.0 0.3 Oj| [ 6} [ 9]
Let p and g be the amounts of donations and
interest received by the foundation, and let n

and a be the net income and fund raising costs,
respectively. Then

n=.7p+ .9q
a=.3p+ .1q,

=15 STk

Next, let r and c be the amounts of net income
used for research and clinic maintenance, respec-
tively. Then

25
3

flel

Il
8 gl Gl
Gle &lo &8

Blov &len

and hence

r=.4n
c=.6n
a= a,

and hence

[

Finally, let m and f be the material and person-
nel costs of the foundation, respectively. Then

m = .8r + .5¢c + .Ta
f = .2r + .5¢+ .3a,

-1 2 )

Combining these matrix equations, we have

[m] (8 .5 .7] e [n]

b |2 5 4 o 1|le

[8 5 .7] . [.7 .9] [p]
|2 5 4 0 1 3 1] g

_ [0.644 0.628] [p
~ 10.356 0.372 '

and hence
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18. M= [0.52

19,

20.

21.
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(a)

(b)

(c)

(a)
(b)
(c)

(a)

(b)

(©

(d)

Matrices and Linear Transformations

0.00
0.65

0.35

0.48

0.00

There are no nonstop flights from any of
the cities 1, 2, and 3 to either of the cities
4 and 5, and vice versa.

s B* 0O 4 B®* O
0, C?[’ 0, C?|’
B* 01]

and Ak =
0, C?

It is impossible to fly between any of the
cities 1, 2, and 3 and either city 4 or city
5.

(1,3), (1,4), (2,4), (2,5), (3,5)

none

There are 3 ways in which countries 1 and
4 are linked by three intermediate coun-
tries.

We need only find entries a;; such that
a;j = aj; = 1. The friends are 1 and 2,
1 and 4, 2 and 3, and 3 and 4.

The (i, j)-entry of A% is

ai101; + ai2a2; + a;3a3; + a;4a4;.

The kth term equals 1 if and only if a;x = 1
and ar; = 1, that is, person i likes person
k and person k likes person j. Otherwise,
the term is 0. So the (i, j)-entry of A2
equals the number of people who like per-
son j and are liked by person 1.

We have

-0 = O
(= e
-0 O
O = O

which is symmetric because B = BY.
Because B3 = B?B, the (i,4)-entry of B®
equals a sum of terms of the form c;xby;,
where c;x equals a sum of terms of the form
bijbjk. Therefore the (i, i)-entry of B3 con-
sists of terms of the form b;;b;xbr;. The
(4,4)-entry of B? is positive if and only if
some term b;;b;rbr; is positive. This oc-
curs if and only if by; = 1 = bjx = by,
that is, there are friends k and j who are
also friends of person i, that is, person i is
in a clique.

22.

23.

24.

(a)

(©)

(a)

(b)
()

(d)

(a)

(b)
(©)

We have

B’ =

- o s o
O O
L= =]
S O

so the (4, ¢)-entry is 0 for every . Therefore
there are no cliques.

(1,5)  (b) (1,2) and (2,4)

5 0 2 1 5

0 3 1 0 2

2 1 5 2 3

1 0 2 3 1

5 2 3 1 7
Let B = AT. The (i,j)-entry of AAT
equals

ai1b1j + ai2bz; + - - - + aisbs;
= ai1a;1 + ai2a52 + - -+ + @505,

A typical term in this sum has the form
a;ka;jk, which equals 1 if and only if both
students ¢ and j want to take course k.
So this entry equals the number of courses
students 7 and j both want to take.

Use the row-column rule to perform each
calculation.

Students 1 and 2 want to take one of the
same courses, and students 9 and 1 want
to take three of the same courses.

For each i, the ith diagonal entry of AAT
represents the number of courses that stu-
dent ¢ wants to take.

We have
(A+B)>=(A+ B)(A+B)
=(A+B)A+(A+B)B
=AA+ BA+ AB + BB
= A’ 4+ AB + AB + B?
= A’ 4 24AB + B>

The proof for k = 3 is similar.

The proof for matrices is identical to the
proof for scalars. .

Because B* = O for k > 3, we have

AP = (L + B =1f +kIf'B

k! k—2 2
tam—ays B
k!

k-3 p3
Yoot B



25.

26.

(a)

(b)

()

(d)

(a)
(b)
(<)

+0+--4+0

k! 2

=I4+kB+5(k_—2_)iB

— I +kB+ ’—“(—k;—l)BZ.

k | Sun Noble Honored MMQ

11100 300 500 7700
2 (100 400 800 7300
31100 500 1200 6800

k ISun Noble Honored MMQ

9 |100 1100 5700 1700
10| 100 1200 6800 500
11] 100 1300 8000 -800

The tribe will cease to exist because every
member is required to marry a member of
the MMQ, and the number of members of
the MMQ decreases to zero.

We must find k such that

Sk + nk + hy > mg,

that is, there are enough members of the
MMQ for the other classes to marry. From
equation (6), this inequality is equivalent
to

k(k—1
so + (no + kso) + (ho + kno + (—2-——)80)

Bkt

2
If we let so = 100, no = 200, ko = 300,
and mo = 8000 and simplify the inequality
above, we obtain

> mg — kng —

k% +5k—74>0.

The smallest value of k that satisfies this
inequality is k = 7.

By definition, each entry of A equals 0 or
1.

Person 3 can send a message to person 1
using person 2 as an intermediary.

The (3, 1)-entry of A? equals

asziaii + aszazi + - - + azede1.

Each term in this sum is 0 or 1, and as
in (b), asia;1 = 1 only when person 3 can
send a message to person 1 using person
as an intermediary. So the (3,1)-entry of
A? equals the number of people to whom
person 3 can send a message and who in
turn can send a message to person 1.

2.3

10.

11.

12.

13.

14.

15.

17.

19.

21.
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(d) The (i,7)-entry of A? equals the number
of ways that person 7 can send a message
to person j in two stages.

(e) The (i,j)-entry of A™ equals the number
of ways that person i can send a message
to person j in m stages.

(f) Yes, person 5

(8 1,0,3,1

(h) 6

INVERTIBILITY AND ELEMENTARY
MATRICES

No, we must have AB = BA = I,,. In this case
AB # I,.

yes 3. yes 4. no 5. yes

no 7. no 8. no
1 2 1
(AD)yt=@AaHT=1]2 0 1
3 1 -1
2 0 3
(B '=|-1 0 —
3 4 1
3 7 2
(AB)'=B"'A"'=14 4 —4
0 7 6
1 -7 14
BA) =] 7 -4 1
-1 1 6
5 7 3
(AB")y"'=[-3 -4 -1
12 7 12
1mn 7 -1
(ATBT)y = |-7 -4 1
14 7 6
[ 1 0 1 3
-1 1] 16. [0 1]
1 0 0 0 0 1
2 10 18. |0 1 0
0 0 1 1 00
1 0 0 0
1 00
0 25 0 0 2. 0 1 0
0 0 1 0 0 0 1
0 0 0 1 1
[1 0 0 0O 1 00 O
0 001 01 0 -2
0 010 221001 0
0 1 0 0 0 00 1
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23.

26.

29.

31.

33.
34.
36.

37.
39.

40.
43.
44.

45.
46.

47.
51.

52.
53.
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(-1 0 1 0 0 1
01 2. 2 1 25. 1 0
1 0 01 1 2
0 —l] 27 [1 0 28. [0 1]
1 0 0 1 00
0 1 0 30. |0 1 0
0 -5 1 1 0 1
1 0 0 100
0 0 1 32 010
0 1 0 -2 0 1
False, the n x n zero matrix is not invertible.
True 35. True
False, let
1 0
A= [(1) (1) g] and B={0 1].
0 0

Then AB = I, but neither A nor B is square;
so neither is invertible.

True 38. True

False, see the comment below the definition of
inverse.

True 41. True 42,
False, (AB)™! = B~'A~L,

False, an elementary matrix is a matrix that can
be obtained by performing one elementary row
operation on an identity matrix.

True

2 0 1
False, [0 1] and [O

. 2 0[|1 O 2 0
trices, but [0 1] [0 3] = [0 3],

which is not an elementary matrix.

True

0
3| are elementary ma-

True 48. True 49. True 50. True
False, see Theorem 2.4(a).
True

By the row-column rule, the (1,1)-entry of
(4740 = |

is

cosa sin a] [cos a

—sina
—sina  cosal |sina

cosa
cos®a+sina =sin’a +cosla=1.
Likewise, its (2, 2)-entry is

. 2 .
(—sina)? 4 cos’ a = sin’ a + cos’ a = 1.

54.

55.

56.

Its (1,2)-entry is
cosa(—sin o) + sinacosa = 0,
and its (2, 1)-entry is
—sinacosa 4+ cosasina = 0.
Therefore (Aq)TAn = [1 0

0 1
Aa(Aa)T = I,. Thus, by the definition of in-

verse, we have (A,)T = (Aa) L.
(a) We have

sa-(aw e

1 ad — be
“ ad—bc |—ac+ac

] = I5. Similarly,

db — bd

—bc + ad
= Is.

Similarly, AB = I, so A is invertible and

a1 [d -
A —ad-bc[—c a]'

Assume A is invertible and ad — bc = 0.
Let C = [ d ‘Z] Then

so=le 7

ad—bc —ab+ ba
cd—dc —cb+da

(b)

I

So
O0=A"'0=A47(40)
=(AT'A)C = L,C =C.
Since C = O, wehavea=b=c=d =
0. Consequently, A = O. But this is a

contradiction because the zero matrix is
not invertible.

By the boxed result on page 127, every elemen-
tary matrix is invertible. By Theorem 2.2(b),
the product of invertible matrices is invertible.
Hence the product of elementary matrices is in-
vertible.

We prove the contrapositive.
Av. Then

u=ILu=(A""Au=A""(4u)
=AT'Av) = (AT A)v=Lv=v.

Thus u=v.

Suppose Au =



57.

58.

59.

60.

61.

62.

Since Q is invertible, Qu = 0 if and only if u =
0, and hence

aiuy +azuz + - +agug =0
if and only if
a1Quy + azQuz + - - -+ axQux =0

for any scalars ai,as2,...,ax. Thus the set
{u1,uz,...,u;} is linearly independent if and
only if the set {Qu;, Qua,...,Quy} is linearly
independent.

We must prove that the inverse of A7lis A. We
have

AT'A=1,=AA"".
So the result follows by definition.

Using Theorem 2.1(b) and Theorem 2.2(b), we
have

(ABC)™! =[(AB)C) ™' =Cc"(AB)™!
=c (B 'AYy=Cc'B'AT.

Suppose that A and AB are invertible.
Then A~} is invertible and

A"Y(AB)=(A"'A)B=I1,B=B.

Hence B is the product of invertible matrices.
Therefore B is invertible by Theorem 2.2(b).

By Theorem 1.6, we need only show that Ax =
b is consistent for every b in R™. For any b in
R™, let u = Bb. Then

Au = A(Bb) = (AB)b=I,b =b.

So Ax = b is consistent.

We first establish the hint. If the first column
of B is not a pivot column, then b; = 0. Hence
Ab; = A0 = 0, which implies that the first
column of AB is not a pivot column. Now sup-
pose that column by of B is not a pivot column,
where k > 1. Then by is a linear combination of
the preceding columns of B. So there are scalars
C1,C2,...,Ck—1 such that

by = c1b1 + c2b2 + -+ - + ck—1bk-1.

Now multiply both sides of this equation on the
left by A to obtain

Aby = c1Aby + c2Aby + -+ - + ck—14bg_1,

which implies that the kth column of AB is a lin-
ear combination of the preceding columns, and

63.

64.

65.

66.
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hence the kth column of AB is not a pivot col-
umn.

We are now ready to prove the result. Let s
and t be the number of nonpivot columns of AB
and B, respectively. The preceding paragraph
proves that t < s,and sop—s < p—t. But p—s
and p—t are the number of pivot columns of AB
and B, respectively, and the number of pivot
columns of a matrix equals its rank. Therefore

rank AB=p—s<p—t<rankB.

By Theorem 1.6, Bx = b has a solution for
every b in R™. So, for every standard vector e;,
there is a vector u; that satisfies Bu; = e;. Let

C=[u uz -+ ug)
Then
BC = [Bu1 Bll2 s Bun]
= [el ey - en]

=I,.
By Exercise 62, we have
n = rank I, = rank AB < rank B < n.

So rank B = n, and hence, by Exercise 63, there
exists an n x n matrix C such that BC = I,. If
we show BA = I,,, then we are done. Now

BA = BAI, = BA(BC) = B(AB)C
= BInC = BC = In.

Suppose rank B = n. Then, by Exercise 63,
there is an n x n matrix C such that BC = I,,.
By Exercise 64, C is invertible and B = c1.
So B is invertible.

Suppose M is invertible. Then there is a matrix

C D
[ E F] such that

o S 7I-[5 Ao 3
-[6 2]

This equation implies AC = CA = I, and
FB = BF = I;,; so A and B are invertible.

Likewise, if A and B are invertible, it is easy to
AL 01

show that [ 0, B!

] is the inverse of M.
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67.

68.

69.

70.

71.

72.

73.

74.

75.
76.
77.
78.
79.
80.
81.
82.
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From the column correspondence property, it
follows that the third column of A equals

v [ o]}

3 2 7
-1 5 9}

Using an approach similar to that of Exercise
67, we obtain

Therefore A = [

2 4 1 -4 2 10
0 0o -1 -2 3 7
A= -1 -2 2 7 0 3
1 2 0 -3 1 4

Using an approach similar to that of Exercise
67, we obtain

-1 1 1 4 13
A= 2 -2 -1 1 3}.
-1 1 0 3 8

Using an approach similar to that of Exercise
67, we obtain

A= Tl
-1 -2 -2 1 1 2

1 2 3 13
2 4 5 23
1 -1 0 -2 -3 2
1 -1 2 4 5 —6
1 -1 1 1 1 -2
1 -1 1 1 1 -1
0 026 1 —
1 -1 0 21 3
(1 0 -1 -3 1 4

2 -1 -1 -8 3 9
-1 1 1 5 -2 -6

0 1 1 2 -1 -3

az = (—2)a; + Oag

a3 = Oa; + las

a4 = 2a; + (—3)as

as = 3a; + (—5)as

bz = 1b; + (—1)bz + Obs

by = (—-3)b1 + 2b; + 0bs

bs = Ob; + 0b; + 1bs

bg = 3b1 + (—2)bz + (—-1)bs

83.

84.

85.

Let R be the reduced row echelon form of A.
Because u and v are linearly independent, a; =
u # 0, and hence a; is a pivot column. Thus
r1 = e;. Since a; = 2u = 2a;, it follows that
r; = 2r; = 2e; by the column correspondence
property. Since u and v are linearly indepen-
dent, it is easy to show that u and u 4 v are
linearly independent, and hence a3 is not a lin-
ear combination of a; and a;. Thus ag is a pivot
column, and so r3 = e;. Finally,

a4 =az —u=azg—ai,

and hence r4 = r3 — r; by the column corre-

spondence property. Therefore
12 0 -1
R=10 0 1 1
0 00 O

(a) A vector uin R"™ is a solution of Ax = e; if
and only if Au = e;, that is, u = A~ 'e;.
But A~ 'e; is the jth column of A™! by
Theorem 1.3(d).

(b) From the proof in (a), the jth column of
A~' is completely determined since it is
the unique solution of Ax = e;.

(c) By Theorem 1.6, we need only show that
Ax = b has a solution for every b in R".
Let u; be the jth column of A™'. Then
from (a), Au; = e;. Let b be in R", and
let

w =biu; + byuz + - - - + bpu,.
Then

Aw = A(biur +bauz + -+ + bpuy)
= b1Au; + b2 Auz + -+ + b, Au,
= bie; + bez + -+ + bnen
=b.

(a) Suppose that a; = 0. Then a; = 0Oa;,
and hence, by the column correspondence
property, r; = Or;. Thus r; = 0. Simi-
larly, if r; = 0, then a; = 0.

We prove the equivalent statement: A set
of columns of A is linearly dependent if and
only if the corresponding set of columns of
R is linearly dependent.

To simplify the notation, suppose without
loss of generality that the first £ columns
of A form a linearly dependent set. Then
there are scalars c1, ¢z, . . ., ¢k, not all zero,
such that

(b)

cia; +cgaz + -+ +cpagy = 0.



86.

87.

88.

89.

By the column correspondence property, it
follows that

cary +carz+ -+ cprg =0,

and hence the corresponding columns of
R are linearly dependent. Similarly, if a
set of columns of R is linearly dependent,
then the corresponding set of columns of
A is linearly dependent.

Let 1 <ni < ng < -+ < ng <n be the column
numbers that correspond to the pivot columns
of R. Then the ith column of RT is column n;
of RTR.

To justify this, observe that r,;, = e;, and hence
if C = RTR, then

T T
Cn;, =R rp, =R ey,

which is the ith column of RT.

(a) Note that, in the form described for RT,
the first r rows are the transposes of the
standard vectors of R™, and the remain-
ing rows are zero rows. As we learned on
page 48, the standard vectors e}, €5, . .., e
of R™ must appear among the columns
of R. Thus their transposes occur among
the rows of RT. By Theorem 2.4(b), every
nonpivot column of R is a linear combina-
tion of e}, €5, ..., el.. Thus, by appropriate
row addition operations, the rows of RT
that correspond to the nonpivot columns
of R can be changed to zero rows. Finally,
by appropriate row interchanges, the first
r rows of RT can be changed to the trans-
poses of €},e5,...,e,.. This is the form
described for RT.

(b) The reduced row echelon form of RT given
in (a) has r nonzero rows. Hence

rank RT = r = rank R.

PAQT is the m x n matrix whose (i, %)-entry
equals 1 for 1 < ¢ < rank A, and whose other
entries equal 0.

To justify this, let S be the reduced row ech-
elon form of RT. Then QRT = S, and hence
ST = (QRT)T = RTTQT = RQ". So PAQ™ =
RQT = ST. Now apply Exercise 86, which de-
scribes S, to obtain the result.

Condition (a) implies there exist invertible ma-
trices P; and P, such that PPA = R = P2B,
where R is the common reduced row echelon
form of A and B. So P;'PiA = B. Choose
P = P;'P;, and we are done.

90.

91.
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Now assume condition (b) holds. Consider any
vector u in R"™. If Au = 0, then

Bu = (PA)u = P(Au) = PO =0,
and conversely, if Bu = 0, then
Au= (P 'B)ju= P (Bu)=P '0=0.

Thus Au = 0 if and only if Bu = 0. It follows,
as in the discussion in this section, that there is
a column correspondence property between the
columns of A and the columns of B. Since both
A and B have column correspondence prop-
erties with their respective reduced row eche-
lon forms, and since these reduced row echelon
forms are completely determined by these col-
umn correspondence properties (see the proof of
the uniqueness of the reduced row echelon form
of a matrix), it follows that A and B have the
same reduced row echelon form.

The condition is that A is invertible. Suppose A
is invertible and AB = AC. Then A™'(AB) =
A"Y(AC); so B = C. Clearly, if B = C, then
AB = AC.

Now suppose AB = AC if and only if B = C.
We claim A is invertible. By Exercise 65, A is
invertible if rank A = n. By Theorem 1.8, we
need to show nullity A = 0. Suppose Au = 0.
Because A0 = 0, we have Au = A0; so u = 0.
Therefore nullity A = 0.

Let
A [a b c] ‘
p q T
We first prove the result for the operation of

interchanging rows 1 and 2 of A. In this case,
performing this operation on I yields

01
p=[1 o]
and
o 1ffa b cf_|p a r
EA_[I 0}[}) q r]_[a b c]’

which is the result of interchanging rows 1 and
2 of A.

Next, we prove the result for the operation of
multiplying row 1 of A by the nonzero scalar
k. In this case, performing this operation on I3

yields
k 0
o= 1)
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and
EA= k Olla b ¢ _ ka kb kc ’
0 1jlp q r p q T

which is the result of multiplying row 1 of A by
the k. The proof for the operation of multiplying
row 2 of A by k is similar.

Finally, we prove the result for the operation of
adding k times the second row of A to the first.

In this case,
1 k
E= [O 1] .

1 kifla b ¢
ea=lo 4[5 ¢

_ [a+kp b+ kq c+kr]

Then

p q r

which is the result of adding k times the second
row of A to the first. The proof for the operation
of adding k times the first row to the second is
similar.

Suppose (a) is true, that is, A and B have a
common reduced row echelon form R. Then
there exist invertible matrices P and Q such
that PA = R = QB. So if Ax = 0, we have
Q 'PAx = Q70 = 0, or Bx = 0, and con-
versely.

Suppose (b) is true, and let R and S be the
reduced row echelon forms of A and B, respec-
tively. Since Ax and Bx are each linear combi-
nations of the columns of A and B, respectively,
where the coefficients are the components of x, it
follows that a linear combination of the columns
of A equals O if and only if the corresponding
linear combination of the columns of B equals
0. Thus by the column correspondence prop-
erty between a matrix and its reduced row ech-
elon form, a linear combination of the columns
of R equals O if and only if the corresponding
linear combination of the columns of S equals
0. Since these reduced row echelon forms are
entirely determined by these column correspon-
dence properties (see the proof of the uniqueness
of the reduced row echelon form of a matrix), it
follows that R = S.

We illustrate the result for n = 3. Suppose E
is the elementary matrix that corresponds to
adding k times the first row to the third row.

Then
1 00
E=10 1 0].
k 0 1

94.

95.

We see that E can be also obtained from Is by
adding k times the third column to the first.
The converse is proved similarly.

We assume n = 3 and use the matrix F from
Exercise 93. Let

Then
(@ b ¢] 1 0 O
AE=1|d e f| |0 1 0
lg h i) |k 0 1
fa+kec b c
= |d+kf e f
lg+ki h i

The other operations are handled similarly.

More generally, suppose that an m X n matrix
A is transformed into a matrix B by means of
an elementary column operation. Then A7 is
transformed into BT by the corresponding ele-
mentary row operation. Thus there exists an
elementary matrix E such that BT = EAT.
Hence
B = (EAT)T = AE".

Now observe that ET is the elementary matrix
obtained from I,, by performing the correspond-
ing elementary column operation.

[—7 2 3 -2]
a5 -1 =2 1
@ A7 =1 1 o o 1
-3 1 1 -1
[ 3 2 -7 =2
o |2 -1 5 1
(b) B~ = 0 0 1 1
1 1 -3 —1]

and
—7 -2 3 2]
a5 1 -2 4
¢ = 1 1 0 0
-3 -1 1 1]

(¢) B™! can be obtained by interchanging
columns 1 and 3 of A™%, and C~! can be
obtained by interchanging columns 2 and
40of AL,

(d) B! can be obtained by interchanging

columns i and j of A7!,
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97.

(e)

(a)
(b)

(c)

(2)

(b)

()

(d)

Let E be the elementary matrix that cor-
responds to interchanging rows ¢ and j.
Then B = EA. So by Theorem 2.2(b),
we have B~! = (EA)™! = A'E™'. It
follows from Exercise 94 that B~! is ob-
tained from A~! by performing the ele-
mentary column operation on A~ that is
associated with E~1. But because F is as-
sociated with a row interchange, we have
E?=1,,and hence E*! = E.

Use a calculator or computer to show that
AT —A=0.
First compute A~! to obtain

10 -5 11 6

-5 10 —-26 7
11 -26 69 -—18
6 7 -18 6

Now show that A~! is symmetric as in (a).
By Theorem 2.2(c), the transpose of A is
invertible and (A~1)T = (AT)"! = A~".
So A™! is symmetric.

Use a calculator or computer to show that
the reduced row echelon forms of A and A*
have no zero rows, and hence the ranks of
both matrices equal 4. Now use Exercise
65.

Use a calculator or computer to obtain

(AZ)——I — (A—1)2

13 —-22 -10 -13
—62 13 6 6
—22 4 3 2

7T -2 -1 0

A3 is invertible and (4%)7! = (A™1)?. Us-
ing Theorem 2.2(b) and (b) of this exer-
cise, we have that A% = A%A is invertible,
and

(AS)—I — (AZA)—I — A—I(A2)—l
— A—I(A—I)Z — (A—1)3.
For any invertible k& x k matrix A and
any positive integer n, A™ is invertible and
(A™)~! = (A~1)™. To prove this assertion,

we use the fact that
AA~' = A~ A to obtain that

AM(ATH = A4 AATTAT AT

= (A...A)(AA-I)(A—l ...A-l)
= I.

98.

99.
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Similarly, (A"")™A™ = I. Therefore A™
is invertible and (A")~! = (A™1)".

12 3 -8 2 51
PR [ S T S | R
AT=15 o 1 oA P

-1 0 o0 1 -2

Observe that

10 -2 -1 -1
a6 1 -1 2
A= -2 0 1 0
1 0 1 -1
10
(a) The solution of Ax = ey is :g .
1

(b) The solutions of Ax = e; are the corre-
sponding columns of A™!.

THE INVERSE OF A MATRIX

We use the algorithm for matrix inversion to de-
termine if A is invertible. First, form the matrix

1 3|1 0
1 210 1}°
Tts reduced row echelon form is
1 0| -2 3
01 1 1|

Thus the algorithm implies that A is invertible
and
-1 [-2 3
e

By Theorem 2.6(b), an n X n matrix is invertible
if and only if its reduced row echelon form is
I,. The reduced row echelon form of the given

matrix is
1 2
[0 0] 7 I

So this matrix is not invertible.

not invertible 4. not invertible

R

-10 3 5
not invertible 8. 3 -1 -1

1 0 -1

6. not invertible

1 -7 2 3
~1-6 0 3 10. not invertible
8 -1 -
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13.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.
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not invertible 12. [ 2

1 —
0 -1
1 -1 1

14. not invertible

-1
1 2 -1
[ 1 4

not invertible

-5 3
-2

[—16
5

A"'B =

A™'B=

rithm for _computing A~'B, we form the matrix

and compute its reduced row echelon form

1
0

5 -1

0

[—1

!
[14

[—1
2

2

1 0| -1
0 1| 2
[ 4
A"'B=|-1
|2
[ 1.0
A"'B=] 6.0
| 2.0
[ 1
A7'B=| 1
-1
[—5
1y |1
A 'B= 4
| 3
15 —6 -—
2 -1
-13 5
0 1

3
1 -3
1 .

0 1

3 —
-2 3

1
9 0

—4 7
6 —6

2
1

4

-7
1 0] Using the algo-

4 2

0 -2 8

4 7 -7
6 _6 ] [I, A™'B].
~17
6
-05 15 1.0
125 -115 12.0.
-55 55 -50
-1 0 -2 -
-1 -2 -8 -11
1 1 5 7
-1 -6
10
130
12
11 -57 21 68
-1 -8 3 9
9 49 -18 -58
1 2 -1 -3

4

29.

30.

32.

33.

34.

R =

o

0 -1

1 - 3] and

-1 —1

P= -2 -1

]. By the

discussion on page 136, the reduced row echelon
form of [A I,,] is [R P]. In this exercise,

R=

R

O -

|

(=]

[==J = el

| =
[« e R =)

co o~

A= ¥

o
co.—o

5

O OO

-1 -1
-3 | -2

-

0 1 1 -1
Oland P=|-1 -2 31].
1 -1 -1 2

—2 _
1 —1:| and one possibility for
0o 0

0
0f.
1

[ =

2
3! and

0

2.5
-1.5

15 and
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36.

37.
41.
45.
48.

49.
50.
51.
52.
55.

56.

57.

True
False, let
10
A=[(1) (1) g] and B=|0 1}.
0 0

Then AB = I, but A is not square; so it is not
invertible.

True 38. True 39. True 40. True
True 42. True 43. True 44. True
True 46. True 47. True

False, if A = I, and B = —I, then A+ B = O,
which is not invertible.

True

False, C = A™'B.

False, if A = O, then A™! does not exist.
True 53. True 54. True

Let A be an n X n invertible matrix.

To prove that (a) implies (e), consider the sys-
tem Ax = b, where b is in R". If we let
u= A"'b, then

Au= A(A7'b) = (A4 )b = I,b=b,

and so u is a solution, that is, the system is
consistent.

To prove that (a) implies (h), suppose that u is
a solution of Ax = 0, that is, Au =0 . Then

u=(A"'A)u=A""(4u)=A"'0=0.

o 3] =[)

o =3 ]

(c) The solution is A™'b = [_i},’] .

-1 -3 Tr1 _ —6
@ [ 73]
(b) The reduced row echelon form of
-1 -3|1 0
2 50 1

is

2. [5 3
So A —[_2 _1].

58.

59.

60.

61.

62.

(©)

(a)

(b)

(©)

(a)

(b)

(©)

(a)

(b)

(©)

(a)

(b)

(©)

(2)

2.4 The Inverse of a Matrix

We have

] o= AT

Ivwerew
W N =
[

_[-18
1 s

1 1
4] |x2
6 I3

2 4
0 -3
-1

I
L
]

(o1 2
A—1=-5-531
5 1 2
[l]
111:1?1 —_
2 1 1| |z = |-
3 0 1) |3 2
-1 1 0
Al=|-1 2 -1
3 -3 1
[2]
2 3 4] [n -6
—1—12:1:2:5
0 -1 1} |z 3
11 2
At=1|1 2 0
1 2 1
5
4
|7
f 1 0 -1 1] [= 3
2 -1 -1 0of |z2f _|-2
-1 1 1 1| |zs| " | 4
| 0 1 1 1] |z -1

y

41
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64.

65.

66.

67.

68.
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0 0 -1 1
4|1 —2 -3 2
b)) A =11 1 1 o
0 1 2 -1
-5
@ |7
| 7
1 -2 -1 1] [= 4
1 1 0 -1 |=|_ |-2
@ |7 1 1 1 {zs] = | 1
-3 1 2 0] |z -1
-1 0 1 -1
o |-3 —2 1 -2
b A" =119 11 o
-4 -3 2 -3
-2
© |
-5

(b) We may rewrite the equation in (a) as
L =—A? +3A = A3, — A).
Thus A is invertible by Theorem 2.6(j).
Furthermore,
AT =47
=AT'AQBL, — A) =3I, — A.
(b) We may rewrite the equation in (a) as

I = %A(AZ —5A +9I3).

Thus A is invertible by Theorem 2.6(j).
Furthermore,

At = AT, = A*%A(A2 — 54 +9I3)
= i—(Az — 5A +913).

The equation A? = I, may be written AA =

I,. So A is invertible by Theorem 2.6(j). As in

Exercise 55, we have A™! = A.

(a) If k = 1, then A = I, and the result
is clear. If &k > 1, rewrite the equation
AF =TI, as A(A*~') = I,,. Theorem 2.6(j)
shows that A is invertible.

(b) From (a), we have A™! = A*~1,

We have rank PA < rank A by Exercise 62 of
Section 2.3. Furthermore, by the same exercise,

rank A = rank P~ (PA) < rank PA.

69.

70.

71.

72.

73.

74.

75.

Combining these two inequalities, we obtain the
required equality.

(a) Suppose rank R = r. Then each of the last
m — r rows of R are zero, and therefore
each of the last m —r rows of RB are zero.
Thus, rank RB < rank R.

(b) Let R be the reduced row echelon form
of A. Then rank R = rank A. By Theo-
rem 2.3, there exists an invertible matrix
P such that PA = R. By Exercise 68 and
(a), we have

rank AB = rank P(AB) = rank(PA)B
= rank RB < rank R = rank A.

Applying Exercise 69 twice, we obtain

rank AQ < rank A = rank A(QQ™")
= rank(4Q)Q " < rank AQ.

So rank AQ = rank A.

By Theorem 2.3, there exists an invertible ma-
trix P such that PA = R, where R is the re-
duced row echelon form of A. Then by Theo-
rem 2.2(c), Exercise 70, and Exercise 87(b) of
Section 2.3, we have

rank A” = rank(QR)” rank RT Q"
= rank RT = rank R = rank A.

Let A be the matrix whose columns are the vec-
tors in S. By (d) and (g) of Theorem 2.6, the
span of S is R™ if and only if S is linearly inde-
pendent.

Clearly conditions 2 and 3 of the definition of
reduced row echelon form are satisfied for R if
they are satisfied for [R S]. Let A =[R S]. To
show that condition 1 is satisfied, suppose that
r; = 0 but for some j > 4, r; # 0. Because
A is in reduced row echelon form, a; # 0 since
a; # 0. So the leading nonzero entry of a; is
to the right of the leading nonzero entry of a;.
This contradicts condition 2 for A.

Ty = X3
(a) zz = 10 — 2z3
x3 free

(b) A is not invertible.

T1=-3+ =3
(a) z2= 4 — 2z3
z3 free

(b) A is not invertible.



76.

7.

78.

79.

80.

81.

82.

83.

1 =—-13+ z3
(a) z2 = 14 — 2x3
z3 free
(b) A is not invertible.

In Exercise 19(c) of Section 1.5, we have two sec-
tors, oil and electricity. The input-output ma-

trix is given by
d 4
o=3 3

As in Example 5, we need to compute 3 times
the second column of (Iz — C)~". Since

_[40 20
= s as)

the amount required is $2 million of electricity
and $4.5 million of oil.

The amount required is $1.2 million of non-
government input and $0.4 million of govern-
ment input. The solution is similar to that of
Exercise 77.

3(I,-C)"'=3 [

= Wl
Nl win

The amount required is $12.5 million of finance,
$15 million of goods, and $65 million of services.
The solution is similar to that of Exercise 77.

The amount required is $10 million of agricul-
ture, $37.5 million of manufacturing, and $7.5
million of services. The solution is similar to
that of Exercise 77.

Suppose the net production of sector ¢ must be
increased by k units, where £ > 0. The gross
production vector is given by

(In — C)"'d + kps,

where C is the input-output matrix, d is the
original demand vector, and p; is the ith column
of (I, — C)~!. All the entries of p; are positive.
Hence the gross production of every sector of
the economy must be increased.

Let A; = BT and B; = AT. We want to com-
pute E = AB~'. Now

ET — (AB—I)T — (B—l)TAT
= (BT) AT = AT'B:.
Thus if we apply the algorithm to compute

ET = A7'Bi, the desired matrix can be ob-
tained by taking the transpose, (ET)T = E.

(a) By Theorem 2.3, there exists an invertible
m x m matrix P such that PA = R. So
A = P~1R. If the jth pivot column of A is

84.

85.

86.
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u; (j = 1,2,...,m), then the correspond-
ing column of P~ R is P~ 'e;, which is the
jth column of P~%. So

P l=[u uz -+ um,

and hence P = [u; uz -++ um|™".

(b) If rank A < m, then (at least) the last row
of R is zero. Let E be the elementary
m X m matrix that corresponds to mul-
tiplying the last row by 2. Then ER = R.
By Theorem 2.3, there exists an invertible
m X m matrix P such that PA = R. Also
PA = ER, and so (E"'P)A = R. But
E~!P is an invertible matrix and does not
equal P because E~! # I,.

(a) Write A= I;'Al,, and let P = I,.

(b) Since B = P~'AP for some invertible ma-
trix P, it follows that

A=PBP '=(P ") 'BP .

So B is similar to A using P~! as the ap-
propriate invertible matrix.
(c) We are given that

B=P 'AP and C=Q 'BQ
for invertible matrices Pand Q. Hence
C=Q (PT'AP)Q
= (PQ) A(PQ).
So A is similar to C using PQ as the ap-
propriate invertible matrix.
(a) We are given that I, = P~'AP for some
invertible matrix P. It follows that
A=PL,P ' =PP ' =1,

(b) We are given that O = P~'AP for some
invertible matrix P. It follows that A =
POP™' =0.

(c) We are given that A is similar to B = cIy.
It follows that

A=PBP™ ! = P(cl,)P"
=cPP™ ! =cly.
Thus A = B.

We are given that B = P~ 'AP for some in-
vertible matrix P. If A is invertible, then B is a

product of invertible matrices; so B is invertible.
Also

B—-l — (P—-IAP)—I — P—IA—I(P—I)—I
=P7'A7'P.

So A™! is similar to B~1.
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We are given that B = P~ AP for some invert-
ible matrix P. So
BT — (P—IAP)T — (P—I)TATPT
— (PT)—IATPT.
It follows that AT is similar to BT using P7 as
the appropriate invertible matrix.

We are given that B = P~ AP for some invert-
ible matrix P. By Exercises 68 and 70, we have
rank B = rank (P~'AP) = rank P~ (AP)

= rank AP = rank A.

The reduced row echelon form of A is I4.
The only solution of Ax = 0 is 0.
rank A =4 92, rank P =4

PARTITIONED MATRICES AND
BLOCK MULTIPLICATION

= =[]

(-4 12

-2 4| 6 o0
[—2 5 |1 8| 8 2
| 7 "l 11 81 -8 10
3 6 1 4
[-2 4 6| 0]
-1 8 8| 2
11 8 -8|10
| 3 6 1| 4]
[ 2|4 6 0]
-1[8 8 2
118 -8 10
| 3|6 1 4 |
i 0 3 6
0 9 12
0 el
i 9 6 8
1 1] 2 1
[} ﬂ 1. |1 o 1 -1
0 1|-1 1
Agoe . Aroe
13. [16 —4
[A700 A800:| [ ]
[7 5 10] 15. [16 9 24]
(12 7 —6] 17. [-2 -3 1]
8 3 4] 19. [-12 -3 2]

-7 —4 —17]

21.

22.

23.
24.

25.

26.

27.

28.

29.
31.

32.
33.
34.

35.

38.

40.

—1 0 8 2 9 —6
AB=|-2 0|+ [-4 -1|+ |12 -8
| 3 o] |-8 -2 0 0

-2 -1 1 0 0 0
BC=| 8 4 —41 4+ 4 3 -2

6 3 - 8 —6 4

-2 0 4 1 -3 2
OB=]-4 0]+[12 3]+[—6 4]
2 4 6], [2 -1 4
CA”[4 8 12]+[6 -3 12]
320
+[6 1 0]
v, [-1 -2 -3] [8 -4 16
BA_[O 0 0]+[2 -1 4]
9 -6 0
+[6 4 0]
2 4 2 6] [-3 -6
ACT=| 4 8[+|-1 -3|+|-4 -8
-6 -12] [-2 -6/ [0 o
-1 0 8 2] [-9 6
ATB=|-2 O +|[-4 -1 -6 4
3 0] |16 4 00
r 24 -6, [2 -1 -2
cA _[4 8 —12]+[6 3 —6]
3 -4 0
+[—6 -8 0]
True 30. True

False, for example v can be in R? and w can be
in R3, then vw? is a 2 x 3 matrix.

True
False, if either v or w is 0, then vw7 is 0.

False, if the matrices have sizes 2 x 1 and 1 x 2,
then their product can be written as a sum of
two matrices of rank 1.
I A—l]

2I,

A 1

s6. | po A

37, [ o AC’]
A B 39 ATA+cTc ATB+CTD
o C * |BTA+DTc BTB+DTD

l2A

A+ B
A+ B

2B



41. We have
I, O|lA (0] I. A'B
cA ' I.|]lo D-cA'B||O I.
1A o I,
“|lc D-cA'B||O
A B
~|Cc DI
42. We have

A 0]l[A* o] _[A4"t O
o pllo p' | o DD?

_ [In o] .

o I,

43. This is similar to Exercise 42.
44. We have

o 1

—A"'BD
0 D
AA™Y
0

_ [In 0] - In

D™'D

o I,

45. This is similar to Exercise 44.

46. This is similar to Exercise 44.
47. We have

[In B ] { P —-PB ]

Cc IL.||-CP I.+CPB

P — BCP
cP-cP

—PB+ B(I, + CPB)
—CPB+1,+CPB

[P(I, — BC) —PB+ B+ BCP]
0] I

_[pP™' B-(PB-BCPB)
o I,

I, B-—(I,— BC)PB
O I,

I, B— P 'PB

Ie I,

_[= B=-B]_[l. O]_;
“lo L, |T|lo L]

L

48. Notice that

o 5 =[5 5o %]

A™'B

—AA"*BD + BD

|

49.

2.5 Partitioned Matrices and Block Multiplication 45

OA+ BO OO+ BB
_[4* o
~“lo B
We conjecture that
A o]* _[4* o
O B|] |0 B
for any positive integer k. This is clear for k = 1

and, as we have just seen, for k = 2. If the result
is true for k — 1, where k > 2, then

ol Al

_[a o][a*t o
~|lo B|| 0 B!

3 [AA+ 00 A0+ OB]

[AA*~! + 00 AO+OB*™!
l0A*' + BO 00+ BB*™!

[A* O
|0 Bf|”

So the result is true for k. In this manner, it
follows that the result is true for every positive
integer k. (For those familiar with mathematical
induction, this proof can be given using induc-
tion.)

Notice that
A B]®> _[A B|[A B
o o “lo o]lo o

_ [AA+BO AB+ BO
l0A+00 0B+00

_[A* 4B
o o

and
A B]® _[A B][4 B]?
o o] T|lo o]|lo o
_[A B][A* AB
o o]{lo o

_ [AA®+ BO AAB+ BO
|0A%? + 00 OAB+00

A®  A’B
o o]
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We conjecture that

A B]* _[a* Ak1B

O O] " |o o
for any positive integer k. This is clear for k = 1,
and, as we have just seen, for k =2 and k = 3.
A proof for the general case is similar to the
proof given in Exercise 48.

A B. . .

Suppose that B Al invertible. Then there
exist n X n matrices C, D, E, and F such that

AC+BE AD+BF|_[A B][Cc D
BC+AE BD+AF| ™ |B A||E F

I, O
=[5 9.

Thus BC+ AFE = O, and hence, E = —A™!BC.
Furthermore,
I, =AC+ BE = AC — BA™'BC
=(A- BAT'B)C,

and hence A — BA™!B is invertible by Theo-
rem 2.6(j).

Conversely, let A—BA™!B be invertible. Define
C=(A-BA™'B)"'and E= —-A"'BC. Then

AC+BE=(A-BA™'B)C=1,

and
BC + AE = BC — BC = 0.
Now set D = FE and F = C. Then
A B||C D _7
B A||E F|™ "™

and hence [g ﬁ] is invertible.

In order to guess the form of the inverse if the

1 b
where a and b are nonzero scalars. It is easy to
show that this matrix is invertible with inverse

i

inverse of [

matrix is invertible, consider the matrix [a 0] ,

b‘lJ' So a reasonable guess for the
o] . At o

I. B|® [~B‘1A‘1 B‘l]'

Now we must verify that this guess is correct.

In the product

A O] A! o
I. B||-B'A™' B!’

52.

53.

the upper left submatrix is
AAT '+ O(-B'A™ Y=L, +0 =1,
the upper right submatrix is
A0O+0OB™'=0+0=0,
the lower left submatrix is
LA -BB'A)=4"1-4""!
=0,
and the lower right submatrix is
I,O+BB™ ' =0+ I, = I,.
Thus

A O At o] _
I, B||-B-'a-! p-1 = Iy,

and so A 0 is invertible with inverse
I, B

Al 0]
-B™'A™t BT
Choose j such that a; # 0. Because

ai bT
asz

ab’ = . s
amb”
ab” is a nonzero matrix all of whose rows are
multiples of b”. Consequently, ab” has rank 1.

k Bk *
(c) A= [ 0 D’“]’ where * represents some
2 X 2 matrix.
(d) We have
2 _[B C]|B C
w=m=lo gl 5

_[BB+CO BC+CD
~ |0B+DO oOC+DD

_ B? *
“lo D%
So
B? B C
3 _ 424 _
A _AA_[O D2] [0 D]
_[B*B+O *
~ |OoB+D*0 OC+ D?*D
_ B® &
“|lo D3}



2.6 THE LU DECOMPOSITION

OF A MATRIX
[ 1 0 0] [
1. L=] 3 1 0| andU =
-1 1 1 i
1 0 O] [
2. L= 2 1 0landU =
-1 0 1] 10
[ 1 0 O] [
3. L=| 2 1 0|andU=
L—3r..~1 s
1 0 1 1
4 L_\.S 1]andU—[O 0
1 0 0
5. L=|-1 1 0] and
i 2 1 1
1 -1 2 1 3
U= 1|0 1 2 -1 1
|0 01 -2 -6
1 0 0 0]
2 1 0 0
6. L= 1 0 10 and
| 1 2 -1 1]
3 1 -1 1]
0 2 1 2
U= 0 0 1 0
0 0 0 -2
[ 1 0 0 O
2 1 0 0
7. L= 1 -1 1 0 and
| 0 -1 0 1]
[ 0o -3 -1 -2
U= -1 -2 1 -1

1
0
o 0o o 1 1
o o o0 2 2

8. We apply elementary row operations to trans-
form the given matrix into an upper triangular

matrix:
1 02 1 -1 3
1 -4 0 5 -5
2 6 -1 -5 71
-1 -4 4 11 -2
1 2 1 -1 3
0 -2 1 4 -2
2 6 -1 -5 7T
1 -4 4 11 -2

oN oo N

‘oo~

|

|
W N
= =0

W N =
_

|

Ot O = O =W

R )
—ND =
—_

1
-2
1
2

ritrz—rz
—_—

—2ri+rz—r3
—_—

13.

14.

2.6 The LU Decomposition of a Matrix

0

L 0

2
-2
2
—4

2
-2
2
—6

2
-2
0
—6

2
-2
0
0

1
1
-3

-2
0

-1 3]
4 -2
-3 1
1 -2
-1 3
4 -2
-3 1
12 —5]
-1 3
by
1 -1
12 —5]
-1 3]
4 -2
1 -1
0 1]

47

—ri+rg—rg

rg+rz—rs

—3ra+rg—ry
—

=U.

Since U consists of 4 rows, L is a 4 X 4 matrix.
As in Example 3, the entries of L below the
diagonal are the multipliers, and these can be
obtained directly from the labels above the ar-
rows describing the transformation of the given
matrix into an upper triangular matrix. In par-
ticular, a label of the form cr;+r; indicates that
the (i, j)-entry of L is —c. Thus

_wﬂ
T2
[ %3]
.
T2
3
_x4_
_wq
T2
3
_1:4_
T
T2
T3
T4
Ts |

o

3

-334-

L=

+ x4

+ 2

+ T4

1 0 0 0
1 1 00
2 -1 1 0
1 3 01
—.’1,‘1 1
10. |z2| = 2
L:Z:z -1
1
1
—1
L 1-
1 2
1 0
of T2 |-3
0 1
-8 —28
-3 —-13
21 + x5 6
1 0
| O 1
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Z1 3 3 1 —2 Therefore the general solution of the system is
Z2 —4 -2 -2 -3
15. :z = g +x3 (1] +Ts _(1) + s _(1) Z1 ; ;1
s 0 0 1 0 it I :
6 0 0 0 1 o3l = b
T4 0 1
16. The system of equations can be written Ax = b s 4 0
for
-1 2 1 -1 3 7 1 0 0 1 00
1 -4 0 5 =5 —7 17. P= 10 0 1|, L= |-1 1 0|, and
A=19 6 -1 -5 7|'P=| 6| 010 2 01
-1 -4 4 11 -2 11 1 —1 3
U= 10 1 2}
We will use the matrices L and U in Exercise 8, 0 0 -1
which form an LU decomposition of A. We first -
solve the system Ly = b, which is 0 10 1.0 0 0
18. P=|1 0 0|, L=100 1 0}, and
n = 7 |0 0 1 05 0 1
Y1+ v ==7 2 6 0
21— Y2+ ys = 6 U=|[0 2 -1
Y1 + 3y2 +ys= 11. 0 0 _J
From the first equation, y; = 7. Substituting 100 100
this value into the second equation, we obtain 19. P=10 0 1f, L=|-1 1 0f, and
y2 = 0. Continuing in this manner, we can solve 0 1.0 2 01
for the other values to obtain 1 1 -2 -1
U={0 -1 -3 0]
Y1 7 0 0 1 1
—|v2y_] O .
Y= lys| = |-8]" [0 1 0] [ 1.0 0.0 0]
Ya 4 20. P=1|1 0 0|, L= 0.0 1.0 0|, and
0 0 1 -05 05 1
Next, we solve the system Ux = y, which is 2 _3 2 20
U=| 0 -1 4 3.0
—Z1+ 2z2+ x3— T4+3T5= T 0 0 -2 O.SJ
—2x9 + T3+ 4x4 — 205 = O
—203 + 34— 5 =-8 0 1 0 0 1 0 00
s = 4,
5 21. P— 1 0 0 0 L= 0 1 00 ’
. L. 0 01 0 -2 0 1 0
using back substitution. From the fourth equa- 00 0 1 1 -1 -1 0
tion, we have x5 = 4. Substituting this value -
in the third equation and solving for x3, while -1 2 -1
treating x4 as a free variable, we obtain and U = g (1) —f
T3 =2+ %1’4. 00 0
1 0 0 0 1 0 0 0
Similarly, we substitute the values obtained in 22. P= 0100 = -1 100
the third and fourth equations into the second ) 0 0 0 1) 2 -1 1 of’
equation to solve for z2, and we substitute the 00 10 1 1 01
values we now have into the first equation and _6
solve for x;. This gives
and U =

T2 = -3+ g—.m and 1 =1+ 4z4.

| peasea——|
coowN
(SN N
|
o w
- NN O
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23. We use Examples 5 and 6 as a model, placing the and
multipliers in parentheses in appropriate matrix 12 1 -1
entries: U= 0 1 1 2
i 0 0 -1 3
1 2 1 -1 0 0 0 9
A= § ‘21 i ; :fi‘*i’ii Finally, we obtain P by applying to I4 the row
-~ interchanges that occur in the sequence at the
25 3 0 left. Thus
f1 9 1 -1 1 0 0 O]
raery 0 0 0 1
2 0 -1 3| -8ri+rz—rs Iy —————
— 0010
3 2 -1 -2 010 0
| 2 5 3 0 - -
[ 1 2 1 1] 100 01
r3ery 0 0 0 1
(2 0 —1 3] z2rutra—re 1o 1 0 o = P.
3 -4 -4 1 00 1 0
2 5 3 0 L -
) ) 1 0 0 0
1 2 1 -1 0 0 10
2 o0 -1 3 rzers 24. P=1y 1 o of
B3 -4 -4 1 0 0 0 1
(9 1 1 2
[ 1 0o 00
[ 1 2 1 —1] _ |1 1 00
(2) 1 1 2 4rg+4rz—r3 L= 2 0 1 0)’ and
3 -4 -4 1 -3 -4 -1 1
(2 o0 -1 3]
1 2 2 2 1
1 o2 1 1] p=|0 1 -1 0 1
@ 1 1 2| ren 0 0 -2 -3 -2
(3) (-4) 0o o ————— o 0 O 0o 0
1(2) 0 -1 3] EZ [—2] ER —4
25. T2l = 1 26. (22| = 1
(1 2 1 -1 [za] | 3] 3 0
EZ; 1 1 2 (1] [ 16]] —4]]
2 0 -1 3 Ta -9 3
3) (-4) o0 9 2 g T 3| T
T4 0 1
The last matrix in the sequence contains the in- - - N
formation necessary to construct the matrices L z1 1.25 —4.75
and U in an LU decomposition of A. L is the 28, |%2| = —2.00 + x4 4.00
unit lower triangular matrix whose subdiagonal T3 —0.75 0.25
entries are the same as the subdiagonal entries L T4 | 0.00 1.00
of the final matrix, where parentheses are re- - - - T 1
. . . T 5
moved, if necessary. U is the upper triangular 29 — |2 s0. |%2| = 3
matrix obtained from the final matrix in the se- N Rl 1 lza| |2
quence by replacing all subdiagonal entries by 73] - T4 0
zeros. Thus we obtain 31. Let
1 0 0 O 1 2 1 -1 3
2 1 0 0 2 4 1 1 2
L=1s 01 0 A=|3 9 ) _p| @db=1_4
3 -4 0 1 2 5 3 0 7




50

Chapter 2 Matrices and Linear Transformations

Then the system can be written as the matrix
equation Ax = b. By Exercise 23, PA = LU,
where

1 0 00 1 0 0 O
0 0 01 2 1 00
P= 01 00 L= 2 0 1 o0}’
0 0 1 0 3 -4 0 1
1 2 1 -1
0 1 1 2
and U = 0 0 -1 3
00 0 9
Since P is invertible, the system Ax = b is
equivalent to
PAx = Pb
1 0 0O 3 3
_ 10 0 0 1 2 | 7 —b
T 10 1 0 of |-4f " |-2| " 7
0010 7 4

We can solve this system using the LU decom-
position of PA given above. As in Example 4,
set y = Ux, and use forward substitution to
solve the system Ly = b’, which can be written

Y1 = 3
21 + Y2 = 7
211 + ys3 = 2
3y1 - 4y2 + ys = —4.
The resulting solution is
Y1 3
vy 1
Yy Y _4
Y4 -9

Finally, to obtain the solution of the original
system, use back substitution to solve Ux =y,
which can be written as

T1+2z2+ T3~ 4= 3

202+ 3+ 224 = 1

—x3 + 314 = —4

94 = 9.

This solution is

1 [—3]
X2 _ 2
T3 - 1
T4 _—1_
T —-2.0 -—3-
T2 1.5 2
32. |z3| =24 |-1.5| + 25 | -1
T4 1.0 0
s 0.0 | 1]

33.

38.
39.
40.
42.

43.

44.

False, the matrices in Exercises 17-24 do not
have LU decompositions.

True
False, the entries below and to the left of the
diagonal entries are zeros.

False, consider the LU decomposition of the ma-
trix in Exercise 1.

False, for example, if A is the m x n zero matrix
and U = A, then A = LU, where U is any mxm
unit lower triangular matrix.

True

False, the (i, j)-entry of L is —c.

True 41. True

That AB is upper triangular is Exercise 61 of

Section 2.1. The ith diagonal entry of C = AB
is the sum

Ciis = @i1b1i + aizbai + -+ + @ibii + - - 4 Ainbna.

Since a;; = 0if ¢ > j and b;; = 0 if ¢ > j, it
follows that a;;b;; = 0if ¢ # j. So the preceding
equation reduces to c;; = a;;bs;.

Because U is invertible, it can be transformed
into I, by means of elementary row operations.
Since U is upper triangular, each elementary
row operation can be chosen so that a multiple
of a row is never added to a lower row. Note that
the corresponding elementary matrix is upper
triangular. Thus there exist upper triangular
elementary matrices F1, E», ..., Ex such that

ExEy_y---E\U =1,.

Let A = ExEx_1---E;. Then AU = I, and
hence A = U~!. Furthermore, since A is the
product of upper triangular matrices, A = U~*
is upper triangular.

To find the ith diagonal entry of A = U™}, ob-
serve that AU = I,,, and so, by Exercise 42, the
ith diagonal entry of AU is asui; = 1. It now
follows that ai; = 1/us;.

(a) This is Exercise 59 of Section 2.1. How-
ever, we give here an alternate proof. Ob-
serve that AT and BT are upper triangu-
lar, and hence BT AT is upper triangular
by Exercise 42. Therefore AB = (BT AT)T
is lower triangular.

(b) Both AT and BT are upper triangular ma-
trices whose diagonal entries are all equal
to 1. Hence, by Exercise 42, the diagonal
entries of BTAT all equal 1-1 = 1. Thus
the diagonal entries of AB = (BT AT)T all
equal 1.
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By means of elementary row operations, L can flops, and method (b) requires
be transformed into a unit lower triangular ma-
trix L; whose first column is e;. Additional ng(2p — 1) + mg(2n — 1)
elementary row operations can be applied to
transform L; into a unit lower triangular matrix flops. Choose the method that requires the
whose first two columns are e; and ez. This pro- smaller number of flops.
cess can be continued until L is transformed into -1 0 0 0 0
I,,, which is in reduced row echelon form. Hence _1 1 0 0 0
L has rank n, and so L is invertible. Thus LT
s . . . 51. L= 2 3 1 0 0 and
is in invertible upper triangular matrix whose 3 _3 9 1 0
diagonal entries all equal 1. So it follows from 9 0 1 -1 1
Exercise 43 that (L~1)T = (LT)~! is an upper - -
triangular matrix with diagonal entries equal to 2 -1 3 2 1
1/1 = 1. Therefore, L™" is a lower triangular 0o 1 2 3 5
matrix whose diagonal entries are all equal to 1. U= 10 03 -1 2
Suppose LU = L'U’. Then (L')"'L =U'U™". o 00 1 8
But (L')"'L is unit lower triangular by Exer- o 00 0 13
cises 45 and 44(b), and U'U~! is upper trian- 1 0 0 0
gular by Exercises 43 and 42. It follows that 2 1 0 0
(I')"'L is both upper triangular and lower tri- 52. L=1 1 1 o and
angular, and its diagonal entries are all equal to 0O 2 0 1
1. Hence (I')"'L = In, and so L = L'. Fi- -
nally observe that U'U™! = (L')"'L = I, and -3 10 2 1
therefore U = U’. U= g _(2) El') _1(1) 13
(a) The ith component of Cb is | 0 00 -4 2
citbi + cizba + + -+ + cinbn. [0 1 0 0 O
Each term in this sum requires a multi- 10000
plication for a total of n multiplications. 53. P= 10 0 1 0 0f,
Also, this component is a sum of n terms, 00010
which requires n — 1 additions. 0 0 0 01
(b) Computing Cb requires the computation 1.0 0 0 0 0
of each of its n components. Hence, by 0.0 1 0 0 0
(a), this requires exactly n® multiplica- L= 05 2 1 0 0f, and
tions and n(n — 1) additions, for a total -05 -1 -3 1 0
of 2n? — n operations, or an approximate | 1.5 7 9 -9 1
flop count of 2n?. 9 —2 -1.0 30 4
By the boxed result on page 163, approximately 0 1 20 -1.0 1
2n® flops are required to compute Al Also, U= 1|0 0 —-15 —-05 -2
by Exercise 47(b), approximately 2n? flops are 0 0 00 —-10 -2
required to compute the product A~1b for each LO 0 0.0 00 -9
constant vector b. Hence the total flop count is _
approximately 1 0000
0 01 0O
2n° + n(2n’) = 4n’. 54. P=[0 1 0 0 o,
) . 00 0 1 0
Each entry of AB requires n— 1 additions and n 00 0 0 1
multiplications for a total of 2n — 1 flops. Since -
AB has mp entries, a total of (2n — 1)mp flops 1 0 0.00 00 0
are required to compute all the entries of AB. 2 1 0.00 00 0
Applying Exercise 49, we see that method (a) L= __:; _2 ;gg (1]3 g , and
requires | 3 4 025 -29 1

mp(2n — 1) + mq(2p — 1)
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1 2 -3 1.0 4.0
0 -1 3 00 -70
U= |0 0 4 1.0 —-4.0
0 0 0 25 -120
0 0 0 00 -178

2.7 LINEAR TRANSFORMATIONS AND
MATRICES

The domain is R® and the codomain is R2.
The domain is R® and the codomain is R>.
The domain is R? and the codomain is R3.
The domain is R? and the codomain is R3.
The domain is R® and the codomain is R3.
The domain is R? and the codomain is R>.

NS hmN

[ 1] 8
8 5 9. |- 10. [Z]
| —2] 11
6 B 5
11. | -7 12, (-8 13 [22]
L 6— . O—
[ 3] [—1] 1
14. 12 15. 6 16. [2]
—4 17
-‘3- -__5-
17. (-9 18. 4
L. 2- __6-
19.
2 2 2
T(A+CT) 1 = TA 1 + TCT 1
1 1 1
_ 18
19
2 -3 1 1 2
20. TA(e1)=[4 0 _2} g =[4].

Similarly, T'a(es) = [_;] '

21.
23.

27.

29.

31.

W

36.
37.

38.
39.
40.
41.
42.
43.

44.
45.
46.
49.
52.

53.
54.
55.
56.

3.

n=3, m=2 22. n=2, m=3

n=2 m=4 24.n=4, m=3

0 1 2 3
]

0 3
111]

28. [2 -1
R
;:; [1 0 -2

30. (-3 4 0
0 0 00 0
0 1 L
(1)‘(1) (2 -1 0 3
3 0 32. [-1 0 o0 2
I [ 0 3 -1 0
[1 0 0
010 34.[838]
0 0 1

False, only a linear transformation has a stan-
dard matrix.

True

False, the function must also preserve vector ad-
dition.

True

False, the standard matrix has size 2 x 3.

True

False, the function must be linear.

True

False, the range of a function is the set of all
images.

False, the range is contained in the codomain.
False, the function must be one-to-one.

True 47. True 48. True

True 50. True 51. True

False, f: R — R defined by f(z) = z® does not
preserve scalar multiplication.

False, the functions must be linear.
True
They are equal.



57.

2] [-1]
=—% 4l =1 2
6] |-3

58. Using the approach of Exercise 56, we obtain

()-r=(d)-13

59. Using the approach of Exercise 56, we obtain

(1)1
(L)) -

60. Write [;] =a [2] +b O] and solve for a and b.

and

)

210
0] + 3 [3] Hence,

() =7 ([a] + 3 6])
-5 () 3 (5)

—4 21 9 4
a3 e) -]
61. Using the approach of Exercise 60, we obtain
9 (16
() -7
| O

62. Using the app{oach of Exercise 60, we obtain

(-3

63.

64.

65.

66.

67.

68.

69.

2.7 Linear Transformations and Matrices 53

T ([2]) — T(5e; + 6es)

= 5T(e1) + 6Te2)

ool B

T ([ED =T(z1€1 + T2€2)

=x1T(e1) + z2Tez)
2 4
=1 [3] + 2 [1]
221 N drz| _ |23 + 422
|31y z2 | |3z + 22
Using the approach of Exercise 65, we obtain
z1] | 3% —x2
r() -]
Using the approach of Exercise 65, we obtain
mlw —z1 + 3x2
T T2 = |—x2 — 3x3]| .
z3 | 21 + 2x3
Using the approach of Exercise 65, we obtain
T :l _ —2131 + 2(133
2 T |\z1 — 332 +4x3|
_(E3

We begin by finding the standard matrix of T'.
This requires that we express each of the stan-

dard vectors of R? as a linear combination of

[_;] and [— ;] . For example, we need to solve

the equation

ol == 3] v+ 5]



54

70.

71.

72.

73.
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We obtain
e1==3[_;]4-2[—;].
e[

R EEE)
=s 1]+ fi] =[]
Similarly, T (ez) = m . Therefore the standard

matrix of T" is
12 5
we[3
So

i\ _ 4 |T1| _ [12%1 + B2
()R-
z 1721 + 10z
() -[5
2 6z, — Az,
Using the approach of Exercise 70, we obtain
z1 1+ 3z2 — 3
Ty |z2 =|2r1+3x2+x3 | .
T3 2z + 32 + 2x3

T is not linear. The solution is similar to that
of Exercise 75.

Likewise

So

0 0
2 0

e 2 Y[ oo

So T'= T4, and hence T is a linear transforma-
tion by Theorem 2.7.

ALTERNATE PROOF. We can use the defini-
tion of a linear transformation by proving that
T preserves vector addition and scalar multipli-
cation.

T is linear. Let A = [ ] Then

Let u and v be vectors in R2. Then we have

rsvy =[]+ [2])

74.

75.

_ u1 +v1

(%)

_ 0 _ 0

T 20w+ v)| T | 2w+ 201 |
Also

v v =7 ([])+ 7 ([2])
N [221] * [2?)1] - [2u1 2%] ‘

So T'(u + v) = T'(u) + T(v), and hence T pre-
serves vector addition.
Now suppose c is any scalar. Then

-7 () ()

N [2(0(121)] N [0(2%1)] '

cT'(u) = cT ([Z;D

~° [221] B [c@gu)] '

So T'(cu) = ¢T'(u). Therefore T preserves scalar
multiplication. Hence T is linear.

Also

T is not linear. The solution is similar to that
of Exercise 75.

T is not linear. We must show that either T
does not preserve vector addition or T' does not
preserve scalar multiplication. For example, let
u=e; and v = e3. Then

1
T(u+v)=T(e1 +ez)=T([1j!)
: 0

=1+1+0—1=1.
On the other hand,

T(u)+ T(v) =T(e1) + T(e2)

() = (i)

=(1404+0-1)+(0+1+0-1)
=0.



76.
79.
81.

82.

83.

So T'(u+v) # T(u)+T(v) for the given vectors.
Therefore T' does not preserve vector addition
and hence is not linear.

ALTERNATE PROOF. Let c =4 and u = e;.

Then
4
T(4u) =T(4e1) =T ( [O])
0

=4404+0-1=3.

On the other hand,

1
4T (u) = 4T (e1) = AT ( H )
0

=4(1404+0-1)=0.

So T'(4u) # 4T'(u) and hence T' does not pre-
serve scalar multiplication. Therefore 1" is not
linear.

COMMENT. For this example, we can also show
that T is not linear by noting that

T(0)=0+0+0—1=—1#0.

So T is not linear by Theorem 2.8(a).

linear 77. linear 78. not linear

not linear 80. linear

For any v in R", we have T1,, (V) = Ip,v=v =
I(v). So T1, = 1.

For any v in R", we have To(v) = Ov =0 =
To(V). So To = To.

We must show that the transformation cI' pre-
serves vector addition and scalar multiplication.
Let u and v be in R"™. Because T is linear,

(cT)(u+v) =cT(u+v)
= o(T(w) + T(v))
= cT'(u) + cT'(v)
= (cT)(u) + (cT)(v).
Also
(cT)(n) + (cT)(v) = cT'(u) + cI'(v).

So cT preserves vector addition. Now suppose
k is a scalar. Because T is linear,

(cT)(ku) = cT'(ku)
= c(kT(u)) = ckT'(u).

84.
85.

86.
87.

88.

89.

90.

91.
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Also

k((cT)(w) = k(cT(u))
= kcT'(u) = ckT'(u).

So T preserves scalar multiplication. Hence cT'
is linear.

The proof is similar to that of Exercise 83.

The jth column of the standard matrix of cT'
is (cT)(e;) = cT'(e;) = caj, which is the jth
column of cA. So the standard matrix of cT' is
cA.

The proof is similar to that of Exercise 85.

By Theorem 2.9, there exists a unique matrix
A such that T(v) = Av for all v in R?. Let

A= [Z Z] Then

() R iR e
T2 c d| |z2 cry +dra|”’
Let T: R® — R™ be a linear transformation.
There exist unique scalars a;;, where 1 <i < m
and 1 < j < n, such that the kth component of
T(x) is ak1T1 + ak22 + -+ - + agnTy for every k
(1<k<m).

(a) Let A be the matrix in (b) and show that
T = T4. Then T is a linear transformation
by Theorem 2.7.

o b

- (e (5)
() - 3]

(a) Let A be the matrix in (b) and show that
T = T4. Then T is a linear transformation
by Theorem 2.7.

00 0
(b)[010}
00 1

(c) The proof is similar to that of Exercise
89(c).

(a) Because it is given that T is linear, it fol-
lows from Theorem 2.9 that T is a matrix

transformation.
ALTERNATE PROOF. Let

A=[‘(1) ‘1)]
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92.

93.

94.

95.

96.

97.

98.

99.
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Then

and hence T' = T's.
For any vector v = [51] in R?,
2

e =[] =

and hence the range of T is R2.

(b)

(a) The solution is similar to that of Exercise

91.
(b) R3

(a) Observe that T' = T4, where A = kI,,.

(b) For a vector v in R™, we have v = T(V).
So every vector is an image, and so the
range of T is R".

(a) The solution is similar to that of Exercise

93.
(b) R"
We have T'(u) = T'(v) if and only if
T(u) —T(v)=0.

Because T is linear, the previous equation is true
if and only if T(u—v) = 0.

Consider, for example,
1) _ |®1+ 22
() -1
2 2
T _ |zl +x3
(=) -0

Then f(e1) = g(e1) and f(ez) = g(ez2), but
f(2e1) # g(2e1)

and

Ty-1(Ta(v)) = Ty-1(Av)
= A" (4v)
= (A_lA)V =, v=v.

Similarly, Ta(Ty-1(v)) = v.

Tap(v) = (AB)v = A(Bv) = A(Ts(V)) =
TA(TB(V)).

A vector v is in the range of T if and only if
v = T'(u) = Au for some u in R", which is true

if and only if v is in the span of the columns of
A.

100.

101.

102.

By Exercise 99, we have R™ is the range of T if
and only if R™ equals the span of the columns
of A. But by Theorem 1.6, this is true if and
only if rank A = m.

Suppose that a;vi + azve + -+ - + apvy = 0 for
scalars a1, az,...,ak. Since T is linear,

T(a1vi + azve + -+ - + axvi) = T(0)
a1T(v1) + a2T(v2) + - - + axT(vk) = 0.
Because {T'(v1),T(v2),...,T(vk)} is linearly

independent, we have 0 = a1 = az = - --
So S is linearly independent.

(a) Let A be the standard matrix of T'. Then

= ag.

o -2 4 0
1 1 6 0
B! 3 0 0
[0 2 -3 0
Hence
o -2 4 0 1 10 -17°!
a=|1 1 6 0 2 11 2
=1 3 0 0 0 1 0 -3
LO 2 -3 of [-1 -1 1 1
r22 -6 -8 10
_ 4 1 1 5
= 1-20 7 9 7|
—21 6 8 -9
Therefore
I 1
T xr2 —A i)
T3 T3
xra x4

22x1 — 62 — 8x3 + 1024
4z1 + x2 + =3 + bzs
—20x1 + Tz2 + 923 — Ty
—21x1 + 622 + 8x3 — 914

(b) Yes. In the computation above, the stan-
dard matrix A is completely determined
by the four vectors and their images under
T.



103.

2.8

L

10.
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2
—-1]. .
ol BBin the range of T'
3
if and only there is a vector u such that T'(u) =
v. If A is the standard matrix of T, then this
condition is equivalent to the system Ax = v
being consistent, where

The given vector v =

A=

O k=
U = N
.ﬂOClO)—l
ON AN

If we solve this system, we obtain

5
1| 2
=7l 3
-1

So T'(u) = v, and thus v is in the range of T'.

Alternatively, we can show that the reduced row
echelon form of A is 14+ and conclude from (b)
and (e) of Theorem 2.6 that the system Ax =b
is consistent for every b in R*.

COMPOSITION AND INVERTIBILITY
OF LINEAR TRANSFORMATIONS

{6y = {0

By the boxed result on page 180, the range of T
equals the span of the columns of the standard
matrix of T'. So the desired set is

0 3}
{T'(e1),T(e2)} = { [2] , [—1 }
1 1]

e e, e e, e e
SO N ==
1
|
—= O W
®
P .
h —
== :
==
(=R =)
(S —

o o~
]
o~ o

12.

13.

14.

15.

16.

17.

18.

19.

{ARARE)

The null space of T is the solution set of Ax = 0,

where
0 1
a=[0 ]

is the standard matrix of T. Thus the general
solution of Ax = 0 is

:121=0
1122=0.

So a generating set is {0}. By Theorem 2.11, T’
is one-to-one.

{ [g] }, T is one-to-one.

0
—1] p, T is not one-to-one.
1
0 .
{ [0] }, T is one-to-one.

The null space of T' is the solution set of Ax = 0,

where
1 2 1
A=1|1 3 2
2 5 3

is the standard matrix of T'. The general solu-
tion of Ax =0 is

Ty = I3
T2 = —I3
xz3 free,

or

By Theorem 2.11, we have that T is not one-to-
one.

—OW
0| p, T is one-to-one.
0

{0}, T is one-to-one.

1] [0 0
0|,|1],|0] p, T is not one-to-one.
10f [0 1
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21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.
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{ez2}, T is not one-to-one.

o =
11,1 O] 7, T is not one-to-one.
| 0 1
[ 1 3
-3 -5 .
i1 ol ¢ T is not one-to-one.
0 1

0 1 .
[1 1} , T' is one-to-one.

The standard matrix of T is
2 3
(r(en T = |7 2.

The reduced row echelon form of this matrix is

b 1

which has rank 2. So by Theorem 2.11, T is

one-to-one.
1 1 1 .
2 0 0], T is not one-to-one.
[0 3
2 -1}, T is one-to-one.
1 1
1 0 —
-3 4 0}, T is not one-to-one.
| 0 0 0
1 -1 0
0 1 —1|, T is not one-to-one.
1 0 -1
1 1 1

-1

; ___é —; , T' is one-to-one.
-1 2 -1 -5

2

1

1

0

, T' is not one-to-one.

N = NN
g O =
o U O ®©

r d
-
-

] , and T is onto.

The standard matrix of T is A = [z g] Be-

cause rank A = 2, we see that 7" is onto by The-
orem 2.10.

11 1 .
[2 0 O],TIS onto.

38.

41.
42.

43.

0 3
The standard matrixis |2 —1{, T is not onto.
1 1
[2 -5 4] , T" is onto.
[0 1 -
1 0 -1}, T is not onto.
-1 2 -3
[ 1 -1 2 0
-2 1 -7 0 .
1 —1 2 ol T is not onto.
| -1 2 1 0
[ 1 -2 2 -1
-1 1 3 2 .
1 -1 -6 -1 , T is onto.
| 1 -2 5 -5
1 2 2 1
1 21 0 .
11 1 2l T is not onto.
3 2 0 5
True

False, the span of the columns must equal the
codomain for the transformation to be onto.
10
False, A = |0 1| has linearly independent
0 0
0
columns, but the vector [O] is not in the range
1
of Ty.

True
False, T4 must be onto.
True

45. True 46. True

False, the range must equal its codomain.
True

False, the function must be linear.

False, the rank must equal m.

True

False, the function must be linear.

False, the rank must equal n.

True 57. True
False, the standard matrix of TU is AB.
True 60. True

(a) The null space is {0}. (The only vector
that is rotated to O is the zero vector.)
(b) Yes, by Theorem 2.11.



62.

63.

64.

65.

66.
67.

68.

69.

70.

(©)

(@
(2)

(b)
(©)
(d)
(a)
(b)
(©)
(d)
(2)
(©)
(a)
(©

(2)
(a)

(b)
(2)
(b)
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R2. For any vector v in R2, let u be the
vector formed by rotating v clockwise by
90°. Clearly T'(u) = v. So every vector in
R? is in the range of T

Yes, by (c).

The null space is {0}. The only vector that
is reflected to O is the zero vector.

Yes, by Theorem 2.11.

R2. For any vector v in R, let u be the
reflection of v. Clearly T'(u) = v. So every
vector in R? is in the range of T'.

Yes, by (c).

Span {e1}. The only vectors that are pro-
jected to O are the multiples of e;.

No, because T'(e1) = 0.

Span {e;}. Clearly every vector is pro-
jected onto the y-axis and hence is a mul-
tiple of ez.

No, from (c), it follows that e; is not in
the range of T'.

Span {e;, ez} (b) no

Span {es} (d) no

Span {es} (b) no

Span {e1,e2} (d) no

{0y  (yes (QR* () yes
T is one-to-one. The columns of the stan-

dard matrix of T are T'(e;) and T(e2),
which are linearly independent because
neither is a multiple of the other. So by
Theorem 2.11, T is one-to-one.

T is onto. The rank of the standard matrix
of T is 2. So, by Theorem 2.10, T is onto.

No, the columns of the standard matrix of
T are linearly dependent.

No, the rank of the standard matrix of T'
is 1.

The domain and codomain are both R?. Also

on ([2]) =v (= ([2])

16
4

1+ x2
=U 1 — 3x2
4y

[(ml +x3) — (21 — 322) + 4(4z1 )]
(z1 + z2) + 3(z1 — 3x2)

16x1 + 4x2
4x1 — 8x9 |’

>

1 1
1 -1 4
1. A= [1 —3] and B = [1 3 0]

4 0

72.

73.

74.

75.

76.

77.
78.

79.

80.

81.
83.

84.

Qo

5.

R

The domain and codomain are R3. The rule is

1 2z, + 2x2 + 4x3
TU xTr2 =
z3

—2z; — 1022 + 4z3
4z, — 4x2 + 1673
2 2 4
-2 —-10 4
4 -4 16
2 2 4
-2 —-10 4
4 -4 16
The domain and the codomain are both R?.
1) _ | —%1 + 532
or ([]) = [n - 522)
-1 5
15 -
1 2 2 -1
O A
-1 5
15 -
The domain and the codomain are both R?.
zi|\ _ [2z1 + 92
o ([2]) = (6 o)

2 9
82. AB = [6 _8]

2 9
6 —
lm +lx

-1 T1 — 371" 3 2
T2 1 2

—3% + 372

-1 T | —2m1 + 632

z2| ) Axy — 222
Let A be the standard matrix of . By Theorem
212, 77! = Ty-1.. Now

2 1 -1
Al=1-9 -2 5].
4 1 -

1 2c1 + @2 — 3
T—1 T2 = | -9z — 222 + 5x3 | .
T3 4z, + x2 — 273
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86.

87.

88.

89.

90.

91.

92.

93.
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[z1] [ 271 + 222 + 22
71! T2 = | -3z + 2x2 + 223
| Z3 | | —231 + z2 + 3
EN [ 21 — 222+ z3
71 T2 =|—-T1+ x2— x3
| Z3 | i 2x1 — Tx2 + 323
(1] [—221 — 20 + x3
71 T2 = | bxy + 3z2 — z3
| Z3 ] | 421 + 222 — 22
-:1:1- 1 — 3xg — 613 + 314
-1 T2 _ _1_ 3z — 2x2 — 3x3 + 324
3 T 2| —3x1 + 3z + 4x3 — 324
| T4 | —3z1 + 622 + 923 — 5x4
En Tx1 — 4x2 + 423 — 224
-1 T2 _1 —9z1 + 8x2 — 93
T3 T 9 |—14zy + 10z — 1123 + 224
|24 ] 11y — T2 + Txs — 34
Yes. Let f: R* — R™ and g: R™ — RP be

one-to-one functions. To show gf: R™ — RP? is
one-to-one, suppose (gf)(u) = (¢f)(v). Then
g9(f(u)) = g(f(v)). Because g is one-to-one, we
have f(u) = f(v), and since f is also one-to-one,
we have u =v.

Yes. Let f: R™ — R™ and g: R™ — RP both
be onto. To show that gf: R™ — RP is onto,
let w be in RP. Because g is onto, there exists v
in R™ such that g(v) = w. Because f is onto,
there exists u in R" such that f(u) = v. So

(9f)(w) = g(f(u)) = g(v) = w.
So every vector in R? is an image.

If T is the reflection about the z-axis, then

r(2) =[]
an ([2])=7(r([2])
-r([2])
=7(|%))
()

94.

95.

96.

97.

Let T be the reflection about the y-axis, and U
be the rotation by 180°. Then

r([]) =[] wav ()= [2]:
on([2])=[2]

which is the rule for the reflection about the z-
axis.

Let T be the projection on the z-axis, and let U
be the reflection about the y-axis. Then

r([2]) = 5] mav ([2) = [2):
T2 0 xr2 T2
So
T _|—T1| _ T
on ([2]) - [ = e ([2])-
Let T and U be shear transformations. Then
1z = [z + kxo
xTr2 xr2
for some k and
T [21] _ [#1 + ca2
2] )~ | @2
for some c. So

UT ( (1] ) _ (1 4+ (k+ c)wz] ’

T2 T2

which is a shear transformation.

(a) Suppose
a1T(vi) + a2T(v2) + -+ axT(vg) =0

for some scalars a3, az,...,ar. Because T'
is linear, we have

T(a1vi +azve + -+ + agvy) = 0.

So a1vi + az2va + - -+ + ag vy is in the null
space of T'. Therefore, by Theorem 2.11,
ai1vi + azvz + -+ 4+ axvy = 0. Because
{vi1,vz,...,vk} is linearly independent,
we have a; = a2 = --- = ar = 0. Hence
{T'(v1),T(v2),...,T(vk)} is linearly inde-
pendent.

Let T be the projection on the z-axis.
Now {e:} is linearly independent, but
{T'(e1)} = {0} is not.

(b)



98. Let A, B, and C be matrices such that (AB)C

and A(BC) are defined. We will show that

(AB)C = A(BC). Recall that function compo-

sition is associative. (See Appendix B.) Using

Theorem 2.12, we have
Tiapyc = TasTc = (TaTs)Tc

= Ta(TeTc) = Ta(Tsc)

= Ta(BC)-

99.

100.

Therefore the uniqueness statement in Theorem
2.9 implies that (AB)C = A(BC).

13
3 0

@ A=15
0 0

0 1
2 0
B=11 o
0 5

[ 4

4

() AB=|
|1

-

T2

(¢ TU .
-$4

-2 1
4J
0 2
1 1]
0 -3
1 -1
0 4
1 0
10 4 —14
o1 7
12 1 -5
31 4

and

4z1 + 10zo + 4x3 — 1414

4xq + x3+ Txy
—2x1 + 1229 + 3 — b4

4
7
2
5

(a)

Il\D'—‘ww”

(b) A=

() T7!

1
-1
0
-1

[—2
1
1
0

T1
T2
T3

T4

1+ 3x0+ z3+ 4dxy

6

11

2

8

10 -1 -12

—6 2 7

-2 0 2
1 -1 -1

—2z1 + 10z3 — x3 — 12734
1 — 619 +2x3+ Tx4
— 2.’II2

T1

I —

r3 —

+ 2x4
T4

it

10.

11.
12.
13.
14.

15.
17.

18.
19.

20.

21.
22.

23.

24.

26.

NS e e
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CHAPTER 2 REVIEW EXERCISES

1 2

2 4|

False, the product of a 2 X 2 and 3 x 3 matrix is
not defined.

True

False, see page 122.

False, consider I + I = 212 # O.

True 8. True 9. True

False, Ox = 0 is consistent for b = 0, but O is
not invertible.

True
False, the null space is contained in the domain.
True

False, let T' be the projection on the z-axis.
Then {e;} is a linearly independent set but
{T(ez)} = {0} is a linearly dependent set.

True 16. True

False, the transformation

(-]

is one-to-one, but not onto.

True

False, consider [

True
False, the null space consists exactly of the zero
vector.

False, the columns of its standard matrix form
a generating set for its codomain.

True
(a)

Misuse. A function, not a matrix, has a
range.

(b) Misuse. Only a linear transformation has
a standard matrix.

(c) Not a misuse.

(d) Misuse. Only a linear transformation has
a null space. A system has solutions.

(e) Misuse. A function, not a matrix, can be
one-to-one.

(a) BA is defined if and only if ¢ = m.

(b) pxn

10 64 —4

R

2
incompatible dimensions 27. |:29:|
4
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28.

30.

32.

34.

36.

37.

38.

39.

40.

41.

42.
43.

44.
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(-4 -9 29. incompatible dimensions
[20 30 1[5 10
-2 —3] 1.5 [2 4]
. . . 30
A is not invertible. 33. 42
128 192 . e
256 38 4] 35. incompatible dimensions
[1 -1 6 2
2 1 4 8
0 0 4 2
0 o0]|-2 6
We have

|~ R] |—| = 5 [;] +(~D) [:ﬂ

11 2 2
4 0 1

6 -1 -1
L2 1 -
|42 -2 11
0 5 _10 5

By item 1 of the boxed result on page 150, the
first row of AB is the product of the first row of
A and B, which is zero.

By the definition of matrix multiplication and
Theorem 1.3(f), the first column of AB is Ab; =
A0=0.

A=1I; and B =21,

The inverse of the coefficient matrix is

1 -1
-1 21
So the solution is

-]

The inverse of the coefficient matrix is

1 13 -3 -1
3 -7 1 3| .
2 2 -
Therefore

1 1 13 -3 -1 3
T2| = 3 -7 1 3] -1
T3 2 2 - 2

48.

50.

Because

ro = 2r; and

rs = —2r; + 3r3 + r4,

by the column correspondence property we have

3 6
a2=2a1=2 =110
2 4

and
a5 = —2a; +3az + a4
3 2 2 [ 2
=-2|5|4+3| O] +|-1| = |-11].
2 -1 3 | —4
So .
3 6 2 2 2
A=15 10 0 -1 -11}.
2 4 -1 3 4]

Since Ta: R® — R?, the codomain is R2. Be-
cause rank A = 2, the table on page 188 tells us
that T is onto, and so its range is R2.

Since Ts: R? — R3, the codomain is R3. The
range equals

The standard matrix equals

(7)) Tl = [§ -

2 0 -1 6 0
[4 0 0] 52. [0 6]
The standard matrix of T is
A=[T(e1) T(e2)].
Now

T(el) = 2e; + U(el)



54.

55.
56.

57.

59.

60.
61.

e (E)
R E

4 1
]
not linear because T'(0) = [(1)] #0
linear

not linear because

but

linear  58. {E)] ,
(-6-19)
[} s enctorone

The null space is the solution set of Ax = 0,
where A is the standard matrix of T'. The gen-
eral solution is

T = —2:[73
T2 = T3
T3 free.

Thus
T —2x3 -2
T2 | = z3| =x3 1].
T3 T3 1

1

So the generating set is { [ 1] } By Theorem 1. (a)AD=

2.11, T is not one-to-one.

62.

63.

64.

65.

66.

67.

68.

69.

74.
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(1) ? _(1)] The columns are not linearly in-

dependent; so T is not one-to-one by Theo-
rem 2.11.

1 1

0 0| The columns are linearly indepen-
2 -1

dent; so T is one-to-one by Theorem 2.11.

[2 0 1
11 -1
Theorem 2.10.

3 -1

0 1 The rank is 2; so T is not onto by
1 1

Theorem 2.10.

The domain and the codomain are both R3.

1 51 — x2 + 4x3
ur T =| x1+x2— Z3
T3 3z1 + x2

} The rank is 2; so T' is onto by

5 -1 4
1 1 -1
3 1 0

The domain and the codomain are both R2.
o ([2]) = [ 2
2 23}1 — T2
7 -1 7 -1
[2 _1] 72. AB = [2 _1]
T__1 T — l 3:171 - 2.'1:2
T2 5] 1+ T2
1 1 13z1 — 322 — =3
7! T2 = 3 —Tz1 + z2 + 3x3
T3 2z, + 2x2 — 2x3

CHAPTER 2 MATLAB EXERCISES

4 10 9
1 2 9
5 8 15
5 8 -8
-4 -8 1
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2.
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6 —2 5 11 9

-3 -1 10 7 -3

(b) DB=|-3 1 2 -1 -3
2 -2 7 9 3

0 -1 10 10 2

(), (d) (ABT)C = A(BTC)

38 22 14 38 57

10 -4 4 10 11
=({-12 -9 -11 -12 12
9 -5 4 9 14

28 10 20 28 —9

(e) D(B — 20)
-2 10 5 3 17

-31 -7 -8 -21 -1

=|-11 -5 -4 -9 7

—-14 2 -1 -7 -11

-26 -1 —4 -16 -6

11

8

() | 20
-3

-9

1
(8) , (h) C(Av) = (CAyv = [_éﬂ

22 14 9 -7 46

2 11 6 -2 10

(A= 21 26 -8 —-17 11
-6 18 53 24 -36

-33 -6 35 25 -12

(a) The entries of the following matrices are
rounded to four places after the decimal.

AIO —

[.2056 .2837 .2240 .1380 .0589 O
1375 .2056 .1749 .1101 .0471 O
1414 1767 .1584 .1083 .0475 0
1266 1616 .1149 .0793 .0356 O
.0356 .0543 .0420 .0208 .0081 O
L.0027 .0051 .0051 .0036 .0016 Ol

AlOO —

[.0045 .0062 .0051 .0033 .0014 O
.0033 .0045 .0037 .0024 .0010 O
.0031 .0043 .0035 .0023 .0010 O
.0026 .0036 .0029 .0019 .0008 O
.0008 .0011 .0009 .0006 .0003 O
1.0001 .0001 .0001 .0001 .0000 OJ

(b)

A500 —

2126 .2912 .2393 .1539 .0665
.1552  .2126 .1747 1124 .0486
1457 .1996  .1640 .1055 .0456
1216 .1665 .1369 .0880 .0381
.0381 .0521 .0428 .0275 .0119
.0040 .0054 .0045 .0029 .0012

oo o0oQoQ

where ¢ = 09

The colony will disappear.

(i) Given a population distribution x,_1
of females in year n—1, the population
distribution of females in year n with-
out immigration is given by Axn_i.
Since this is augmented by b, the fi-
nal population distribution in year n
is given by x, = Ax,—1 +b.

(ii) The entries of the vectors that follow
are rounded to four places after the
decimal.

4.7900] [5.3010]
3.2700 4.4530
4.0800 _ [5.0430
3.4400 3.2640 |
0.7200 1.0320
0.1800 0.0720

[6.12547 7.2115]
4.8107 5.3878
_ |e.1077 _ |6.4296
X3 = 14.0344] 7 ** = |4.8862]°
0.9792 1.2103
0.1032] 0.0979

and }
8.1259

6.1480
_ |6.9490
X5 = 151437
1.4658
0.1210]

(iii) Observe that
Xy = AXO + b7

x2 = Ax; +b=A(Axo+b)+b
= A2XQ + (A + Ie)b,

x3=Ax2+b
= A((A’)0+ (A+Is)b) + b
= A3XQ -+ (A2 + A+ Ie)b.

Continuing this process, we obtain,
for any positive integer n,



3.

Xn = A"%0+ (A" 4.+ A+ Is)b.

(For those familiar with mathemati-
cal induction, this proof can be given
using induction.)

Let S=A""'+4...+ A+ Is. Then

(A-16)S = AS - S = (A" — Is),
and hence
S=(A—I) (A" — I5).
We conclude that
Xn = A"x0 + (A — Ig) "' (A" — I¢)b.

(iv) Assuming that Xn4+1 = Xn, we have
Xn = AX, + b, and hence

(Is — A)xn = xpn — Axp = b.

So x,, = (Is — A)~'b. Using the given
b, we obtain (with entries rounded to
four places after the decimal)

28.1412
20.7988
20.8189
16.6551
4.9965
0.4997

Xn =

The eight airports divide up into two subsets:
{1,2,6,8} and {3,4,5,7}.

120 -100 0

01 100 1
(@R=|0 00 01 0 -1

000 001 -1

0 00 000 O

—2 1 0]

1 0 0

0 -1 -1
MS=|0 1 0

0 0 1

0 0 1

0 0 1

(c) As in the discussion following Theorem 2.3
in Section 2.3, Ax = 0 and Rx = 0 have
the same solutions. Furthermore, we may
infer from the description of nul1(4, 'r') in
Table D.2 of Appendix D that the columns
of S are the vectors in the vector form of
the general solution of Rx = 0 and their
coefficients are the free variables.

For the matrix R in (a), the free variables
(x2, ©4, and z7) and the basic variables (z1,
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x3, s, and x6) are obtained by solving the
homogeneous system of linear equations
with coefficient matrix R. This results in
the general solution x = 281+ 482 + 783,
where s; is the ith column of the matrix S
in (b).

In general, consider any m x n matrix A
with reduced row echelon form R, and let §
be the matrix whose columns form a basis
for Null A obtained by applying the MAT-
LAB function null(A, ‘r’). Then S is an
n X (n — r) matrix, where r is the rank of
A, and so n — r is equal to the number
of free variables in the vector solution of
Rx = 0. Each column of S corresponds to
a free variable. Consider a free variable z;,
and let v be the column of S that corre-
sponds to it. We can obtain v from R as
follows.

(i) The jth entry of v is 1.

(ii) For each i, if the ith row of R is
nonzero and has its leading entry in
column k, then the kth entry of v is
—Tij.

(iii) All other entries of v equal 0.

For example, consider the matrix R in (a).
We apply the rules above to compute the
third column of S in (b). This column cor-
responds to the free variable zz. By (i),
we have s73 = 1. Applying (ii), we obtain
813 = 0, 833 = —1, 853 = 1, and 863 — 1.
The other entries of this column equal 0.

(a) First, observe that if C is an m X p matrix

in reduced row echelon form, then for any
g < p, the n x ¢ matrix consisting of the
first ¢ columns of C is also in reduced row
echelon form.
Given an m x n matrix A, let B = [A In],
the m x (m + n) whose first n columns
are the columns of A, and whose last m
columns are those of I,,,. By Theorem 2.3,
there is an invertible m x m matrix P such
that PB is in reduced row echelon form.
Furthermore, PB = P[A I,] = [PA P].
Thus PA is in reduced echelon form, and
the final m columns of PB are the columns
of P.

00 —08 -22 -18 1.0
00 —08 -12 -18 1.0
() P=100 04 16 24 -10
00 10 20 20 -10
1.0 00 -10 —-10 00
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1 2 1 2 3 -3 6 0 —6 12
2 0 -1 3 U—l 0 9 -9 -6 15 -15
6. (ayM=]|-1 1 0 0 310 0 -6 11 -8 -1
2 1 1 2 0 0 0 -6 21 -9
4 4 1 6
1 01 010 -1T7- -_%- -_%-
01 1 0 0O
= 5 23 9
(b) § 00 01 2 0 T2 T 1
0 0 1 61 35
' 00 01 (b) x = ) R 12 | 4 26 12
(c) The sizes of M and S are 5 x 4 and 3 7 _3
4 x 6, respectively, and hence the number 2 2 2
of columns of M is equal to the number of 0 1 0
rows of S. Hence the product MS is de- L 0 L 0] L1
fined and has size 5 x 6. 1 2 0 1 -3 —9
(e) Let A be an m X n matrix of rank r, and 01 0 -1 0 o0
let R be the reduced row echelon form of 1 0 1 0 0 3
A. Observe that M is an m X r matrix 9. (A= 2 4 0 3 -6 -4
because A has r pivot columns, and S is 3 2 2 1 -2 —4
an r X n matrix because the first r rows of 4 4 2 2 _—5 3
R are nonzero and the final m —r rows of R . )
are zero. Thus the product M S is defined (b)y A= =
and is an m X n matrix. 10 —18 —54 —27 1 2%
Consider any j, 1 < j < n. Suppose that r; —-18 9 0 9 0 0
is a linear combination of the first k pivot 1| =7 18 63 27 2 929
columns, which are the first k& standard vec- 9 |—18 0 0 9 0 0
tors of R™, —17 0 -18 0 1 8
r; =Clel+c2e2+“‘+Ckek‘ -1 0 0 0 -1 1
By the column correspondence prop- T1 T1
erty, the jth column of A is a lin- T2 T2
ear combination of the first k pivot (©) -1 T3 — A1 T3] =
columns of A, with the same correspond- T4 T4
ing coeflicients. That is, Ts5 s
Te T6
a; = c1my + comg + - - - 4 cpmy.
Observe also that the first k entries of [ Fo1— 2x2 — 6a3 — 324 + 525 + Fas ]
r;, and hence of s;, are the coefficients —2x1 + T2 + T4
c1,C2,...,Ck, respectively, and that the _gwl + 229 + Tz3 + 314 + %-’Es - %’2;,;6
rmaining entries equal 0. It follows that —2%1 + 4
Ms; = cimy + comp + -+ + cymy = a; —Yx1 — 223 + §35 + Sa6
Since Ms; is the jth column of MS, it fol- i —5%1 — §T5 + 36
lows that M S = A. 1 0 2 0 0 1
6 —4 3 19 5 -2 -5 9 _1 0 1 0 0
-1 2 -4 -1 4 -3 -2 10. (a) B= 0 3 0 0 1 0
7. A7'B=|-2 0 2 6 -1 6 3 2110‘01
0 1 -3 -8 2 -3 1 -
-1 0 2 -6 -5 2 2 (b) The standard matrix of UT is
8. (a) We have
3000 17 0 6 -1 s
1 = - -
L=<= 6300 and BA -3 1 -2 —4 2 4
33 130 5 9 1 3 11 4
6 1 3 3 B B




() UT =

Te
Tx1 + 6x2 + 43 + 3x4 — 8x5 + Tx6
Az + Tx2 + 614 — 1225 — 8x6
—3z1 4 x2 — 273 — 474 + 275 + 476
5z1 + 9z2 + 3 + 3x4 — 1lx5 — 476

(d) The standard matrix of UT™*
BA™!'=

-3 2 8 3 & -3
0 5 -12 -6 2 2
¥ s 2 3 -3 3
8 1 82

is
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and hence

UT!

Il

Z6

—821 + 222 + 8x3 + 3z + F75 — Fwe

%Qzl — bxo — 1223 — 64 + %m5 + %Z:te

— 321 + 322 + 223 + 374 — S25 — §6

81y — 5wz — 19z3 — 824 — §a5 + Fae



Chapter 3

3.1

11.

12.
13.

14.

15.

Determinants

COFACTOR EXPANSION
[ 6 2
det 3 _1] =6(-1)—-2(-3)=0
4 5
det |, _7] = 4(=7) - 5(3) = —43
-2 9
det B 8] =(-2)(8) —9(1) =25
42 5.0 6. 3 7.2
2 9. 16 10. —-86
The (3,1)-cofactor of A is
(0[5 5] = 2@ - 40
= 1(—30) = —30.
52
We have
4 -2 1 -2
2det [O 1] — (=1)det [__1 1]
1 4
+ 3det [_1 0]
= 2(4) + 1(—1) + 3(4) = 19.
We have
-2 2 1 2
(—2) det [ 1 _1] + (—1)det [0 _1]
1 -2
— 3det [0 1]
= —2(0) — 1(=1) — 3(1)
= -2
We have
-2 2 1 2
R

+ (—1) det B :ﬂ

=0(—4) — 1(~1) - 1(3) = —2.

68

16.

17.

18.

19.

20.

We have
(1) det [_i _3] — 0det [f _g]
+ 1det [f ‘ﬂ
= (=1)(-10) - 0(=7) + 1(9)
=19.
We have
(~5) det [g :i’] +0det [; :‘i‘]
— 0det E g]
= (=5)(—4) + 0(5) — 0(-8) = 20
We have
Adet [f’) ‘g] — 1 det [g ‘g}
+0det [g f’)]
— 4(15) - 1(4) + 0(~6) = 56
We have

2 1 -1 11 -
(—0)det [-3 2 —1|+(~1)det|4 2 -1
3 0 — 0 0 -
1 1
2
0

1 2 -1
—0Odet |4 -3 —1| +1det{4 -—
0 3 - 0

= (=0)(=11) + (—1)(4) — 0(13) + 1(6) = 2.
‘We have
1
4
|

-1 0 1 0
(=O)det | 3 1 4] +1det|-2
-2 2 1

0 -1

-2 3

1 -2

3
= (=0)(13) + 1(=5) = 0(-9) + (-2)(-5) = 5

w w N

N = O

0 -1 1
—0det [—2 3 4| 4 (—2)det
1 -2 3

N = O



21.
25.
29.

30.

31.

32.
37.

38.
42,
45.

46.

47.

48.

49.
50.

51.
53.

54.
55.

60 22. —48 23. 180 24. 42
—147 26. 18 27. —-24 28. 78

The area of the parallelogram determined by u
and v is

jdetfuvil = |t 3 77]| = B0 - (209
= |21 + 10| = 31.
The area of the parallelogram determined by u
and v is
-3 8
|det [u v]| = [det [ 6 _5”

=| — 3(=5) — 8(6)| = |15 — 48| = 33.

The area of the parallelogram determined by u

and v is
6 3
| det [u v]| = |det [4 2”
=16(2) — 3(4)| = [0] = 0.
13 33.22 34.16 35.22 36.16
‘We have
3 6
det [c 4] = 3(4) — 6c =12 — 6c.

The given matrix is not invertible when its de-
terminant equals 0, that is, when ¢ = 2.

-8  39.-9  40. -2  41. %4
no c 43. no ¢ 44. +6
False, the determinant of a matrix is a scalar.
False, det [a b] = ad — bc.
c d

False, if the determinant of a 2 x 2 matrix is
nonzero, then the matrix is invertible.

False, if a 2 x 2 matrix is invertible, then its
determinant is nonzero.

True

False, the (i,j)-cofactor of A equals (—1)**7
times the determinant of the (n — 1) x (n — 1)

matrix obtained by deleting row 7 and column j
from A.

True 52. True

False, cofactor expansion is very inefficient. (See
pages 204-205.)

True

. 1 2
False, consider [2 1}.

56.
57.
58.

59.
61.

62.

63.

64.

65.

66.

67.

68.

69.

70.
71.

3.1 Cofactor Expansion 69

True
False, see Example 1 on page 154.

False, a matrix in which all the entries to the
left and below the diagonal entries equal zero is
called an upper triangular matrix.

True 60. True

False, the determinant of an upper triangular
or a lower triangular square matrix equals the
product of its diagonal entries.

True

False, the area of the parallelogram determined
by u and v is |det [u v]|.

False, |det [T'(u) T(v)]| = |det A] - |det [u V]|,
where A is the standard matrix of T'.

‘We have

cos

—sin @
det Ag = det [Sin P ]

cos
= cos? 6 — (—sin” §)
=cos? 0 +sin’0 =1.

If a;; = 0 or aj; = 1 for every i and j, then each
term in

det A = a11a22 — a12a21

is 0 or 1. Hence det A equals 0, 1, or —1.

The determinant of the given matrix is 2.

det [“ b] —ab—ba=0
a

b
Let A= [Z 3] Then
det AT = det [‘Z ;} =ad - cb
= det [Z g] = det A.

det kA = k*(det A)
We have

det AB = det [ |** aiz| {b11 b1z
a1 azz| [b21 b2z

a11bi2 + alzbzz]

— det a11b11 + a12ba1
az1biz + a22b22

az1bi1 + az2ba

= (a11b11 + a12b21)(a21b12 + az2b22)
~ (a11b12 + a12b22)(a21b11 + az2b21)



70

72.

73.

74.

75.

76.

7.

78.

79.
82.
84.
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= a12b21a21b12 + a11b11022b22

— @12b22a21b11 — a11b12022b21
= (a11a22 — @120a21)(b11b22 — bi2b21)
= (det A)(det B).

Evaluating the determinant by a cofactor expan-
sion along the zero row, we see that its value is
0.

We have
a b
det EA = det [kc kd]
= k(ad — bc)
= (det E)(det A).
We have
det EA = det [C d]
a b
=cb—da
= —1(ad — bec)
= (det E)(det A).
We have
a b
det EA = det [ka te kb+ d]
=ad — bc
= 1(ad — bc)
= (det E)(det A).
We have
det EA = det [“ the b+ ’“d]
c d
= 1(ad — bc) = (det E)(det A).
‘We have
a b
det [c +kp d+ kq}

= ad + akq — bc — bkp
= (ad — bc) + k(aq — bp)

a b a b
= det [c d] + kdet [p q] .
The determinant of a square matrix with integer
entries is an integer.

| det[u v]| 80. (—1)™"
(c) yes 83. (c) yes

(a) det A = —40, det A~! = —0.25
(c) (det A)(det A™') =1

81. (c) no

3.2 PROPERTIES OF DETERMINANTS

1. We have

-1 4 1 -1
9 _2]+0det [2 _2]

— 3det [_1 -1]

= 0(—6) + 0(0) — 3(3) = —9.

—0det [

2. We have
-1 3 -2 2

ldet[ 1 _1]—2det[ 1 _1]

+ 0det [:1

= 1(=2) — 2(0) + 0(—4) = —2.

3. We have
1 -2 2 3
1det [__1 1] + 4det [_1 1]
2 3
— Odet [1 __2]

=1(=1) + 4(5) — 0(—7) = 19.

4. We have

1det [g :ﬂ—(—?)det [’:1)) _ﬂ

-1 2
+ 2det [ 5 _9]

=1(22) 4 2(—5) + 2(—1) = 10.

5. We have
2 2 1 3
2det [3 1] — 3det [3 1]
1 3
+ 1det [2 2]

=2(—4) — 3(-8) + 1(—4) = 12.
6. We have
1det [2 3] — 2det [3

1 1 1

3 2
2 3

=1(—1) — 2(1) + 3(5) = 12.

- DN
—_

+3det[

—



10.

11.

12.
15.

16.

3.2 Properties of Determinants 71

‘We have 19. We have
1 2 1 1 2 1
1 2 2 0
0det [_1 1]—1det[_1 1] det [1 1 2| =det|0 -1 1
9 0o 3 4 8 0 -2 5
+ 0det [1 2] 1 2 1
=det|0 -1 1
=0-1(2)+0=-2 0 0 3
We have =1=HE) =3
20. —40 21. 18 22. —36
1 1 0 2
0det [0 __1] — 2det [() __1] 23. We have
0 2 0 4 -1 1 1 0 —2 3]
+1det[1 1] 31 1 2 31 1 2
det| g _g g|=7dt| g 4 1 1
=0-2(0) +1(-2) = -2 2 3 01 [ 2 3 0 1
We have 1 0 —2 3]
o - DU [ I T R
—2det[ - ]+Odet[ ] 0 4 -1 1
-2 1 -2 1 0 3 4 -5
+ 1det [:1)’ _ﬂ 1 0 -2 3]
g0t s
= —2(=1) +0+1(—4) = —2. 7%l o 19 -43
0 0 19 -38
‘We have '1 0 -2 37
1 0 3 2 R (1 BB B
1det [_2 _1]+1det [_2 _1} - det 00 19 —43
+1det |3 2 000
10 = —1(1)(19)(5) = —95.
=1(-1)+1(1) +1(-2) = -2 24. 56  25.-8  26.15
27. We have
c 6
0o 0 5 4 -1 2 det [2 c+4] =c(c+4)-12
det |0 3 7| = —det |0 3 7 2
4 -1 -2 0 0 5 =c’ +4c—12=(c+6)(c—2).
A matrix is not invertible if its determinant
=-(9)@)(5) = -60 equals 0; so this matrix is not invertible if
c=—6orc=2.
—-72 13. —-15 14. -30
28. —4,2 29. 5 30. —-12
We have 31. We have
3 -2 1 3 -2 1 1 -1 2 1 -1 2
det | O 0 5| =—det|-9 4 2 det | -1 0 4| =det |0 -1 6
-9 4 2 0 0 5 2 1 ¢ 0 3 c—4
3 =2 1 1 -1 2
=—det|0 -2 5 =det [0 -1 6
0 05 0 0 c+14
= =(3)(=2)(5) = 30. — 1(=1)(c+ 14) = —(c+ 14).
66 17. =20 18. 10 So the matrix is not invertible if ¢ = —14.
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32.
35.
38.

39.

40.
41.

42.
43.
44.
45.
46.
47.
48.

49.
51.
52.

53.
56.
57.
58.

59.

60.
62.
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—4 33. —5and 3 34. -2,5

-1 36. every c 37. c= %

c=0
1 2
False, det [3 4] #1-4.

True

False, multiplying a row of a square matrix by
a scalar c changes its determinant by a factor of
c.

True

False, consider A = [e; 0] and B = [0 e,].
True

False, det A # 0 if A is an invertible matrix.
False, for any square matrix A, det AT = det A.
True

False, the determinant of 2I is 4, but its re-
duced row echelon form is I5.

True 50. True
False, det cA = c" det A if A is an n X n matrix.

False, Cramer’s rule can be used to solve only
systems with an invertible coefficient matrix.

True 54. True 55. True
False, det (—A) = —det A if A is a 5 X 5 matrix.
True

False, if an n X n matrix A is transformed into
an upper triangular matrix U using only row
interchanges and row addition operations, then
det A = (—1)"u11u22 - Unn, where r is the
number of row interchanges performed.

We have

] 62
zﬁ=;&§2f=%2;§3L245
and
T
3 4

T =—-10, :1:2———9 61. T =11, :1)2——-—6

ry = —-16, T2 = 21

63.

64.
65.
66.
67.

68.

69.

70.

‘We have
6 0 —2 6 0 —
det |-5 1 3| det|-5 1 3
B 42 1] 14 0 —
= 1T 0 —2] 1T 0 —2
det|-1 1 3 det |0 1 1
02 1 02 1
_6(=5) — (-2(10) _,
(1) - 1(2) ’

1 6 — 1 6 -2
det | -1 -5 3 det |0 1 1
0 4 1 0 4 1

2= 1 0 —2] -1
det | -1 1 3
0 2 1
1(1) —1(4
EECESICNN
and
1 0 6 1 0 6
det |-1 1 -5 det {0 1 1
_ 0 2 4] 0 2 4
3= 1 0 —2] -1
det | -1 1 3
0 2 1
1(4) — 1(2)
-1
:L’1=—2,:L‘2=—3,:l)3=1

Ty = —0.4, T2 = 1.8, r3 = —24
T = 0.6, T2 = —0.4, Tr3 = 0.4
Take A = I and k = 2. Then

2 0

detkA:det[O 2] =2.2=4,

but k-detA=2.1=2.

By repeated use of Theorem 3.3(b), we see that
det kA = k™ (det A).

Let A be an invertible n x n matrix. Then
1 =detI, = det AA™" = (det A)(det A™'). So
det A # 0, and hence det A~} = m.

We have det(—A) = —det A if and only if A is
an n X n matrix for some odd positive integer
n. To evaluate det(—A), remove a factor of —1
from each row. Then by Theorem 3.3(b), we
have det(—A) = (—1)"det A = —det A if and
only if n is odd.



71. We have

det(B~'AB) = (det B~ "')(det A)(det B)

- (Egt—B) (det A)(det B)

= det A.
72. If A¥ = O, then det A*¥ = 0. But det A¥ =

(det A)* by Theorem 3.4(b). So (det Ak =
and therefore det A = 0.

73. If QQT = I,,, then by Theorem 3.4(c) we have
1= detI, = det QQT
= (det Q)(det QT) = (det Q).
Hence det Q = +1.

74. Let A be a skew-symmetric n X n matrix, where
n is odd. Then, by Exercise 70,

“det A = det AT = det(—A) = —det A.

So det A = 0, and hence A is not invertible.

For even n, a skew-symmetric n X n matrix may
be invertible or not invertible. Consider, for ex-

ample,
0 1 0 0
[_1 0] and [0 0].
75. We have
1 a a2 1 a a?
det |1 b 2| =det|0 b—a b2 —d?
1 ¢ &2 0 c—a c%—-a?
b—a b%2—a?
=det[c—a cz—az]

1 b
=(b—-a)(c—a)det[1 CT_Z]
= (b—a)(c—a)[(c+a)— (b+a)]
= (b—a)(c—a)(c—b).

76. We have
1 =1 1 T Y1
det |1 z2 y2| =det |0 z2—T1 Y2— W1
1 =z vy 0 z—x1 Y-y
=det[x2—wl yz—yl]
T — 1 Yy—4hn

= (z2 — z1)(y — 1) — (& — 21)(y2 — ¥1)-

Hence the given equation reduces to

(x2 — 1)y — 1) — (& — 1) (Y2 — 1) =0,

77.

78.

79.

80.

81.

82.
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that is,

Y2 — U1

if T '7'é X2
T2 — T1 ’

y—n = (z—=1)

or to x = x1 if x; = x2.

By the Corollary to Theorem 2.5, B is linearly
independent if and only if B is invertible. So B
is linearly independent if and only if det B # 0.

Interchange rows 1 and n of B, then rows 2 and
n — 1 of B, etc. It follows from Theorem 3.3(a)
that det B = —det A if n = 2,3,6,7,10,11,...
and det B = det A otherwise.

Suppose that B is a matrix obtained by multi-
plying each entry of row 7 of A by a scalar k.
Let A,; and B;; be the (n—1) x (n—1) matrices
obtained by deleting row r and column j from
A and B, respectively. Then A,; = By; for j =
1,2,...,n. Since by; = kar; for j = 1,2,...,m,
the conclusion follows from the cofactor expan-
sions of A and B along row r.

If E is obtained by performing an interchange
operation on I, the result follows from The-
orem 3.3(a). Let E be the elementary matrix
obtained by multiplying row r of I, by k. Then
EA is obtained by multiplying row r of A by k,
and so Theorem 3.3(b) implies that

det EA = k(det A) = (det E)(det A).

A similar proof establishes the result if F is ob-
tained by adding k times row r of I, to row s.

Suppose that E is an elementary matrix ob-
tained by interchanging two rows of I, or by
multiplying a row of I, by some scalar. Then
ET = E, and so det ET = detE. If E is an
elementary matrix obtained by adding a multi-
ple of some row to another, then E is an upper
triangular or lower triangular n X n matrix with
every diagonal entry equal to 1. Thusdet £ = 1.
But ET has the same form, and so det ET =1
also.

(a) Let B denote the matrix whose (i, j)-entry
is bi;, the cofactor of the (j,%)-entry of A.
By performing a cofactor expansion along
column k of B, we see that det B = by;. -

(b) Let By be the n x n matrix obtained by
replacing column k of A by e;. Applying
Cramer’s rule to Ax = e;, we see that

_detBr _ br;
T detA  detA’

Tk
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So
x1 blj
z2 ba;

(det A)e; = (det A)A | . | =A] .
Tn bnj
(c) From (b), we see that
AB = Alby by -+ by]
= [(det A)e; (det A)ep --- (det A)e,]

= (det A)[e1 €y - en]
= (det A)I,.

(d) If detA # 0, it follows from (c) that

A (#EB) = I,,. Hence

-1 1

= GetAl

83. (a) We have

A [ 2.4 3.0 -6 9

rpery 00 -30 -2 -5
—-4.8 6.3 4 =2
| 96 15 5 9
2r; +r3 —r3 (24 3.0 -6 9
—4ri1+ra—ra 100 -30 -2 -5

0.0 123 -8 16

00 -105 29 —27

4.1ry +r3 — r3 ’-24 3 —6.0 9.0
—3.5rz+rqs —rqg 0.0 -3 -2.0 -5.0
0.0 0 -16.2 -—45

00 0 360 -95

(24 3 —6.0 9.0
~Frotraors (00 -3 —20 —50

0.0 0 -162 -45

00 0 00 -195

(b) Because there is one interchange operation

used in (a),

det A = —(2.4)(—3)(—16.2)(~19.5)
= 2274.48.

84. (a) ry = 119, T = —262, X3 = 61, T4 = —164

(b) 5

13 -8 -3 6
—-28 20 8 —12
7T -4 -1 2
—-18 12 6 -8

85.

S O
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False, det [Z b] = ad — be.

d

False, for n > 2, the (i, j)-cofactor of an n x n
matrix A equals (—1)**7 times the determinant
of the (n —1) X (n —1) matrix obtained by delet-
ing row ¢ and column j from A.

True
False, consider A = [e; 0] and B = [0 e;].
True

False, if B is obtained by interchanging two rows
of an n X n matrix A, then det B = — det A.

False, an n X n matrix is invertible if and only
if its determinant is nonzero.

True
False, for any invertible matrix A,

11
det A = et A’

False, for any n x m matrix A and scalar c,
det cA = " (det A).

False, the determinant of an upper triangular
or a lower triangular square matrix equals the
product of its diagonal entries.

1 13. 5 14. -3
The (3, 1)-cofactor of the matrix is

(~1**det |72 2 = 11c1)(-1) - 202)]
2 1

=-3.

1(7) = (=1)(=1) +2(-5)

2(—3) — 1(1) + 3(1)

—(=D(-1) +2(-1) - 1(3)

1(7) = (=1)(=5) + 2(-3)

-8 21. 0 22. 0 23.3
(a) We have

0 3 -6 1
-2 -2 2 6 ryers
1 1 -1 -1
2 -1 2 -2
[ 1 1 -1 "1- 2r; +r3 > ry
-2 =2 2 6| —2r1+rs—ry
0 3 -6 1

[ 2 -1 2 -2




1 1 -1 —1]
0 0 0 4 rpery
0 3 -6 1
[0 -3 4 0]
1 1 -1 -1]
0 -3 4 0 ro+rz—rg
0 3 -6 1
|0 0 0 4]
1 1 -1 -1]
0 -3 4 0
0 0o -2 1]’
| 0 0 0 4]
(b) (-1)*(1)(=3)(-2)(4) = 24
25. —3 and 4 26. —2
27. We have
c+4 -1 c+5
det | —3 3 -4
c+6 -3 c+7
c+4 -1 c+5
=det | 3¢+9 0 3c+11
—2c—6 0 —2c—-8
—(_ _1\1+2 3c+9 3c+11
= (=D det [——2c -6 —2c—8

= (c+3)[3(~2c — 8) — (3¢c+ 11)(-2)]
= —2(c+3).
Because a matrix is not invertble if and only

if its determinant equals 0, this matrix is not
invertible if and only if c = —3.

28. —1,2 29. 25
30. The volume is

1 -1 3
det |0 2 1||=|-17=17.
2 1 -1
31. We have
[ 5 1
t
e )| _smoico_n
Tl 2 1] 211 10
“l-a 3
and
2 5
t
_x i
Tl 2 10 ~ 10
“l1-14 3

32.
33.
35.

36.
39.

40.
41.

42.

43.

Chapter 3 Chapter Review Exercises 75

r1 = —2.2, T2 = —0.4, I3 = 44
5 34. 0.2
If det A = 5, then

det 24 = 2°(det A) = 8(5) = 40
because we can remove a factor of 2 from each
row of 2A and apply Theorem 3.3(b).

125 37.5 38. —10
We have

ai1 + 5a31 a1z + 5as2
det 4az1

4aoz
as2 — 2a22

4az3

a3z — 2a23

a13 + 5a33
a3z — 2a21

a1 + 5a31  aiz +5as2  aiz + Sass
=4 -det az1 az2 a23
(a31 — 2a21 a3z — 2022 a33 — 2022]

a11 +5ag1  aiz +5azz  ais + Sass
= 4-det azi a2 a23
as1 asz ass

a1 aiz Qi3
=4-det |az1 a22 a23
as1 asz 0as3

= 4(det A) = 4(5) = 20.
-5
If B2 = B, then
det B = det B> = det BB = (det B)(det B)
= (det B)*.

Hence det B is a solution of the equation x = z2,
and so det B =0 or det B = 1.

We have
det A = det(PDP™")
1
=det D.

Since D is a diagonal matrix, det D is the prod-
uct of its diagonal entries.

We have
1 =z vy 1 T y
det {1 z1 yi| =det|0 z1—2 v1—Y
0 1 m 0 1 m

=m(z1 — z) — (Y1 — ¥)-
So the given equation can be written

p-—y=m(xi—z) or y—y =m(z—T1)
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1.

3.
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CHAPTER 3 MATLAB EXERCISES

Matrix A can be transformed into an up-
per triangular matrix U using only row ad-
dition operations. The diagonal entries of U
(rounded to 4 places after the decimal point) are
—0.8000, —30.4375, 1.7865, —0.3488, —1.0967,
and 0.3749. Thus the determinant of A equals
(—1)° times the product of these numbers,
which is 6.2400.

This sequence of elementary row operations
transforms A into an upper triangular matrix:
ry < re, —2r;1 +r3 — r3, —2r; +ry — ra,
2r1 +r5 > r5, —T1 +Trg — g, —I'z + Ty — Ty,
4ry + 15 — r5, —2r2 + r¢ — re, r's < T,
17rs + r5 — r5, r4 & 16, r's & rg, and

—lg-zrs +rg — rg.

(Other sequences are possible.) This matrix is

1 1 2 -2 1 2
01 2 -2 3 1
0 0 -1 1 -10 2
0 0 0 -1 4 -1
0 0 0 0o -9 0
0 0 0 0 0 46

Thus
det A = (—1)4(1)(1)(—1)(—1)(—9)(46) = —414.

k% w

:
(b) det |V ;“’] — det m + det m =_s.

(c) det -3v 1—42“’] = 3det [X] — 2det [X] =
26.

(d) Any such function is a linear transforma-
tion.

@ det 3] =2 and et |

(e) Define T: R™ — R by

T(x) = det [g] ,

where C is an (n — 1) X n matrix.
Let u = [u1 u2 un] and v =
[v1 V2 'un] be 1 X n row vectors.
Then T'(u + v) = det A, where

A:FZq.

Using the cofactor expansion of A along the
first row, we see that

det A = (u1 +vi)ey — - -
+ (=1)"" (un + vn)en,

where ¢; denotes the determinant of the
(n—1) x (n—1) matrix obtained by deleting
column % from C. Similarly, we see that

T(u) =urcr — -+ (=1)"uncn,
and
T(v) =vier — -+ 4+ (=1)"Mogen.

Hence T(u+v) = T(u) + T(v), and so
T preserves vector addition. Moreover,
T(cu) = cT'(u) by Theorem 3.3(b), and so
T preserves scalar multiplication. Thus T'
is a linear transformation.

(f) Any such function is a linear transforma-
tion. The proof follows from Theorem
3.3(a) and the result in (e) above.

(g) Any such function is a linear transforma-
tion. The proof follows from Theorem
3.4(c) and the result in (f) above.



Chapter 4

Subspaces and Their
Properties

SRk
A L)

5. Since 10.
—s4+ t -1 1

2 — t| =s| 2| +t|-1], 11.
s+ 3t 1 3

12.

a generating set for the subspace is

(GRS

o 18.
—11 [3 0
o| |o 0
6 ol |1]|-1 21.
| 1] o] [-2]
(—17 [1] 0]
o| (4] |-3
7 o|l’|o[’| o
| 3] o] [-1]
[ 17 [-1 3 22.
2 ol |-1
25.
8 —1|| 3’| 2
-2 1 1
-4t 27.
9. Since
2s — 5t 0 2 -5
3r+s—2t| 3 1 -2
AP IEL B 0 I R I 29.
—r+2s -1 2 0

7

a generating set for the subspace is

0 2 -5

3 1 -2

1{’|-4]’| 3

-1 2 0
-1 0 4
1 -1 2
0|’ of’| 3
1 0 -1

For the given vector v, we have Av = 0. Hence
v is in Null A.

For the given vector v, we have Av # 0. Hence
v is not in Null A.

For the given vector v, we have Av # 0. Hence
v is not in Null A.

yes 15. yes 16. no 17. yes
no 19. no 20. yes

1
Vector u = [—4} belongs to Col A if and only if

2
-7
Ax = u has a solution. Since _g is a solution
0

of this system, u is in Col A.
no 23. yes 24. no
yes 26. no

TR
16 -0




78

31.

32.

33.

34.

35.

Chapter 4 Subspaces and Their Properties

-5 3
3 -4
1{’]1 o0
0 1

The reduced row echelon form of the given ma-

trix is
1 0 1 0 -1
R=]0 1 -1 0 0].
0 0 0 1 1

Since the vector form of the general solution of
Rx=0is

Ty -1 1
T2 1 0
3| =x3| 1] +zs| O],
T4 0 -1
5 0 1

a generating set for Null A = Null R is

[ [—1T 1
1 0
{ 11,1 O
0 -1
L 0] 1
(3 -17 [-2])
1 0 0
0 -2 -
Ylol'| 1| ol (
0 0 -
L L0 0 1]
([ 3 -1 ~3]
-2 1 2
) 0 0 1
11’ o]’ O
0 1 0
L o 0 1)
The standard matrix of T is
A=[1 2 -1].

The range of T equals the column space of A;
so {1,2,—1} is a generating set for the range of
T.

Note that A is in reduced row echelon form. The
general solution of Ax =0 is

T1 = —2T2 + X3
T2 free
x3 free,

and its vector form is

- f

36.

37.

38.

39.

40.

41.

42,

43.
45.
46.
48.

49.

50.

Hence

(L )

is a generating set for the null spaces of both A
and T'.

L AT

]

O = =
[==}

P S U S A G N,
)—tHOn—-l:
S
|
—_— = O
r l 1
-
[ —

1 —1] -5 -
—1| | 2| | 7 3
217 1-11"1-8{ [’ 1
| 0f [ 2] | 4] -
[ 1] [-1] [-3] [-2]
-1 2 4 5
1{’] of"|=-2]"{ 1] (’
| 1] [ 1) |-1] 4]
F 0] [t
-1 -3
1{’| O
L 0- L 1_
True 44. True
False, {0} is called the zero subspace.
True 47. True

False, the column space of an m X n matrix is
contained in R™.

False, the row space of an m X n matrix is con-
tained in R".

False, the column space of an m X m matrix
equals {Av: v isin R"}.

True 52. True 53. True 54. True

False, the range of a linear transformation
equals the column space of its standard matrix.

True 57. True 58. True 59. True



60.
63.

64.

65.

69.

70.

71.

72.

True 61. True 62. True

The columns of a matrix form a generating set
for the column space of the matrix. For the
matrix in Exercise 27, we have

[l =)

Thus, by Theorem 1.7,

Col A = Span { [_ﬂ ’ [_;] ! [ﬁ] }
sl [}

So { [_ i] , [_;] } is a generating set for Col A

containing exactly 2 vectors.

1 2
As in Exercise 63, { [Ojl , [—1} } is a generat-
1 0

ing set for Col A.

From the matrix R in the solution to Exercise
32, we see that the pivot columns of the given
matrix A are columns 1, 2, and 4. Choosing
each of these columns and exactly one of the
other columns gives a generating set for the col-
umn space of A that contains exactly four vec-
tors. (See Theorems 2.4(b) and 1.7.) One such
generating set is the set containing the first four
columns of A.

(ERERERE]
00
{ I )

—2] [-1] [ 3
4 1 |4
50 2f'|-5

-_1_ L 0.- L 1-

1 0

1 |-1

o' 1

1 1

R™, the zero subspace of R™, the zero subspace
of R™

Yes, Ax = 0 is equivalent to Rx = 0.

73.

74.
75.

77.

78.

79.

80.

81.

82.

83.

84.

85.

4.1 Subspaces 79

Consider A = [; ;} . The reduced row echelon
form of Ais R = [(1) (1)]
to Col A but not to Col R; so Col A # Col R.

See Theorem 4.8 in Section 4.3.

1 -1 1 -1
I
Let V and W be subspaces of R™. Since O is
contained in both V and W, 0 is contained in
VN W. Let v and w be contained in VN W.
Then v and w are contained in both V and W,
and so v + w is contained in both V and W.
Thus v + w is contained in V N W. Finally, for
any scalar ¢, cv is contained in both V' and W;
so ev is in VN W. It follows that VN W is a
subspace of R".

Clearly [;] belongs

(a) Because
V = Span {ez} and W = Span {e1},

the result follows from Theorem 4.1.

(b) Note that e is in V and e; is in W, but
their sum is not in VUW.

Suppose that S has the property that u+cv is in
S for all vectors u and v in S and all scalars c. If
w isin S, then so is w+(—1)w = 0. Taking c =
1 shows that S is closed under vector addition,
and taking u = 0 shows that S is closed under
scalar multiplication. So S is a subspace of R".
The proof of the converse is straightforward.

Since V is closed under vector addition and
scalar multiplication, V must contain every
linear combination of its vectors. So if
u3,uy,...,u, are in V, every vector in the span
of {ug,uz,...,ux} isin V.

The vectors [é] and [(1)] are in the set, but

g

The vector [g] is in the set, but 3 [O

2] is not.

The zero vector is not in the set.

The vector [(l)] is in the set, but 3 [(1)] is not.

The zero vector is not in the set.

3 3
The vector [2:| is in the set, but (—1) [2:| is
1 1

not.
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87.

88.

89.

90.

91.

92,

93.

94.

95.

96.
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6 6
The vector [2] is in the set, but (—1) [Z} is
3 3

not.

1 0

The vectors |0| and |1| are in the set, but
0 0

their sum is not.

Let V denote the given set, and let u and v be
in V. Then U — 3U,2 = 0 and V1 — 31.)2 = 0.
Consider

u1 + v1
utv= [uz + 'Uz]
Since
(w1 4 v1) — 3(u2 + v2) = (u1 — 3u2) + (v1 — 3vz)
=0+0=0,

u+visin V. Likewise cu is in V because

cuy — 3(cuz) = c(us — 3uz) = ¢(0) = 0.
Since 0 clearly belongs to V, V is a subspace of
R2.
Imitate the arguments in Exercise 89 and Ex-
ample 3.
Imitate the arguments in Exercise 89 and Ex-
ample 3.
Imitate the arguments in Exercise 89 and Ex-
ample 3.
Imitate the arguments in Exercise 89 and Ex-
ample 3.
Imitate the arguments in Exercise 89 and Ex-
ample 3.

Let V denote the null space of T'. Since T'(0) =
0 by Theorem 2.8(a), 0 is in V. If u and v are
in V, then T'(u) = T'(v) = 0. Hence

T(u+v)=T(u)+T(v)=0+0=0.

So u+ v is in V. Finally, for any scalar ¢ and
any vector u in V, we have

T(cu) = cT'(u) = ¢(0) = 0.
So cuis in V. Thus V is a subspace of R".

Let W denote the range of T. Since T'(0) = 0
by Theorem 2.8(a), 0 is in W. Let w; and w»
belong to W. Then there exist vi and vz in R™
such that T'(vi) = w; and T(v2) = wa. Now
v1+ vz isin R™ and

T(Vl + Vz) = T(Vl) + T(Vz) = w1 + wa.

So w1 + w3 is in W. Finally, for any scalar c,
T(cvi) = cI'(vi) = cwi. Hence cw; is in W,
Therefore W is a subspace of R™.

97.

98.

99.

100.

101.

102.

103.

By changing R"™ to V, we can use the same ar-
gument as in Exercise 96.

Let V = {u: T'(u) is in W}. Since T'(0) = 0 is
in W, we see that 0 is in V. Let u; and uy be in
V. Then T'(ui) and T'(uz) are in W, and hence
T(u1) + T(uz) is in W. Since T(u; + uz) =
T(u1) + T'(uz2), it follows that u; + uz is in V.
Finally, for any scalar ¢, ¢I'(u;) is in W. So cu;
is in V because T'(cui) = ¢I'(u1). Thus V is a
subspace of R™.

Because AQ = 0 = B0, the zero vector is in V.
Assume that u and v are in V. Then Au = Bu
and Av = Bv. Hence

A(u+v) = Au+ Av = Bu+ Bv = B(u+v).

Thus u+ v is in V, and so V is closed under
vector addition. Also, for any scalar c,

A(cu) = cAu = cBu = B(cu).

Hence cu is in V, and V is closed under scalar
multiplication. Since V is a subset of R™ that
contains 0 and is closed under both vector addi-
tion and scalar multiplication, V is a subspace
of R™.

Because O is in both V and W, 0+ 0 =0 is in
S. Let s; and sz be in S. Then s; = vi + wy
and sz = v + wa for some v; and vz in V and
some w; and wy in W. Hence

s1+s2 = (vi+ wi) + (v2 + w2)
= (V14 v2) + (w1 + wa),

and vi+vz isin V and w; +ws is in W because
V and W are closed under vector addition. Thus
s1 + sz is in S. Also, for any scalar c,

csy = C(Vl + W1) =cvy + ¢cwy,

and cv; is in V and cw; is in W because V' and
W are closed under scalar multiplication. Thus
csy is in S. Therefore S is a subspace of R™.

(a) The system Ax = u is consistent since the
reduced row echelon form of [A u] contains
no row whose only nonzero entry lies in the
last column. Hence u belongs to Col A.

(b) On the other hand, Ax = v is not consis-
tent, and so v does not belong to Col A.

(a) no, because Au # 0
(b) yes, because Av =0

(a) yes, because ATu =0
(b) no, because ATv # 0
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3 —4 2

cofi ol g
: 1

2

0

[ 17 [ 1 -1
6. (a){ -1 —2],[ 1]} (b)
[ 2] L3 1

7. The reduced row echelon form of the given ma-
trix A is

0 0 4

1 0 4

0 1 1)°

0 0 O

(a) Hence the first three columns of the given
matrix are its pivot columns, and so

R =

OO O =

-1 1 2
2 0 -5
1’ 1-1]"1-1
0 1 -2

is a basis for the column space of A.

(b) The null space of A is the solution space
of Rx = 0. Since the vector form of the
general solution of Rx = 0 is

T —4
T2 - —4
x3| -1y
X4 1
the set
-4
-4
-1
1

is a basis for the null space of A.

4.2 Basis and Dimension 81

1
[a—y

J

1

1

8. (a) (b)

N O W
OO = =
-0 W

9. (a)

— DD

{oRERE

(b) The null space of T" is {0}.

» offL ) ()

11. The standard matrix of T is

1 -2 1 1
A=12 -5 1 3}.
1

-3 0 2
(a) The range of T equals the column space
of A; so we proceed as in Exercise 7. The
reduced row echelon form of A is

1 0 3 -1
R={0 1 1 -1].

0 0 0 0

[y

[y

Hence the set of pivot columns of A,

(13}

is a basis for the range of T'.

(b) Since the null space of T' is the same as
the null space of A, we must determine the
vector form of the general solution of Ax =
0. This representation is:

T1 —3— 1
T2| _ -1 1
os| = | 1| TP o]
T4 0] 1
Hence _
-3 1
-1 1
11’10
0 1
is a basis for the null space of T'.
[ 1 2 1 (1)
12. (a) 1f,13],|2 (b) 0
-1] [1f [o 0
1 1 1] [-1
2 1 -3 2
13‘ (a') 0 ’ 0 (b) 1 ) 0
E 1 of L1
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14.

15.

16.

17.

18

20

21

23

24

25

.
.
.
.
.
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[—2 -1 1 2
0 0 -2 -3
(a’) 1 ’ 2 (b) 1 ’ 0
| 2 3 0 1
1 2
(a) < 3], (1
|7 4
[ 17 [0] 2
-2 0 -3
(b) 1, lol,] o
0 1 0
| 0] [O] 1
SR
1 1
- 1- -2-
F 17 [ 1 [ 3
-3 -5 -6
(b) 11, O], O
0 1 0
| 0] L O] [ 1
Since i
s| _ 1
—2s| ¥l-2
and _;] is linearly independent, this set is

a basis for the given subspace.

7] [0 2| o
_i , —4 19. ¢ ol | o
- 0 —4

5 -3 0
2 6 0
o’ 41’ |-7
3 -1 9

|
[
(i
|
|

t

26

27

28

30

31

32

.

33.

34.
35.

36.
40.

41.

42.
43.

Then the given subspace is Col A, and so a ba-
sis for the given subspace can be obtained by
choosing the pivot columns of A. This basis is

—w N O
[ O

|

—_— O e
N —— 15

|
|
{'1‘ [ 1 0
[SReR
|
|
|

False, every nonzero subspace of R"™ has in-
finitely many bases.

True

False, a basis for a subspace is a generating set
that is as small as possible.

True 37. True 38. True 39. True
False, the pivot columns of any matrix form a
basis for its column space.

1 2
1 2

the reduced row echelon form of A do not form
a basis for Col A.

True

False, every generating set for V contains at
least k vectors.

False, if A = [ ] , then the pivot columns of



44.
47.
50.

51.
53.

54.

55.
56.

57.

58.
59.

60.

61.

62.

63.

64.

65.

True 45. True 46. True
True 48. True 49. True
False, neither standard vector is in the subspace

{[ul] € R?: ui +uz =0}.
Uz

True 52. True

A generating set for R* must contain at least 4
vectors.

No linearly independent subset of R2 can con-
tain more than 3 vectors.

A basis for R® must contain exactly 3 vectors.

A generating set for R® must contain at least 3
vectors.

No linearly independent subset of R? can con-
tain more than 2 vectors.

A basis for R? must contain exactly 2 vectors.

The dimension of the subspace V in Exercise
21 is 2. Since the set given in Exercise 59 is a
linearly independent subset of V' containing 2
vectors, it is a basis for V by Theorem 4.7.

The dimension of the subspace V' in Exercise
24 is 2. Since the set given in Exercise 60 is a
linearly independent subset of V' containing 2
vectors, it is a basis for V by Theorem 4.7.

The dimension of the subspace V in Exercise
29 is 3. Since the set given in Exercise 61 is a
linearly independent subset of V' containing 3
vectors, it is a basis for V.

The dimension of the subspace V in Exercise
30 is 3. Since the set given in Exercise 62 is a
linearly independent subset of V' containing 3
vectors, it is a basis for V.

The dimension of the null space of the matrix in
Exercise 5 is 2. Since the set given in Exercise
63 is a linearly independent subset of this null
space containing 2 vectors, it is a basis for the
null space.

The dimension of the null space of the matrix in
Exercise 8 is 2. Since the set given in Exercise
64 is a linearly independent subset of this null
space containing 2 vectors, it is a basis for the
null space.

Let S denote the set of vectors given in Exercise
65 and A denote the matrix given in Exercise 7.
For each v in S, the matrix equation Ax = v is
consistent; so S is contained in the subspace V.
Moreover, S is linearly independent. Because
the rank of A equals 3, there are 3 pivot columns
of A, and so, by Theorem 2.4, the dimension of

66.

67.

68.

69.

70.

71.

72.

73.

4.2 Basis and Dimension 83

V is 3. Hence S is a basis for V' by Theorem
4.7.

The argument is similar to that of the preceding
exercise except that the rank of the matrix (and
hence the dimension of the subspace) is 2.

If v # 0, then {v} is a basis for Span{v}. Hence
the dimension of Span {v} is 1.

The given subspace has {ez,es,...,e,} as a ba-
sis; so its dimension is n — 1.
The given subspace has {es,es,...,en} as a ba-
sis; so its dimension is n — 2.
The set
(=171 [-1 —17)
11 0 0W
0 1 0
0 0 . 0 \
0 0 0
\ L O- L OJ L l.. J

is a basis for the given subspace. Thus its di-
mension is n — 1.

By Exercise 89 in Section 1.7, B is a linearly in-
dependent subset of V. Since it contains exactly
k vectors, it is a basis for V.

It follows from Exercise 98 in Section 1.7 that B
is a linearly independent subset of V. Since it
contains exactly k vectors, it is a basis for V.

Clearly v belongs to V = SpanA. Thus B =
{v,uz,us,...,ur} is a subset of V, because
uy,us,...,u; belong to A, which is a subset
of V.

We claim that B is linearly independent. Sup-
pose that c1,¢c2,. .., ck are scalars such that

civ+coug + - +cpgur = 0.
Then

ci(ur +uz+ - +ug) +cuz+ -+ cpup =0
ciug + (c1 +c2)uz + -+ + (c1 + ck)ug = 0.

Since A is linearly independent, it follows that
c1=0,c14+c2=0,--+ ,c1+cx =0. Hencec; =

¢cp = -+ = ¢ = 0, proving that B is linearly
independent.
Note that the vectors uz, us, ..., u, are distinct

because A contains k vectors. Suppose that v =
u; for some j = 2,3,...,k. Then

u +ugz + -+ ug =y,
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74.

75.

76.
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Subtracting u; from both sides of this equation
gives a linear combination of the vectors in A
equal to 0. Since not all of the coefficients in this
linear combination are 0, we have contradicted
that A is linearly independent. Thus the vectors
Vv,uz,...,u; are distinct, and so B contains k
vectors. It follows from Theorem 4.7 that B is a
basis for V.

Set B is a linearly independent subset of V con-
taining exactly k elements.

(a) Let w be in the range of T. Then T'(v) = w
for some v in R™, and v can be written as
vV = ciui+cauz+- - -+, Uy, for some scalars
C1,C2,...,Cn. Thus

w =T(v)
= C1T(ul) + CzT(uz) +-- 4+ CnT(un),

proving that S is a generating set for the
range of T'.

(b) If T is the zero transformation, then S =
{0} is not a basis for the range of T' (be-
cause it is not linearly independent).

(a) Theset {T'(u1),T'(uz2),...,T(u)}is a gen-
erating set for W by Exercise 75(a), and it
is a linearly independent subset of W by
Exercise 97 in Section 1.7.

(b) Both V and W have bases containing ex-
actly k vectors, so dimV = dim W = k.

(a) Because V and W are subspaces of R™, 0
is in both V and W. Suppose that u is in
both V and W. Then u = v; + wi, where
vi =uand w; = 0, and also u = vz + wo,
where v, = 0 and w2 = u. It follows from
the uniqueness of the representation of u in
the form v+w for some v in V and some w
in W that vi = v = 0 and wy = w; = 0.
Hence u =0+ 0 = 0, and so 0 is the only
vector in both V and W.

(b) Let By = {v1,vz,...,vk} be a basis for V

and Bz = {w1,W2,...,Wn} be a basis for
W. Thusdim V = kand dim W = m. Let
B = {v1,va,..., Vg, W1,W2,...,Wn,}. We

will show that B is a basis for R", so that,
by Theorem 4.5, the number of vectors in
B must be n, that is,

dim V+ dim W=k+m=n.

First we show that B is linearly indepen-
dent. Let ai,a2,...,ak,b1,b2,...,bm be
scalars such that

78.

79.

80.

81.

a1viy +azve + -+ arvg
+biwy + bawa + -+ + bWy, = 0.

Define v = a1vi + azva + -+ - + axvg and
w = biw; + bowz + -+« + bWy, Then
v = —w. Because 0 is the only vector in
both V and W, we have v = 0 and w = 0.
But if v = a1vi +agve 4+ -+ + apve =
0, then a; = a2z = ... = ax = 0 because
B; is linearly independent. Similarly, by =
b2 = ... = by = 0. Thus B is linearly
independent.

Next, we show that B is a generating set
for R™. For any vector u in R", there
exist v in V and w in W with u =
v + w. Because B; is a basis for V,
there exist scalars ai,az,...,axr such that
vV = a1vy + azvz + +- - + agvg. Similarly,
there exist scalars by, bs,..., b, such that
w = biwi 4+ bpwa + -+ + bWy, Hence
u = v + w is a linear combination of the
vectors in B, and so B is a generating set
for R™. Because B is a linearly indepen-
dent generating set for R™, B is a basis for
R™, completing the proof.

The columns of the given matrix form a gener-
ating set for V, because S is a generating set for
V and L is a subset of V. So the pivot columns
of this matrix must be a basis for V. Neces-
sarily this basis includes £ because L is linearly
independent.

2 1 0

3(,10],10

0 0 1

[—1 5 1

-1 -9 -2
6]’1-2|1'| O

-7 -1 1

Let

(1 -1 2 1
A=| 2 -2 4 2
-3 3 -6 -3

Since the reduced row echelon form of A is

1 -1 2 1
o o0 o0 of,
0 00 0

the vector form of the general solution of Ax = 0
is

T 1 -2 -1
T2 _ 1 0 0
zs| = T2 | + x3 1 + x4 0
T4 0 0 1
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Hence

O

o

is a basis for Null A.
Since the reduced row echelon form of

0 1 -2 -1 10 10
21 0o o . o1 —20
10 1 of ® loo o 1)’
00 0 1 00 0O

it follows from Exercise 78 that

is a basis for Null A that contains L.

0 1 1
o| |-1 2

82. ¢ 1.l |3l |3
0 2| [ 1

83. (a) The reduced row echelon form of the ma-
trix whose columns are the vectors in S is
I3; so S is linearly independent.

(b) Simplification of the left side of the given
equation gives

V1 V1
U2 = |v2],
—v1 + V2 v3

because v1 — v2 +v3 = 0.

(c) Because S is not a subset of V, it is not a
basis for V.

84. (a) The reduced row echelon form of the ma-
trix whose columns are the vectors in S is
I3; so S is linearly independent.

(b) Simplification of the left side of the given
equation gives

U1 U1

V2 _ | V2

U3 - U3 ’
3v; — v3 V4

because 3v; — vz =0 = v4.

(c) Because S is not a subset of V, it is not a
basis for V.

85. The reduced row echelon form of A is

10 -12 0 1.4
01 23 0 -—=29{.
0 0 00 1 0.7

(a) As in Exercise 7,

(1] B 4]}

is a basis for the column space of A.

(b) The vector form of the general solution of

Ax=0is
T 1.2] -14
T2 -2.3 2.9
3| =3 1.0| + x5 0.0
T4 0.0 -0.7
s 0.0_ 1.0
Hence _
1.2 —-14
—-2.3 2.9
1.0|,] 0.0
0.0 -0.7
00] | 10

is a basis for Null A.

86. By Exercise 85(b), the dimension of Null 4 is
2. Since the given set is a linearly independent
subset of Null A containing exactly two vectors,
it is a basis for Null A.

87. By Exercise 85(a), the dimension of Col A is 3.
Since the given set is a linearly independent sub-
set of Col A containing exactly three vectors, it
is a basis for Col A.

88. (a) We have rank A = 3, dim (Col A) = 3, and

dim (Row A) = 3.
(b) All three numbers are equal.

4.3 THE DIMENSION OF SUBSPACES
ASSOCIATED WITH A MATRIX

1. (a) The dimension of Col A equals the rank of
A, which is 2.

(b) The dimension of Null A equals the nullity
of A, which is 4 —2 = 2.

(c) The dimension of Row A equals the rank of
A, which is 2.

(d) The dimension of Null AT equals the nullity
of AT. Since AT is a 4 x 3 matrix, the
nullity of AT equals

3—rank AT =3 —rankA=3-2=1.
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10.
11.
12.
13.

14.

15.

16.

17.
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@3 ®1 (93 (4o
(@3 ((®2 (3 (o
(a) 3 (b) 2 (c) 3 (d)1
(a) 1 (b) 3 (c) 1 @o
(a) 2 (b) 1 (c) 2 (d)1
(a) 2 (b) 1 (c) 2 (@o
(a)1 (b) 2 (c)1 (d)1

The reduced row echelon form of A is

10 6 0
01 —4 1f.
0 0 0 0

Hence rank A = 2. As in Exercise 1, the answers
are:

@2 ®2 (©2 @1
@2 ®3 @2 (@1
@2 ®1 (@2 (2
@3 (o (93 (d1

A basis for this subspace is

{1}

Thus the dimension of the subspace is 1.

A basis for this subspace is

(]}

Thus the dimension of the subspace is 1.

The vectors in the given subspace have the form

—3s + 4t [—3 4
s—2t =35 1| +t|-2].
2s | 2 0

So a generating set for the given subspace is

(I

Since neither vector in B is a multiple of the
other, B is also linearly independent. Therefore
B is a basis for the given subspace. It follows
that dim V = 2.

2
1 0

By Theorem 4.8, { [0] , [1:| } is a basis for
3 2

Row A.

18.

20.

21.

22.

23.

24.

25.

27.

29.

[0
, (1’ 19.
3
"0
0
, 1
-3
-_5-
0] [ 0])
1 0
0 1
’ 2{’]1 0
-1 0
.._2- -——1_ ),
o] [ 0])
1 0
0 1
’ 21’ 0
-1 0
-—2- -_1_ )
0 0 0]
1 0 0
ol,|1],]o
-1 0 0
o] |o] [1]
[ 0 07)
1 0
0 1
1 21’1 0
-1 0
-_2 -1 /
[0
, 11 26.
| 2
"o
-1
g 28.
L 3—4
[ 2] 0
-1 1
-1 1
-8 2
3 -1
| 9] -3

—_0 O =

— - O



30.

31.

32.

33.

34.
35.
36.
37.

38.
39.
40.
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"-1} " 9] [ 0]
= 1
IR

50 |-8l’| 2

—2 3| -1
-6 | 9] L-1
(T 11 [ 21 [ o] [-1

o| |-1 1 1
] 1|, (=1, [-1], ] 1

1 3| -1 |-2
1 3] -8 L2 s
(r 11 [ 2] [ 0

ol |-1 1

1| |-1 1
1 |=3]"|=8|"| 2

1 3| |-1
\ L 4. L 9- L_3-

The standard matrix of T' is A = [; ?

], and
its reduced row echelon form is Ia.

(a) Since the range of T' equals the column
space of A, the dimension of the range of
T equals the rank of A, which is 2. Thus,
by Theorem 2.10, T' is onto.

(b) The null space of T' equals the null space of
A. Hence the dimension of the null space of
T equals the nullity of A, which is 0. Thus
T is one-to-one by Theorem 2.11.

(a) 1 (b) 1 neither one-to-one nor onto
(a)1 (b) 2 neither one-to-one nor onto
(a) 2 (b) 1 onto, not one-to-one

The standard matrix of T is

1 0
2 1],
0 -1

and its reduced row echelon form is

1 0
0 1.
0 0

(a) As in Exercise 33, the dimension of the
range of T is 2. Since the codomain of 71" is
R3, T is not onto.

(b) As in Exercise 33, the dimension of the null
space of T is 0. Hence T is one-to-one.

(a) 2 (b)o one-to-one, not onto
(a) 2 (b) 1 onto, not one-to-one
(a) 3 (b)o both one-to-one and onto

41.

42.

44.

45.

46.
48.

49.
50.

51.

52.

53.
55.
56.

57.
61.

62.

63.

False, the dimensions of the subspaces V =
Span {e;} and W = Span {ez} of R? are both
1, but V#W.

43. True

False, the dimension of the null space of a matrix
equals the nullity of the matrix.

True

False, the dimension of the column space of a
matrix equals the rank of the matrix.

True 47. True

False, consider A = [} g] and the reduced row

echelon form of A, which is [(1) g]
True

False, the nonzero rows of the reduced row ech-
elon form of a matrix form a basis for its row

space.
1 0 0

False, consider A= |0 0 O].
010

. |1 0 0

False, consider A = [O 1 0] .

True 54. True

False, consider any nonsquare matrix.

False, the dimension of the null space of any
m x n matrix A plus the dimension of its column
space equals 7.

True 58. True 59. True 60. True
We have

251 —t1] |1 and 2s3 —t2| |0

s1 + 3ty 10 sz + 3tz 11
for s1 = %, ty = —%, S = %, and t2 = % Hence

B is contained in V, which has dimension 2.

Since B is linearly independent, it is a basis for
V by Theorem 4.7.

Imitate the argument in Exercise 61.

0 4
Note that V = Span {[ 1} , {1:|} is a 2-
-3 1

dimensional subspace of R3. Since

dERRY
Kk

and

DO =
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B is contained in V. Moreover, B is linearly in-
dependent because neither vector in B is a mul-
tiple of the other. Thus B is a basis for V by
Theorem 4.7.

64. Imitate the argument in Exercise 63.
65. Imitate the argument in Exercise 63.
66. Imitate the argument in Exercise 63.
67. Imitate the argument in Exercise 63.
68. Imitate the argument in Exercise 63.

69. (a) Refer to the solution to Exercise 9. By
Theorem 4.8,

is a basis for Row A. Also, the vector form
of the general solution of Ax =0 is

1 —6 0
T2 _ 4 -1
z| % 1| T o
T4 0] 1
Thus
—6] [ O
4 -1
11’1 0
of L1
is a basis for Null A.
(b) The set
1 0 —6 0
0 1 4 -1
6{’1—4]’] 1{’] 0
0 1 0 1

is a linearly independent subset of R*.
Since it contains 4 vectors, it is a basis for
R* by Theorem 4.7.

~ o (B

(b) The union of the two bases in (a) is a lin-
early independent subset of R? containing
three vectors.

71. Let A be the standard matrix of 7. The null
space of T" equals Null A, whose dimension is the
nullity of A. The range of T equals Col A, whose
dimension is the rank of A. Hence the sum of
the dimensions of the null space and range of T'
is nullity A + rank A = n.

72.

73.

74.

75.

76.

81.

No, their dimensions cannot be equal and have
a sum of 3.

Let v be in the column space of AB. Then v =
(AB)u for some u in R?. Consider w = Bu.
Since Aw = A(Bu) = (AB)u = v, v is in the
column space of A.

Let u be in the null space of B. Then

(AB)u = A(Bu) = A0 = 0.
So u is in the null space of AB.

Since the dimension of the column space of a
matrix equals its rank, it follows from Exercise
73 and Theorem 4.9 that rank AB < rank A.

Note that both A and AB are m x n matrices.
Since rank AB < rank A by Exercise 75, it fol-
lows that

n —rank A < n — rank AB.

So nullity A < nullity AB.

By Exercise 75, rank AB = rank (AB)T =
rank BT AT < rank BT = rank B.

By Exercise 77,
nullity B = p — rank B
< p—rank AB = nullity AB.

Let V = Span {e1,e2} and W = Span {e4, es}.
Let A = {vi,v2,v3} be a basis for V and
B = {wi,w2,ws} be a basis for W. If A and
B contain a common vector, that vector is in
both V and W. Suppose that .4 and B do not
contain a common vector. Then the six vectors
V1,V2,V3, W1, W2, w3 from R® must be linearly
dependent. Thus

a1V1 + azvz + azvs + biwi + bawa + bawsz = 0
for some scalars, not all zero. Then
a1v1 +azve + az3vsy = —biwy — bows — baws
is a nonzero vector in both V and W.
(a) Let v and w be in R*. Then
T(v+w)
= (vi +wi)ur + -+ (vk + wr)ug
= (viug + - -+ + vpuy)
+ (wiur + - - + wipug)
=T(v) +T(w),
and, for any scalar c,

T(cv) = (cvr)uy + (cv2)uz + -+ - + (cvk)ug
= c(viug + vaug + - - + vgug)
= cT'(v).
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(b) Since {ui,uz,...,ux} is linearly indepen-
dent,

ziu +x2uz + -+ Tpur =0
implies £1 = z2 = --- = gz = 0. Thus

T(x) = O implies x = 0. Therefore T is
one-to-one by Theorem 2.11.

(c) If visin V, then

v =aiu; +azxuz + -+ agug

for some scalars ay,as,...,ak. For
ai
a2
a= ,
(273

we have T'(a) = v. Thus every vector in V
is an image.

82. (a)Let wi and wz be in W. For i = 1,2,
w; = v; + cju for some v; in V and some
scalar c;. So

wi + wo = (vi + v2) + (a1 + c2)u

is in W because vi +v2 isin V and c1 +c2
is a scalar. Also, for any scalar a,

aw; = avy + (aci)u

is in W because av; is in V and ac; is a
scalar. Finally, 0 = 0+ Ou is in W because
0 is in V. Hence W is a subspace of R".

(b) If {v1,v2,...,Vk} is a basis for V, then
B = {vi,v2,...,Vk,u} is a generating set
for W. In addition, B is linearly indepen-
dent by property 3 of linearly dependent
and independent sets in Section 1.7. There-
fore B is a basis for W, and so

dimW =k+1=dimV + 1.

83. (a) We have u"u= u?+ud+ - +u2 for any
u in R"*. Hence u’u = 0 if and only if
u=20.

(b) Let u be in RowA = Col AT and v be
in Null A. Then there exists w such that
ATw = u. Hence

u'v = (ATw)Tv =wT(4v) =w' 0 =0.

(c) By applying (b) with v = u, we obtain
ufu = 0. Hence u = 0 by (a).

84. Let B; be a basis for Row A and B2 be a ba-
sis for Null A. The number of vectors in B;
is rank A, and the number of vectors in Bz is
n —rank A. Thus By U Bz contains n vectors by
Exercise 83(c). An argument similar to that in
Exercise 80 shows that By U Ba is linearly inde-
pendent. Hence Bi U B is a basis for R"™ by
Theorem 4.7.

85. (a) Let B be a4 x 4 matrix such that AB = O.
Then
O = AB = Alb; by bz by]
= [Ab; Ab; Abz Aby].
Hence each column of B is a solution of

Ax = 0. Because the reduced row echelon
form of A is

1 0 -1 -2
0 1 1 -1
00 O 0l’
(U] 0 0
the vector form of the general solution of
Ax =0is
Iy 1 2
T2| _ -1 1
o =% 1| T o
T4 0 1
Therefore
12 0 0
-1 1 0 0
B= 1.0 00
01 00

is a 4 x 4 matrix with rank 2 such that
AB = 0.

(b) If C is a 4 x 4 matrix with AC' = O, then
the preceding argument shows that each
column of C is a vector in NullA, a 2-
dimensional subspace. Hence C can have
at most two linearly independent columns,
so that rank C < 2.

86. The reduced row echelon form of the matrix
whose columns are the vectorsin Bis [e1 ez es].

87. (a) No, the first vector in A; is not in W.

(b) Yes, A: is a linearly independent subset of
W that contains dim W = 3 vectors.

(c) [e1 ez es],[e1 e2 e3], [e1 ez es],

100 —4 —.
010 8 4,
00 1 —2 —.
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88.

4.4

10.

11.

Chapter 4 Subspaces and Their Properties
10 0 -4 -.
01 0 .8 Al,
0 01 -2 -
100 -4 -
0 1 0 .8 4
0 01 -2 -6

We claim that A is a basis for W if and only
if the reduced row echelon forms of AT and BT
are equal.

Suppose that the reduced row echelon forms
of AT and BT are equal. If dimW = k,
then B is an n x k matrix. Since AT = B7,
it follows that A must also be an n x k ma-
trix. There is an invertible matrix P such that
BT = PA” (Exercise 89 in Section 2.3). Thus
B = (BT)T — (PAT)T — (AT)TPT — APT,
and so Col B = Col (APT), which is contained
in Col A. It follows that W is a k-dimensional
subspace of Col A. Hence W = Col A by Theo-
rem 4.9, and so A is a basis for W by Theorem
4.7.

Conversely, suppose that A is a basis for W and
x is in R™. Then xTw = 0 for every w in W
if and only if xTaj = 0 for every column a;
of A, which is equivalent to the condition that
ATx = 0. Since the same is true for B, we have
ATx = 0 if and only if BTx = 0. Thus the
reduced row echelon forms of AT and BT are
equal by Exercise 92 in Section 2.3.

COORDINATE SYSTEMS

ol o) [

ol [{of)-4

(a) B is a linearly independent subset of R?
containing 2 vectors.

o[3

12.

13.

14.

15.

17.

19.

23.

(a) B is a linearly independent subset of R?
containing 2 vectors.

-2

o [

(a) Let B be the matrix whose columns are the
vectors in B. Since the reduced row echelon
form of B is I3, B is linearly independent.
So B is a linearly independent set of 3 vec-
tors from R3, and hence B is a basis for R®
by Theorem 4.7.

(b) The components of [v]s are the coefficients
that express v as a linear combination of
the vectors in B. Thus

3
[V]B = [ O] .
-1

(a) B is a linearly independent subset of R3
containing 3 vectors.

o]

The unique representation of u as a linear com-
bination of B = {bi, bz} is u = c¢1b; + by if

[&]
C2
relative to B. Computing [u]z = [b1 bao] 'u,
we find that u = (a 4 2b)b; + (a + 3b)ba.
(a + b)bl + (a -+ 2b)b2 =u
(—=5a — 3b)b; + (—3a — 2b)by = u
(a —2b)b; + (—a+3b)ba =u

(—4a — 3b+ 2¢)bs + (—2a — b+ c)be
+Ba+2b—c)bz=u

(—2a—b+c)b1+(3a+b—c)ba+(—2a+c)bs = u

and only if [ ] is the coordinate vector of u



29.
30.
31.

32.
36.
40.

44.

45.
48.

49.
51.

52.

53.

54.

(~a—b+2c)by+bbz+ (—a—b+c)bz=u
(—a—4b+2c)by+(—2b+c)bz2+(a+3b—c)bs = u

False, every vector in V can be uniquely repre-
sented as a linear combination of the vectors in
S if and only if S is a basis for V.

True 33. True 34. True 35. True
True 37. True 38. True 39. True
True 41. True 42. True 43. True
False, [a::] = A} [ac]

Y Y
True 46. True 47. True

False, the graph of such an equation is a hyper-
bola.

True 50. True

(a) Since the reduced row echelon form of

1 2. (1 O . . .
[2 3] is [0 1], B is a linearly inde-

pendent subset of R? containing 2 vectors.
Hence B is a basis for R? by Theorem 4.7.

(b) Let B = [b1 bz]. Then

- -3
oo =57 =
and
-1 2
ex]s =B ex = [_1] .

Hence

(c) From (b), we see that
A=[B'e; B 'e)]
=B 'le; es] =B 'I, =B";
so the matrices A and B are inverses of

each other.

(a) B is a linearly independent subset of R?
containing 2 vectors.

(b) [:3 i] (c) A= B

(a) B is a linearly independent subset of R?
containing 3 vectors.

1 0 1
(b) [1 1 3] (c) A=B7!
0 -1 -1

(a) B is a linearly independent subset of R3
containing 3 vectors.

55.

56.

58.

60.

62.

63.

64.

65.

66.
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-3 -1 2
() |-4 -1 2 (c) A= B!
3 1 -1
T x’
Let v = [y] and [v]s = [y'] , where B is the ba-
sis obtained by rotating the vectors in the stan-

dard basis by 30°. As in the example on pages
269-270, we have

[7] = 1o = Casoe) v

yl
r VAR [
— — 2 2
= Asoev = [_1 i] [y] '
2 2

()

Hence
o =Lr4 Ly
Y =—1z+ Ly
— V2
o= ety o' = o+ Py
_ _\3 1
v=-La+ gy Y =-Yz - Ly
m’zgw_ iy ' =—bx — 3y
; 59.
Y iz 4+ By y=-2z—-y
$l= 3.’3"2y 61 ;c’: - -y
y = —4x + 3y Ty =-2r-y
' =-3x -2y
y = 5zr+3y
Let
1 1 0
B=|0 1 -2].
1 0 1
Then, as in Exercise 55,

T

! -1 1 2] Iz
"|=s=B"'v=| 2 -1 =2 |y
1 -1 -1] |z
Hence
r=-z+y+22
Yy =2z—y-—2z

2= z—-y— =z

' =—-2x+3y+ 22

Y= =z-2y— z
7= z-—y

= - y+ =z
y = -3z + 4y — 2z
= zT-2y+ 2
= -z + =z
Y= 2x+y—3z
Z=-2z—y+4z
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68.

70.

72.

74.

75.

76.

77.

78.

79.
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/
Let v = [;] and [v]s = [Z,] , where B is the ba-

sis obtained by rotating the vectors in the stan-
dard basis by 60°. As in Example 4,

[;] =v = Agoo [V]s = [é

2

(V]
- “I&
| FESSSRUR— |
—_—
< 8

LB
—

Hence

T = %:L"—— %y/

y=Lz' + iy.

= ﬁm'.‘. ﬁ ! 69 V2,1 V2,1

vy 2 2 vy y= —2-.11 — Ty
z= By + Ly - z' + 3y’
y=—id + Ly Cy=2z + 4y
=2z + ¢ 73 z=—x' + 3y
y=—-z'+ 3y = 3z’ + 5y
xz =3z" + 2y
y=2z" + 4y
Let

As in Exercise 67, we have

x 1 -1 0} [z
yl=v=Bvlg= |3 1 -1| |y

z 0 1 1] | =

Thus
z= ' -9y
y=3w'+y'*z'
z= y + 2.

= 2z + 2

y=—:1:'—y’— o

2= ' +9y +22

= 2 — yl_zl

y=_$/+3y/+z/

z2= o +2 + 7

m=_:l:/_ yl+zl

y= :1:'+2y’—z'

= o +2+2

As in Exercise 55, we have

- f]- |

Yy

NI& Nl

80.
81.
82.
83.
84.
85.
86.
87.

88.
90.

92.
94.
95.

Thus
= iz+ @y
y=-Lot 1y

Rewrite the given equation in the form
25(x")* + 16(y’)? = 400.

Then substitute the expressions for ' and ¢’
into this equation to obtain

73 5 9V3 91 ,
i + ) a:y+—4—y = 400,

that is,
7322 + 18v/3xy + 91y? = 1600.

52% 4+ 26zy + 5y? = 72

8x% — 34xy + 8y? = 225

922 + 2v/3zy + 11y% = 48
—232% — 26v/3zy + 3y? = 144
792? — 42+/3zy + 37y* = 400
—112% + 503y + 39y> = 576
3122 4 10v/3xy + 21y° = 144

As in Exercise 67, we have

Tl _ 4 z'| @ —‘/75 x’
y = £145° y/ - vz V3 yl .
2 2
Thus
m=%m'——?y'
y=§m’+3§y'.

Substituting these expressions for x and y into
the given equation produces

4(z")? — 10(y')* = 20,
that is,

2(z')* - 5(y')* = 10.
3(')+7(y)2 =21  89. 4(z)?+3(y)? = 12
2')2~ (¥')? =6  91. 4(z')® - 3(y')* = 60
8(2')2+9(y')2 =180  93. 5(z')2+2(y')? = 10
5(z')2 +3(y')? =24
By definition of [v].4, we have

v=aiu1 +azuz+ -+ anun

= ﬂ(01111) + 2(62112) +- 4+ a—n(cnun)-
c1 C2 Cn



Hence
a1 -
(6]
a2
C2
[vls =
an
Lc,, 4
[a1 —az — - — @n @
az
az — ai
96. as 97.
an — a1
L an
_ a
az — ai
98. a3 — a2
Lan — An-1

99. No, consider A = {e1,e;} and B = {e1,e1+ez},
which are both bases for R2. For v = e;, we
have [v]a = [v]s = e1, but A # B.

Let A = {u1,uz,...,us}. Then [u;]a = e; for
each i. So if [v]a = [v]s for each v in R", we
must have [u;]s = e; for each i, so that B = A.

100.

101. Let S = {ui,us,...,ux} be linearly dependent.
There exist scalars ci,cg,...,Ck, not all zero,
such that cyu; +coug+---+cpur = 0. If visin
the span of S and v = a1uj +azuz+- - - +agu,

then we also have
v = (a1+c1)ur + (a2 +c2)uz +- - -+ (ak +cx)uk.

Let A and B be the matrices whose columns are
the vectors in A and B, respectively. Then

102.

[vla=A"'v = A"}(B[v]s) = A"'B[v]s.

103. (a) Let B be the matrix whose columns are
the vectors in B. Then T is the matrix
transformation induced by B! (Theorem

4.11), and so T is linear by Theorem 2.6.

(b) Since the standard matrix of 7' is the in-
vertible matrix B~!, T is one-to-one and
onto by Theorems 2.11 and 2.10.

104. B!, where B is the matrix whose columns are
the vectors in B

105. If there are unique scalars such that

aiu; +azuz + - +agug =0
=0u; + Ouz + - - - + Oug,

106.

107.

108.
109.

110.

111.
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then a1 = a2 = -+ = ar = 0. Hence B is
linearly independent. Moreover, every vector in
V is in the span of B; so B is a basis for V.

(a) The reduced row echelon form of the ma-
trix whose columns are the vectors in S is
Is.
(b) The third component of the vector on the
left side of the given equation is 2v1 —v2 =
V3.
(c) No, S is not a subset of V.
Suppose that A = {uy,uz,...,ux} is a linearly
independent subset of R", and let c1,c2,...,Ck

be scalars such that
cifwi]s + c2luz)s + - - + ck[uk]s = 0.

Define T: R™ — R™ by T'(v) = [v]s for all v
in R™®. Then T is a linear transformation by
Exercise 103(a), and so

aT(w) + c2T(uz) + -+ aT(ux) =0
T(ciuy + cauz + -+ + cgug) = 0.

Thus ciu; +cauz+ - - - +cpug is in the null space
of T. Since T is one-to-one by Exercise 103(b),
it follows that

ciug + cguz + -+ + cgug = 0.

Because {ui,us,...,ug} is linearly indepen-
dent, it follows that ¢; = c2 = -+ = cx = 0.
Therefore {[u1]s, [uz]s, . .., [ux]s} is linearly in-

dependent. The proof of the converse is similar.
The argument is similar to that in Exercise 107.

(a) The matrix whose columns are the vectors
in B has I5 as its reduced row echelon form.
Hence B is a linearly independent subset of
RS containing five vectors.

29
44
-52
33
39

(b)

2
0
0
-1

1
Let B be the matrix whose columns are the vec-
tors in B. Since [v]g = B~'v, we must find a
nonzero vector v in R® such that

B7lv = 5v
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112.

4.5

2.

3.
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B 'v—5v=0
(B™' - .5I5)v=0.

The reduced row echelon form of B~ — 515 is

1.0 00 0
01 0 0 -2
00 1 0 2
0 0 0 1 -2
0 0 0 O 0

Thus the vector form of the general solution of
(B™' - 5)x=0is

Ty 0
T2 2
3| =I5 -2
T4 2
s 1
So by taking
0
2
v=|-2{,
2
1

we have [v]g = .5v.
(a) v=>5u; —3uz —us
(b) [Vls = 5[ui]s — 3[uz]s — [us]s

(c) Let B = {uy,uz,...,u,} be a basis for R",
and let v be in R®. The conjecture is:
There exist scalars ¢, cg,...,c, such that

v=ocu+cuz+---+cpup
if and only if

[Vl = cilwi]s + c2[uz]s + - - - + cnun]s.

MATRIX REPRESENTATIONS OF
LINEAR OPERATORS

The standard matrix of T is A = [i _ﬂ If
B is the matrix whose columns are the vectors

in B, then, by Theorem 4.12, we have

[T)s = B™'AB = [; (1)] )

4 1
-9 =2’

As in Exercise 1, [T]g = [} ﬂ

As in Exercise 1, [T]g = [

10.

11.

12.

14.

16.

18.

19.

20.
22.

23.
24.
25.
26.

15 20 10 19 16
U 5 |-5 -8 -8
s 2 2 3
2 2 1 0 -19 28
1 -3 -3 7. (3 34 -—4ar7
o 3 3 3 23 -31
(29 17 70

39 21 92
|—20 —11 —47
10 —12 -9 1

20 26 20 -7
10 —-15 —12 7
7 7 5 1
[~104.5 —191 —140.5 —537
445 81 595 230
~335 59 —405 —168
135 24 165 67

Let A be the standard matrix of T and B be
the matrix whose columns are the vectors in B.
Then, by Theorem 4.12, we have

A=B[T|gB™' = [10 _19} .

3 -4

(-4 — 45 25
| 9 5] 13. [~79 —44]
- 2 5 10
g :‘2"] 15. [-6 1 -—
- 2 -2 0

-5 -3 3 -1 -1 0
4 1 -1 7. 1 3 -1

5 -4 5 -1 0 1
(4 9 -
-3 -4 1
-3 2 -

False, a linear operator on R" is a linear trans-
formation whose domain and codomain both
equal R™.

True 21. True

False, the matrix representation of T" with re-

spect to B is

((T'(b1)] [T'(b2)]s --- [T(bn)ls].

True
False, [I]s = B"'AB.
False, [T]s = B™'AB.
True



27.
28.
29.

30.
31.

32.

33.
37.
38.

39.

42.

43.

44.

46.

47.

48.

False, T(v) = v for every vector v on L.
False, T'(v) = v for every vector v on L.

False, there exists a basis B for R" such that
1 0
True

False, B consists of one vector on L and one
vector perpendicular to L.

False, an n X n matrix A is said to be similar
to an n x n matrix B if B = P"1AP for some
invertible matrix P.

True 34. True 35. True 36. True
False, [T]s[v]s = [T'(v)]s.

True

1 - 2 -1 3 2
Y I R R

1 0 5
-2 6 2
3 -1 —4

Since T'(b;) = Ob; — 5bz + 4bs, we have

0
(T'(b1)ls = {— } :
4

2 3
[T(bz)]s = |: 0] and [T(bz)]z; = [0:| .
7

Likewise

1

\
Hence

4 -7 1

_ B 1 0 -3 0
IR
[0 1 2 0

-1 0 0 -1

0 -2 0 2

1 0 -3 1
w3 w[t
or(z])-[ai%)
@[y ] wils 7

@ ([2]) =5 [ _ 5]
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OOl I T P

@r([2]) = [ i)
50. (a) [_}1 _3] (b) [33 ——1(2)]
@1 ([2]) - [ )

51. Let

1 0 1
b1= 0 s b2= 1 9 and b3= 1].
1 0

(a) Since T'(b;) = Ob; — bz 4 0Obg, we have

0
[T(bl)]s = [—1} .
0
Likewise

0 1
[T(bz)]s = [0] and [T(ba)]g = l:Q] .
2

00 1
[T]B=[—1 0 2}.
020

(b) The standard matrix A of T is given by

-1 2 1
A=B[T)sB'=| 0 2 -1},
10 -1

[es]

(=]

Hence

where B = [by bz ba].

(c) For any vector x in R?, we have

T(x) = Ax

-1 2 1 A

= 0 2 -1 jz2

1 0 -1 |3

-1+ 2r2 + 23

= 212 — T3 .

Ty — I3

0o 4 -1 1 —11 13 -
52. (@ |1 0 3 (g| 7 7 -1
2 -1 2 62 -31 10

T 1 —11zy + 1322 — 4z3
(C) T T2 = § Tz, + Tx2 — T3
T3 62z1 — 31lz2 + 10z3
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53.

54.

55.

56.
58.
60.
62.
63.

64.

65.

66.

67.
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0 -1 2 2 -7 -1
(a) 3 0 5 (b) |-8 -8 11
-2 4 0 -4 -9 6
z1 2z1 — Tx2 — 3
(C) T T2 = | -8z — 8x2 + 11z3
x3 —4x1 — 912 + 63
3 -1 5 17 6 —
(a) |2 3 - (b) |-19 -7 9
1 0 -1 15 6 —

1 1721 + 622 — 7x3
()T T2 = | =19z — Tx2 + 9z3
T3 15z; + 6x2 — 5x3

We can calculate the image of 3b; — 2by di-
rectly using the linearity properties of T'. Alter-
natively, we can use the comment before Exam-
ple 1: [T'(v)]s = [T]8[v]s for every vector v in
R2. From Exercise 39, we have

(1] = [i "3] .

Therefore

[T'(3b1 — 2b2)]s = [T]5[3b1 — 2by]s

e[ -1

So T(3b1 — 2bz) = 9b; + 12bs.

—6b; + 17by 57. —3b; — 17by
—10b; +2by + 7bs 59. —2b; —10b3 +15bs
—b; +12bs+4b3 61. 8b; +5by—16bz—by

—2b; — 3bs + 4b3 + 6by

For any v in R", we have I(v) = v. Hence if

B= {bl,bz, .. .,bn}, then
s =[[I(b)]s [I(b2)]s -+ [I(bs)]s]
=[[b1]s [b2]s -+ [bn]s]
:[el ey - en]

=1I,.
the n X n zero matrix
T 1 _ |.8x1 4 .62
T2 - .6.’1:1 - .8.’E2
T 1 _ —.6z1 + .82
T2 - 8x1 + .6x2
Take

by = [_;] and b = m .

Then b, lies on the line with equation y = —2x,
and by is perpendicular to this line. Hence
T(b1) = by and T'(b2) = —bg, so that for
B = {b1,by}, we have

o

Thus the standard matrix of T is
-6 -—.
-.8 i

where B = [b; bs]. Therefore

T T1 _ —.6:1,‘1 - .8:1:2
Ty - —.8x1 + .6x2]|

B[T|sB™' = [

z|y_ _ 1 (1—m?)z; + 2may
68. T ([mzb T m241 [ 2mz1 + (m? — 1)z
T _ |-5z1 + .5z
69. U ([.1:2]) N [.59:1 + 5.71;2]
Ti|\ _ 8z — Az,
0. U ([a:z]) - [—.4:51 + .2:1:2}

by = [_;] and by = [‘I’] .

Then b, lies on the line with equation y = -3z,
and by is perpendicular to this line. Hence
U(bi1) = bi and U(bz) = 0, so that for the
basis B = {b1, bz}, we have

1 0
Uls = [0 0] .
It follows that the standard matrix of U is
[ 1 -
ot - 43

where B = [b; by]. Therefore
vl = Az — 3x2
T2| ) |=.3z1 + .9z2|"
T\ _ 1 T+ mT2
2. U ([372}) T m2+1 [mil?l + mzxz]
[—2] -2
3. @Tw|| 1||=] 1],
0] 0
3 3
Tw 0 = (0],
1 1

and

19




74.

75.

76.

7.

78.

79.

80.

81.

(b) B is a linearly independent set of 3 vectors

from R3.
1 0 0 1 6 -2 3
(c) jO0 1 0 (d) 7 -2 3 6
0 0 -1 3 6 -2

T 1 6x1 — 2x2 + 313
(e) Tw T2 = 7 —2x1 + 3x2 + 623
3 3z1 + 6x2 — 213
-:Clq —x1 + 2x2 — 223
Tw( T2 =§[ 2x1 + 2x2 + w3:|
T3 —2z1 + z2 + 223

-11211 1 [ 122, + 4xz2 — 33
Tw T2 =13 4z, — 32 + 1223

T3 | | —3z1 + 1222 + 4x3

-:1?1- 1 [ 14z, — 2x2 + bz3
Tw T2 =1 —2z1 + 11z2 + 10z3
| T3 | | 5z1 + 10z2 — 10x3
En 1 39z; — 12x2 + 4xs3
Tw T2 = H —-12x7 — 3lz2 + 24:B3:|
| T3 | i 4z + 24x2 + 33x3
1]\ ;[ 8371+ 6m2—10z5
Tw T2 = 35 6z1 + 1722 + 30:63:|
\ |3 | —10z; + 3022 — 1503
_.’BJ 1 (1921 + 4z2 + 8$3:|
Tw ) = oY1 4z, + 1322 — 1623
| T3 | | 871 — 16z — 11z3
-xq 1 [ 73z, — 10z — 14z3
Tw | |z2 = — | —10x; + 25z2 — 70z3
\ | 23] 75 | —1421 — 7022 — 232

Let

- 3 1
b = 1 ,b2= 0 ,andb3= 2].
0 -3

(a) Since b; and by lie in W, we have
Uw(bl) = b1 and Uw(bz) = bz. More-
over, since bs is perpendicular to W,
Uw (b3) = 0.

(b) [Uw]s =
[Uw(b1)]s [Uw(b2)ls [Uw(bs)ls] =

1 0 0
[er e2 0]= 10 1 0].
0 0 O

[ey

(c) Let B = [by by bs]. By Theorem 4.12, the
standard matrix of Uw is

13 -2 3
B[UW]BB—1=-1—[—2 10 6].

Ul 3 6 5
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82.

83.

84.

85.

86.

87.

88.

89.

90.

91.

(d) Using the preceding standard matrix of
Uw, we have

(21 1 1321 — 222 + 33
Uw x2 = — | —2x1 + 1022 + 623 .
| T3 14 3x1 + 622 + 53
EN 1 [ BE1 — @2+ 22
Uw | {z2| | = = | —71 + 5z2 + 273
L:l?a_ 2z1 + 2x2 + 223
_.’171- 1 [ 292, + 2z2 — 573
Uw T2 =3 2z; + 26x2 + 10x3
|73 | _—5:!31 + 10z2 + 5z3
(21 1 [ 252, — 4z + 3z3
Uw T2 = % —4zy + 1022 + 12z3
| T3 | | 371 + 1222 + 17x3
_1111- 1 _34.’1:1 4+ 3z2 + bx3
Uw T2 = 35 3x1 + 26z2 — 15x3
T3 | | 51 — 1522 + 10z3
-.'L'l_ 1 I 40.’131 — 6x2 — 2(173
Uw T2 = il —6x1 + 5x2 — 1223
L:L‘s_ | —2z1 — 1222 + 37x3
(21 1 [ 74z, + bx2 — Tx3
Uw T2 = 5z1 + 50x2 + 353
\_.’L‘s_ _—7(171 + 35z2 + 26x3
[z1] 1 [ 201 — 2z + 473
Uw T2 = 31 —2x1 + 172 + 83
| T3 | 4z + 8m2 + bx3

Let A be the standard matrix of T'. By Theorem
2.13, T is invertible if and only if A is invertible.
So if B is the matrix whose columns are the
vectors in B, then T is invertible if and only if
B~ 'AB = [T is invertible.

Let B be the matrix whose columns are the vec-
tors in B, and let A and C be the standard ma-
trices of T' and U, respectively. Then by Theo-
rems 4.12 and 2.12,

[UT)s = B"'(CA)B
= (B™'CB)(B~'AB) = [U]s[T]s.
Let B be the matrix whose columns are the vec-
tors in B, and let A be the standard matrix of

T'. Then, by Theorem 4.12 and Exercises 68 and
70 in Section 2.4,

rank [T = rank (B~ ' AB) = rank A.

Since the range of T equals Col A, the rank of
[T]5 equals the dimension of Col A, which is the
dimension of the range of T'.
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92.

93.

94.

95.

96.

97.

98.
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Let B be the matrix whose columns are the vec-
tors in B, and let A be the standard matrix
of T. The null space of T equals Null A, and
so the dimension of the null space of T equals
n —rank A = n —rank [T]g by the displayed line
in the solution of Exercise 91.

Let B be the matrix whose columns are the vec-
tors in B, and let A and C be the standard ma-
trices of T' and U, respectively. By Exercise 86
of Section 2.7, we have

[T+Uls=B"'(A+C)B
=B 'AB+ B™'CB = [T]s + [U]s.
Let B be the matrix whose columns are the vec-
tors in B, and let A be the standard matrix of

T'. By Exercise 85 in Section 2.7, for any scalar
¢ we have

[cT]8 = B~*(cA)B = ¢(B"'AB) = ([T}s.

Let A and B be the matrices whose columns are

the vectors in A and B, respectively, and let C

be the standard matrix of 7. Then
[T)]a=A"'CA and [IT|sz=B 'CB.

So

[Tla=A""(B[T]sB™")A
= (BT A) ' T]s(B™" A),

and thus [T]4 and [T]g are similar.
If B= P 'AP, take A = {ei,e2,...,e,} and
B = {pl,pz,...,pn}.

Let T be a reflection of R? about a line, and
let A be the standard matrix of 7. As shown in
Section 4.5, there is a basis B for R? such that

T8 = [(1) _(1)] .

Let B be the matrix whose columns are the
vectors in B. By Theorem 4.12, we have A =

B[T)sB™!, and so
0 1
-1 det B

(a) Let B be the matrix whose columns are
the vectors in B, and let A = CB~'. The
matrix transformation 7" induced by A sat-
isfies

[T'(b1) T(b2) ---

det A = (det B) (det [(1)

=-1.

T(b)]

= [Ab; Ab, --- Ab,]
=A[b; by -+ by]

= AB

=(CB™")B

=C

=[c1 c2 -+ ¢yl

Thus T'(b;) =¢; for j =1,2,...,n.

(b) To prove uniqueness, assume that U is a
linear operator on R™ such that U(b;) = c;
forj =1,2,...,n. For every v in R™, there
are unique scalars a1, az2,...,a, such that
v =a1b; +azbz -+ +a,b,. So

U(v) =U(aib1 + -+ +anby)

=a1U(b1)+ -+ +anU(by)
=a1T(b1)+ -+ + anT(bn)
=T(aibi1 + -+ +anby)
=T(v)

for every vin R". Thus U =T.

(c) The desired generalization is as follows.
Let B = {bi,bs,...,b,} be a basis for
R™ and c1,c2,...,¢n be (not necessarily
distinct) vectors in R™. A unique linear
transformation 7': R" — R™ exists such
that T'(b;) = c; for each j. Let B and C
be the n x n and m x n matrices whose jth
columns are b; and c;, respectively. If A is
the standard matrix of T, then A = CB~1.
The proof of this generalization is similar
to the proofs in (a) and (b).

99. Consider column j of [T]s. Let

C1
[T(bj)ls =

Because the jth column of [T]s is [T'(b;)]s, if
[T]s is an upper triangular matrix, then ¢; = 0
for i > 5. Thus we have

T(b;) = ciby + c2ba + -+ - + cuby
=cib1 + bz + -+ - + ¢;by,

which is a linear combination of by, bs,...,b;.
Conversely, if T'(b;) is a linear combination of
by, bs,...,b; for each j, then the (7, j)-entry of
the matrix [T|s equals 0 for s > j. Hence [T|s
is an upper triangular matrix.



100. (a) Let A be the standard matrix of T" and B

be the matrix whose columns are the vec-
tors in B. Then [T]g = B~'AB by The-
orem 4.12. Because B[vlz = v, B™'v =
[v]s, and T(v) = Av for all v in R", we
have

[T(v)]s = B~H(T(v))
=B !(Av) = (B 'A)v
= (B A)(B[v]s)
= (B 'AB)[v]s
= [T]s[v]s.

(b) In order to show uniqueness, suppose that
C is another n X n matrix such that
[T(v)]s = C[v]g for all v in R™. Then
Clvls = [T]s[v]s for all v in R". Let
B = {bl,bz,...,bn}. Since [bj]a = €j
for each j, we have

Ce; = Clb;]s = [T]s[bj]s = [T]s €,

for every j. But Ce; is the jth column
of C and [T5 e; is the jth column of [11]s,
and so the corresponding columns of C and
[T]s are equal. Thus C = [T]s.

(a) Since B is a linearly independent set of
three vectors from R32, it is a basis for R3
by Theorem 4.7. Likewise C is a basis for
R2.

(b) Column j of [T§ is the C-coordinate vector

of T'(b;). Let C denote the matrix whose
columns are the vectors in C. Now

1 1
T =[§] T |-1 =[‘Z],
1 1
and
1
HINE
-1
So the respective C-coordinate vectors are

B[ e [1- 4

101.

and
1| 4] _|-16
oo =[]
¢ _[-2 14 -16
Thus [T)g = [ 2 —8 10|
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102. (a) Let A denote the standard matrix of 7'
Column j of [T]§ is the C-coordinate vector
of T(b;), which is C™'T'(b;) = C™'Ab,.
Thus

[T]§ = [C'Ab; C'Aby ---
=C 'Ab;, b

C~'Ab,]
b,] = C"'AB.

(b) Let U: R™ — R™ be a linear transforma-
tion with standard matrix P.

(i) By Exercise 86 in Section 2.7, the
standard matrix of T + U is A+ P.
Thus, by (a), we have

[T+U)s=C"'(A+P)B
=C'AB+C'PB
= [T]§ + [U]5-

(ii) By Exercise 85 in Section 2.7, the
standard matrix of sT is sA. Thus,
by (a), we have

[sT]g = C™'(sA)B
= s(C"'AB) = s[T5.

(iii) For any vector v in R™, we have

[T(V)]e = CT'T(v) = C™'Av
= (C"'AB)B™'v = [T]§[v]s.
(c) Let D be the matrix whose columns are
the vectors in D, and let P be the stan-
dard matrix of U. By Theorem 2.12, the
standard matrix of the composition UT is

PA. Thus, by (a), we have
[U1E[T]§ = (D~'PC)(C™AB)
= D"Y(PA)B = [UT]3.

103.

(%]

(a) Let B = [by bz bz by]. The standard
matrices of T' and U are

1 -2
0 0
-1 0
0 2

O WO
L= ===}

and

o
OoON O =
=}

- W
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respectively. Hence, by Theorem 2.12, the 83 25 -—114 -—256
standard matrix of UT is _|-20 -7 29 63
1 4 -9 g 0) [Tls = | 55 _4g 78 172
52 16 —-72 -—161

-2 10 0 -3

CA= . and

10 -1 0 8 -6 1 -—14
3 -4 0 -1 s |13 12 15 82
Thus, by Theorem 4.12, we have s -5 -7 13 35
8 0 —4 -17

[T)s = B"'AB _1 B
|- 0 -5 -3 107. We claim that [T7']g = [T]z". Let A be the

-8 -3 -9 0’
6 1 8 1

standard matrix of T' and B be the matrix whose
columns are the vectors in B. By Theorem 2.13,
A is invertible because T is invertible. Moreover,
[Uls=B"'CB the standard matrix of 77! is A~!. Thus
-5 10 -38 -31
2 -3 9 6
6 -—10 27 171’
—4 7 -25 -19

[T7's =B 'A"'B=(B™'AB)™' = [T)5".

and CHAPTER 4 REVIEW EXERCISES
[UT]s = B"'(CA)B 1. True 2. True
43 58 —21 —66 3. False, the null space of an m X n matrix is con-
| -8 -1 8 17 tained in R".
—28 34 21 53 . 4. False, the column space of an m X n matrix is
28 36 —-14 -4 contained in R™.
(b) From (a), we see that 5. False, the row space of an m x n matrix is con-
: : n -
[T)5[U]s = (B”IAB)(B‘IC’B) tained in R™.
_ B—IAI4CB 6. True 7. True
— B 'ACB 8. False, the range of every linear transformation
- equals the column space of its standard matrix.
= [UT]s. 9. False, a nonzero subspace of R™ has infinitely
104. See the solution to Exercise 90. many bases.
(1) 8 8 (1) 10. False, every basis for a particular subspace con-
tains the same number of vectors.
105. (a) 01 0 ol
0010 11. True 12. True 13. True
T 81 — 4z2 + 373 + 4 14. True 15. True 16. True
Tl |2 | 11z 4 Tz — 4x3 — 224 17. False, the dimension of the null space of a matrix
z3| | = |—35z1 4+ 202 — 1323 — Bza equals the nullity of the matrix.
T4 =921 + 4x2 — 323 — 224 18. True
1 19. False, the dimension of the row space of a matrix
106. (a) 77| |*2 equals the rank of the matrix.
3
\ LT4 20. False, consider [i g]
6x1 — 2 — 4dxz3z — 214
_ 191121 — 3(1,‘2 — 13:1:3 —_— 4:1)4 21. True 22. True
1721 — 3z2 — 1223 — 44 23. False, [T = B~ 'AB.
| —4z1 + 22+ 3z3+ x4

24. True 25. True



26.

27.

28.

29.

30.

31.

32.

(a) Misuse, the term “basis” applies only to a
subspace.

(b) Misuse, the term “rank” applies to a ma-
trix.

(c) Misuse, the term “dimension” applies only
to a subspace.

(d) Correct use

(e) Misuse, the term “dimension” applies only
to a subspace.

(f) Misuse, the term “column space” applies
only to a matrix.

(g) Misuse, the term “dimension” applies only
to a subspace.

(h) Misuse, the term “coordinate vector” ap-
plies only to a vector.

(a) There are at most k vectors in a linearly
independent subset of V.

(b) No conclusions can be drawn about the val-
ues of k and m in this case.

(c) There are at least k vectors in a generating

set for V.
(@2 3 (©2 (A5 ()3
-1 -1
0] . . 0] .
No, 1| isin the set, but (—1) 1| not.

0 0

Yes, the given set is the null space of

10 00
01 -5 of.
00 01
_ 1 2
-3 -1 -1
| 1 1 4

(17 [ 0]
o], 1
3] |2

17 [-2])
1 0
(a){ 0],|-3| ¢
0 1
0] L 2/)

(a)

()

(b)

33.

34.

36.

37.
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1 0 0
-1 0 0
(c) 0l,]2(,] O
0 0 2
1 3 -1
The standard matrix of T" is
0 1 -2
-1 3 1
A= 1 -4 1|’
2 -1 3

and its reduced row echelon form is [e; ez es].

(a) The set

0 1 -2
-1 3 1
1’14’ 1
2 -1 3

of pivot columns of A is a basis for the
range of T'.

(b) The only solution of Ax = 0 is x = 0; so
the null space of T' is the zero subspace.

-3] [-5
{3} @]
0 1

From Exercise 34, we see that the null space of
T is 2-dimensional, and the given set is a lin-
early independent subset of the null space that
contains 2 vectors.

From Exercise 32, we see that the column space
of the matrix is 3-dimensional, and the given set
is a linearly independent subset of the column
space that contains 3 vectors.

Let B be the matrix whose columns are the vec-
tors in B.

(a) Since the reduced row echelon form of B
is I3, B is a linearly independent subset of
R3. Since B contains exactly 3 vectors, B
is a basis for R® by Theorem 4.7.

(b) We have

G

(c) By Theorem 4.11, we have

[wlg = B™'w = [—-8
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38.

39.

40.

41.

42.

43.
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0 4 5
(a) -2 0 - (b) %b1+%b2—1—15b3

1 -3 2
w1 o5
or([2]) =[]
[ %)

Let B be the matrix whose columns are the vec-
tors in B. By Theorem 4.12, the standard ma-
trix of T is

1 6 -5
B[T|gB™' = |-4 4 5.
Hence
T1
T T2 =
z3
Proceeding as in Example 3 in Section 4.5, we

Ty T + z3
obtain T’ T2 = | —4x1 + 2z2 + 523 | .
x3

—2z1 + 2
Let v =

Ty + 6x2 — Sx3
—4x1 + 4x2 + 5x3 | .

—z1 4+ 3z2 + 23

!
Z’] and [v]g = [5,], where B is the

basis obtained by rotating the vectors in the

standard basis by 120°. As in Section 4.4, we
have

[;:] = [v]s = (A1200) 'v

1 3
= (A1200) v = [_é _21] [z] '
2 2
Hence
o= —iz+ gy
v=-z- iy

Rewrite the given equation in the form
9(z")? + 4(y')* = 36,

and substitute the expressions above for 2’ and
y'. The resulting equation is

21 , 53 31 5
1 Wty =36

that is,

212° — 10v3zy + 31y% = 144.

44.
45.

46.

47.

48.

49.

50.

51.

Ty =3
Let ,
v=i] e =[]

where B is the basis obtained by rotating e; and

ez through 315°. Then
V2 '
x| _ 5| |z
[y] =VvV= A315o [V]B = [ Azé:I I:y,:l .

SR

Hence
r= g4 -@y’

y=—-YLg | gy'.

Substituting these expressions for x and y trans-
forms 2922 — 42zy + 29y? = 200 into the form

50(z")? + 8(y')* = 200,

that is,
(=) ) _
R 25 1
@) _ @) _,
16 9

T T1 _ _1_ -5 — 1222
z2| )~ 13 |—12z; + 5z
1

U T _ 4:1:1 bl 6:E2
z2|) = 13 | =61 + 9z

Let B = [v1 Vo vn]. Because the
columns of B form a basis for R", they are
linearly independent. Hence B is invertible by
Theorem 2.6. Moreover, by the definition of ma-
trix multiplication, Avi, Ava,..., Av, are the
columns of AB. Since both A and B are invert-
ible, it follows from Theorem 2.2(b) that AB is
invertible. Therefore the columns of AB are lin-
early independent and a generating set for R™
by (d) and (g) of Theorem 2.6. It follows that
{Av1, Ava, ..., Av,} is a basis for R™.

If V is contained in W, then VUW = W is a
subspace of R™; and if W is contained in V', then
VUW =V is a subspace of R". If neither V is
contained in W nor W is contained in V, then
there exist vectors v in V and w in W such that
v is not in W and w is not in V. Then v + w
isnot in V (lest w = (v+w) — v be in V) and,
similarly, v 4+ w is not in W. So v + w is not in
VUw.

Let A be the standard matrix of T and B be the
matrix whose columns are the vectors in B. By



52.

53.

Theorem 2.13, A is invertible because T is in-
vertible. Moreover, the standard matrix of 71
is A™!. Thus

[TYs =B 'A"'B=(B'AB)"' = [T]3".

Let V and W be subspaces of R". Then 0+0 =
Qisin V+W. Let u; and uz be in V+W. For
i = 1,2, there exist v; in V and w; in W such
that u; = v; + w;. So
up + uz = (vi + wi) + (v2 + wa)
= (v1+v2) + (W1 +w2)

isinV+W because vi+veisin V and wi+wo
is in W. Also, for any scalar c,

cu; = ¢(v1 +w1) = cvi1 +cwy

is in V 4+ W because cv; is in V and cw; is in
W. Hence V + W is a subspace of R".

A vector in V is a solution of the system of linear
equations
v1 + v2 =0
A — vz =0.

The vector form of the general solution of this

system is
V1 1
V2| = v3 -1 .
VU3 2

Moreover, a vector in W is a solution of

wq — 2wz =0
we + wg =0.

The vector form of the general solution of this

system is
w1 2
w2 = w3 —-11.
w3 1

It follows that a vector in V + W has the form

1 [ 2]
rl—-1] +s]-1
2 | 1]

for some scalars r and s. So

{4 1)

is a generating set for V + W. Moreover, B is
linearly independent since neither vector in B
is a multiple of the other. So B is a basis for
V+WwW.

54.

3.
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Let the subsets be S1 = {vi,v2,...,Vx} and
Sz = {w1,W2,...,Wr}. Note that each vector
v; in S; is in V 4+ W because it can be written
as v; + 0, and similarly each vector w; in Sz is
inV+W. fuisin V4 W, thenu=v+w for
some v in V and w in W. So there exist scalars
ai,0az,...,ax and b1,bz,. .., by such that

v=a1vi+azvz+--+arVk
and
w=biwi +bawa + -+ bmWm.
Hence
u=v+w

=a1vi+azve + -+ agvg
4+ bywi +bawa + - + b Wi

Since S is contained in V + W, it is a generating
set for V+ W.

CHAPTER 4 MATLAB EXERCISES

Recall that a vector v is in the column space of A
if and only if the equation Ax = v is consistent.
(a) yes (b) no (c) no (d) yes
Recall that a vector u is in the null space of A
if and only if Au = 0.

(a) yes (b) yes (c) no (d) yes
(a) Choose the set of pivot columns of A:
([ 127 [ 2.3} [ 1.2]
-1.1 3.2 -3.1
2.3 1.1 2.1
-1.2(’| 14]’|-14
1.1 —-4.1 5.1
L[| 01] [-21] | 12]
(1 1.2] [ 23] [ 1.2]
—-1.1 3.2 -3.1
O3 | 22| | vl [xa|evenes
1.1 —-4.1 5.1
| 01] |-21] | 12]
(-1 0
-1 2
(C) 9 -1 ) 1
1 0
(| o] |1
([ 1.2 -1.1 2.3
2.3 3.2 1.1
@< | 12]|,|-31],] 21
4.7 -1.0 5.5
| |-5.8] [-33] |-43
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([ 1.3] 2.1 2.9
2.2 —-1.4 -3.0
-1.2 1.3 3.8

4 @] so|'| 27| 14
17l | 41| | 65

-31] | 10] | 5.1

(1 131 [ 217 [ 29

2.2 -14 -3.0
—-1.2 1.3 3.8

(b) 40| | 27| 14| ®0%3€
1.7 4.1 6.5
-3.1] | 10| | 51
=) 1 0] [o
1 0 1| |o
(C) 1 (d) 21 =1’ 10
0 0 ol |1

5. Let b; (1 < ¢ < 6) denote the ith vector in B.

(a) B is a linearly independent set of 6 vectors
from RS.

(b) For any vector v, the coefficients that ex-
press v as a linear combination of the vec-
tors in B are the components of [v]z. By
computing [v]s, we obtain the following
linear combinations.

(i) 2by — bz — 3bz + 2bs — bg 9.

(ii) b; — bz + bz + 2bs — 3bs + bq
(iii) —3bz + b3 + 2by — 4bs

2 1 0
-1 -1 -3
N |3 . 1 1
@@ |5l G|, @,
2 -3 —4
-1 1 0
6. Proceeding as in Example 3 in Section 4.5, we 10.
obtain

—47.6 0.6 34 -—-446 23.5
-30.9 14 2.1 -28.9 12.5
222 -02 -1.8 21.2 -10.5
0.7 —-1.2 1.7 -0.3 0.0
-38.5 —1.0 45 -385 21.5

7. Proceeding as in Example 3 in Section 4.5, we

obtain
-1 2 1 0 -1 -2
-8 -4 -9 3 4 -10
6 1 6 0 -1 7
1 1 -1 -1 =2 2

8. First suppose that v is in W. Then for some
scalars ¢1,c2,...,ck, We can write

v =c1bi + c2ba + - -+ + ¢ bg.

Hence
Av =T(v)
= clT(bl) + CzT(bz) + 4 CkT(bk)
=c104+¢c0+4+---+c0
=0.
Therefore v is in Null A.

Conversely, suppose that v is in Null A. Let
c1,C2,...,Cn be the unique scalars such that

v =oc1b1 +c2b2+ -+ ckbr + - + cubn.
Then

0= Av = T(v)
=ciT(bi) + - 4 ckT(bg) + - + cnT(br)
= ck+1bg+1 + -+ + crbn.

But {bg41,...,bn} is linearly independent, and
hence cx4+1 = -+ - = ¢ = 0. Thus we have

v =cibi + c2b2 + - - - + exby,

so it follows that v is in W.

Since each of W and Null A is a subset of the
other, W = Null A.

Extend the given basis for W by including e;
and es, and then use the method described in
the preceding exercise to obtain

1.00 0.00 0.00 0.75 —-0.50
0.00 0.00 0.00 0.00 0.00
A= 1000 000 1.00 -0.75 0.50
0.00 0.00 0.00 0.00 0.00
0.00 0.00 0.00 0.00 0.00

(a) For any vector v in R™, we may use block
multiplication to compute

v [~ 8]

or-o-[}

if and only if Av = 0 and Bv = 0. This
occurs if and only if v is in both V and W,
that is, if and only if v is in VN W. Hence

Thus

NullC =V nw,
(b) Let
1 2 1
_ 2 11 d _ 13
Vi = 1l V2 = ol and vz = 1
-1 1 0



and
1 0 1
w -1 w 1 d =0
1= 1 ) 2= 1 , and wgz = 1
1 1 2
Let ~
0 0 0 0
01 -3 -1
A= 0 0 0 0
|0 0 0 0
and o L
0 b0 b
B=1o 00 o
0 0 O 0

Then {vi1,v2,Vs,e2} and {wi, W, w3z, e1}
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are bases for R*. Proceeding as in Exercise
8, we see that V = Null A and W = Null B.

Thus VN W = Null [g] by (a). The zero

rows in A and B can be ignored, however,

and so
VAW = Null [(1’ Ty _‘11] .
2 2
Therefore
-3 0
6 1
217’10
0 1

is a basis for VN W.



Chapter b

Eigenvalues,
Eigenvectors, and
Diagonalization

5.1 EIGENVALUES AND EIGENVECTORS 21. Let A denote the given matrix. The reduced
row echelon form of A — (—1)Iz = A+ I3 is

1. 6 2.-2 3.3 4.3 1 3 -2
5. —2 6. -2 7. -3 8. -5 0 0 0f >
. . 0 0 0
9. The eigenvalue is —4 because
2 —6 6| |1 4 -1 2
1 9 - 1] = |- 3, 1o
-2 16 -13 2 -8 0 3
-1 is a basis for the eigenspace corresponding to
=(-4)| 1}. eigenvalue —1.
2

w () w0y =y )

17. Let A denote the given matrix. The reduced  25. The eigenvalue is 6 because
row echelon form of A — 313 is

. () -[-3
i)

N

26. 4 27. 4 28. 5 29. -3
30. -2 31. 5 32. -4

and so {[_i]} s (3]} e {wl

0

o {3} e {2}
is a basis for the eigenspace of A corresponding
to eigenvalue 3. 37. The standard matrix of T is

Al A0l = {0 <[

106

0



38.

40.

41.

42.

43.
46.

47.
49.

50.
51.
52.
55.
56.
57.

58.
59.

60.
61.
62.

63.

and the reduced row echelon form of A — 2I3 is

11 3
0 0 of.
00 0
17 [-3
i|,| o
o] |1

is a basis for the eigenspace corresponding to
eigenvalue 2.

Hence

1 1]
1 39. { | -2
1 2
11 [t

2|, |o

o] |1

False, if Av = Av for some nonzero vector v,
then ) is an eigenvalue of A.

False, if Av = Av for some nonzero vector v,
then v is an eigenvector of A.

True 44. True 45. True

False, the eigenspace of A corresponding to
eigenvalue ) is the null space of A — Al,.

True 48. True

False, the linear operator on R? that rotates a
vector by 90° has no real eigenvalues. (See pages
298-299.)

True

False, the exception is the zero vector.
True 53. True 54. True
False, the exception is ¢ = 0.

True

False, if A = B = I,,, then A = 1is an eigenvalue
of I,, but not of A+ B = 2I,.

True

False, if A = B = 2I,, then A = 2 is an eigen-
value of 2I,,, but not of AB = 41I,.

True
The only eigenvalue is 1; its eigenspace is R".

The only eigenvalue is 0, and the eigenspace cor-
responding to 0 is R".

Let A be the eigenvalue of A corresponding to
v. Then v # 0, and

A(ev) = c(Av) = c(Av) = Mev).

64.

65.
66.

67.

68.

69.

70.

71.
72.

73.

74.
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Let v be an eigenvector of A such that Av = Av
and Av = pv. Then Av = pv; so (A—p)v =0.
Since v # 0, we must have A = p.

Null A

If 0 is an eigenvalue, then Av = O for some
nonzero v. Hence A is not invertible by Theo-
rem 2.6. If 0 is not an eigenvalue, then Ax =0
has no solution but x = 0. Thus A is invertible
by Theorem 2.6.

Let X be an eigenvalue of an invertible matrix
A. By Exercise 66, A # 0. Then Av = Av for
some v # 0. Thus

v=A"1(Av) = AA7V)

and hence %v = A"lv. So —;‘— is an eigenvalue
of A71,

1

1

1
If v is an eigenvector of A with A as the corre-
sponding eigenvalue, then Av = Av. So
A%v = A(Av) = A(\v) = A(Av)
= A(W) = A%v.

Hence A2 is an eigenvalue of A%.

By a repetition of the argument in the solution
of Exercise 69, we see that if A is an eigenvalue
of A, then A* is an eigenvalue of AF for every
positive integer k.

Either v = 0 or v is an eigenvector of A.

Suppose ) is an eigenvalue of a nilpotent matrix
A. Then Av = Av for some v # 0. Multiply-
ing both sides by A*~! and using the result of
Exercise 46, we obtain 0 = Ov = Akv = Aev,
Since v # 0, we must have A = 0.

Suppose that civy + czve = 0 for some scalars
c; and cz. Then

0 =T(0) = T(c1v1 + cavz) = c1A1V1 + C2A2V2
= Ai(—czv2) + c2Aav2 = (A2 — A1)cava.
Since A1 # A2 and v2 # 0, we have cz = 0. Thus

we also have ¢; = 0, and so {v1, vz} is linearly
independent.

Applying the hint, we have

1M1V + c2A2ve + c3Aivs =



108

75.

76.
77.

78.
79.

80.
81.
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C1A3V1 + c2A3Va + ca3A3vs,

and hence
C1()\1 - )\3)V1 + 62()\2 - /\3)V2 =0.

Apply Exercise 73 and the fact that the eigen-
values are distinct to obtain that ¢; = cz = 0.
It now follows that c3 = 0, and hence the set is
linearly independent.

Let B = {vi,v2} be a basis for the two-
dimensional eigenspace of T', and let A be the
eigenvalue corresponding to vi and vy. Then

[T)s = [3 g] — A,

If B = [v1 v2], then the standard matrix of T is
B[T|sB™! = I,

by Theorem 4.12. Hence T' = \I.
-2.7,23,-1.1, -1.1

The eigenvalues of A are —2.7, 2.3, and —1.1
(with multiplicity 2), but the eigenvalues of 3A
are —8.1, 6.9, and —3.3 (with multiplicity 2).

yes, —8.1, 6.9, —3.3, —3.3

(a) A scalar X is an eigenvalue of B if and only
if ¢ is an eigenvalue of cB.

(b) A vector v is an eigenvector of B if and
only if v is an eigenvector of cB.

(c) Suppose that v is an eigenvector of B with

corresponding eigenvalue . Then

(eB)v = c(Bv) = ¢(Av) = (cA)v,

and thus v is an eigenvector of cB with
corresponding eigenvalue .

Conversely, suppose that v is an eigenvec-
tor of ¢B with corresponding eigenvalue
cA. Then (¢B)v = (c\)v, and therefore
¢(Bv) = ¢(Av). Since ¢ # 0, we can divide
both sides of the last equation by ¢ to ob-
tain Bv = Av. So v is an eigenvector of B
with corresponding eigenvalue .

no

Yes, the eigenvalues of AT are the same as those
of A. Eigenvectors of AT are found by solving
(AT — M)x = 0 for each eigenvalue A. Four
eigenvectors of AT are

-1 P) 1 0
1 0 -1 -1
—21 |3]’ g|» and 0
1 3 0 1

82.

5.2

®

The eigenvalues of an n x n matrix B are the
same as those of BT, but an eigenvector of B
need not be an eigenvector of BT.

THE CHARACTERISTIC
POLYNOMIAL

The eigenvalues of the matrix are the roots of
its characteristic polynomial, which are 5 and
6. The vector form of the general solution of
(A-5L)x=0is

==
- {1

is a basis for the eigenspace of A corresponding
to eigenvalue 5. Also, the vector form of the
general solution of (A — 613)x =0 is

Thus

is a basis for the eigenspace of A corresponding
to eigenvalue 6.

= {a]} -+ {[i)
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The standard matrix of T is

-1 6

[—8 13] ’
The eigenvalues of T' are the roots of its char-
acteristic polynomial, which are 5 and 7. The
eigenvectors of T' are the same as the eigenvec-
tors of A; so we must find bases for the null
spaces of A —5I; and A—7I;. As in Exercise 1,

we obtain the following bases for the eigenspaces
corresponding to 5 and T:

(i) = ()

s {0)

The standard matrix of T is

7 —-10 0
5 -8 0],
-1 1 2

and its characteristic polynomial is

PP r8t—12=—(t+3)(t-2)%
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So the eigenvalues of T' are —3 and 2 (with mul-
tiplicity 2). As in Exercise 25, we find the fol-
lowing bases for the eigenspaces:

) = {0}
Ay AL )
IR R
Al 4+ L)

The characteristic polynomial is t* — 3¢ + 10,
which has no (real) roots.

The characteristic polynomial is t2—2t-+7, which
has no (real) roots.

-2 5

has characteristic polynomial ¢t — 6¢ 4+ 11. This
polynomial has no (real) roots.

The standard matrix of T is [ 1 3], which

The standard matrix of T is [g _i], which

has characteristic polynomial t2 — 6¢ + 14. This
polynomial has no (real) roots.

Let A denote this matrix. The characteristic
polynomial of A is t? —2t+ 5. So the eigenvalues
of A, which are the roots of this polynomial, are
1—2i and 1+ 2i. The vector form of the general
solution of (A — (1 —2{)[2)x =0 is

o] == ]
" - @

is a basis for the eigenspace of A corresponding
to the eigenvalue 1 — 23.

Likewise, the vector form of the general solution
of (A—(1+2i))x=0is

HE

So

>

2]

51.

52.

53.

7.

0.

is a basis for the eigenspace of A corresponding
to the eigenvalue 1 + 2i.

1-3i, {[_211]} e[}
[ +“’]} 8+}2’>{[lz4’]}

NEINN

False, consider the matrix A in Example 1 and
3

B= [_0 g} , which both have (t+3)(t —5) as
their characteristic polynomial.

True 55. True

False, see page 303.

False, see page 303.

False, consider I,,.

False, the rotation matrix Aggo has no eigenvec-
tors in R2.

True

0 -1 . .
False, 1 0 has a characteristic polynomial
of t? + 1.
True

False, consider 4/3; here 4 is an eigenvalue of
multiplicity 3.

False, see Example 4.

True

False, consider the matrix given in Exercise 49.
True

False, see Example 3 of a matrix with no (real)
eigenvalues.

True 70. True

False, it has the eigenvalue 0.
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c is not an eigenvalue of A. 74. det A

Let the characteristic polynomial of —A be
but™ + b1t -+ bat + bo.
By Theorem 3.3(b),

det(=A — tI,) = (—1)" det(A + t1,,)
= (=1)" det(A — (=t)I,).

Thus the characteristic polynomial of —A is
(=D [(=D)"an(=t)" + ()" tan-1(=)""*
+ -+ ao]

= ant" —an_1t" " 4+ (=1)"art+(—1)"ao.

Hence, for 0 < k < n, bp—k = an—k if k is even,

and b,—k = —an— if k is odd.

(="

(a) By Theorem 5.1, the eigenvalue 5 must
have a multiplicity of 3 or more. In addi-
tion, the eigenvalue —9 must have a multi-
plicity of 1 or more. Since A is a 4 X 4 ma-
trix, the sum of the multiplicities of its two
eigenvalues must be 4. Hence eigenvalue 5
must have multiplicity 3, and eigenvalue
—9 must have multiplicity 1. Thus the
characteristic polynomial of A must be
(t—5)3(t+9).

(b) By Theorem 5.1, the eigenvalue —9 must
have a multiplicity of 1 or more. As in
(a), the sum of the multiplicities of the two
eigenvalues of A must be 4. Since eigen-
value 5 must have a multiplicity of at least
one, there are three possibilities:

(i) Eigenvalue 5 has multiplicity 1, and
eigenvalue —9 has multiplicity 3, in
which case the characteristic polyno-
mial of A is (t — 5)(t + 9)°.

(ii) Eigenvalue 5 has multiplicity 2, and
eigenvalue —9 has multiplicity 2, in
which case the characteristic polyno-
mial of A is (t — 5)%(t +9)°.

(iii) Eigenvalue 5 has multiplicity 3, and
eigenvalue —9 has multiplicity 1, in
which case the characteristic polyno-
mial of A is (t — 5)*(t +9).

(c) If dimW; = 2, then eigenvalue 5 must
have a multiplicity of 2 or more. This leads
to the two cases described in (ii) and (iii)
of (b).

78.

79.

80.

81.

82.

5.2 The Characteristic Polynomial 111

(a) —(t—-4)(t-6)>°¢t~-7)

(b) —(t-4°(t-6)(t-7),

—(t—4)%(t —6)%(t—17), or
—(t—4)%(t—6)(t—T)?

(© —(t-4*t-6)*(t—7),
—(t—4)(t—6)*t—T),0r
—(t—4)(t—6)%(t—17)*

(@d) —(t-(t-6)°t—T7)*

Let A be an upper triangular or lower triangular

n x n matrix. Then A — tI,, is a matrix of the
same form, and so

det(A — tIn) = (a1 — t)(az2 — t) <o (Ann — t)

by Theorem 3.2. Thus A is an eigenvalue of mul-
tiplicity k if and only if exactly k of the diagonal
entries of A equal .

The characteristic polynomial of Ay is
t? — (2cosO)t + 1,
which has no (real) roots if 0° < 6 < 180°.

@ AL
o {3
o LML)

(d) If c is a nonzero scalar, then v is an eigen-
vector of B if and only if v is an eigenvector
of ¢B because

(cB)v = ¢(BV) = ¢(Av) = (cA)v.

(e) If cis a nonzero scalar, then A is an eigen-
value of B if and only if c) is an eigenvalue
of ¢B because

(cB)v = ¢(BV) = ¢(Av) = (ch)v.

@ {1}
o o {3} {0}
@ o{[F]}n {7}

(d) For any scalar c, v is an eigenvector of B
if and only if v is an eigenvector of B+cln
because

(B+clp)v=Bv+clpyv
=Av+cev=(A+c)v.
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(e)

(a)

(b)

()

(d)

(2)

(b)

For any scalar c, X is an eigenvalue of B if

and only if A+c is an eigenvalue of B +cl,,
because

(B+clp)v = Bv+ecl,v
=Av+cev=(A+c)v.

The characteristic polynomial of A7 is
t? — 13t 442 = (t — 6)(t — 7).

The characteristic polynomial of BT
equals that of B since

det (BT — tl,) = det (B — tI,,)T
=det (B — tl).

Because the characteristic polynomials of
B and BT are equal, the eigenvalues of B
and BT are the same.

There is no relationship between the eigen-

vectors of an arbitrary matrix B and those
of BT,

Suppose that v is in the eigenspace of A
corresponding to A\. Then

B(P™'v) = PT'APP 'v=P l4v
=P 'av= AP V),

and hence P~ 'v is in the eigenspace of B
corresponding to A.

Conversely, suppose that P~'v is in the
eigenspace of B corresponding to A. Then

Av = PBP 'v = P(BP™'v)
= PAP v =)v,

and hence v is in the eigenspace of A cor-
responding to A.

Suppose that {vi,va,...,vi} is a basis
for the eigenspace of A corresponding to
A. Since P! is invertible, Tp—1, the ma-
trix transformation induced by P!, is in-
vertible and hence, by Exercise 97 of Sec-
tion 5.1, takes linearly independent sets to
linearly independent sets. It follows from
this and (a) that

{P'vi, P vy, .., P“lvk}

is a linearly independent subset of the
eigenspace of B corresponding to .

Let w be any vector in the eigenspace of B
corresponding to A. Since w = P~!(Pw),
it follows from (a) that Pw is in the

85.

86.

87.

88.

89.

90.

91.

eigenspace of A corresponding to A\. So
there exist scalars ¢i,ca,...,cx such that
Pw =c1vi+cave+ -+ + ¢k vk, and hence
w=c P vy +eaP vy 4. +ckP_le.
Thus {P7'vi,P7v,,...,P7lvi} is a
generating set for the eigenspace of B cor-
responding to A, and we conclude that it
is a basis for this subspace.

(c) By (b) the eigenspaces of A and B corre-
sponding to A have bases with equal num-
bers of vectors, and hence the dimensions
of these two subspaces are equal.

a b
=53
then the characteristic polynomial of A is
2 — (a + ¢)t + (ac — b?).
Since the discriminant of this quadratic polyno-
mial is
(a—c)* +4b* >0,
A has real eigenvalues.
(a) r=—(a+d),s=ad—bc

a’+bc ab+ bd]

2 —
(b) A +rA+8[2~[ca+dc cb + d?

—(a+d)[‘cz z]-f-(ad—bc)[(l) ﬂ

@y Bp_ L1 1
Ut~ 70t 260
t 4+ 2083 + 192 + 18t + 17
0 00 5
10 0 -7
0 1 0 —23
00 1 11

(b) The characteristic polynomials of B and
BT are equal.

(c) det(BT — tl,) = det(B — tI,,)T
=det(B — tIn)

(a) The characteristic polynomial of A is
t? — 2.5t — 1.5 = (t — 3)(t + 0.5);

so the eigenvalues of A are 3 and —0.5.
Corresponding eigenvectors are

]



(b) Matrix A is invertible because its rank is
2; in fact,

118 -
A7 =3 [14 —13] ‘
The characteristic polynomial of A™! is

5 2

24 ot— =

+ 3 3

and so the corresponding eigenvalues of

A~' are 1 and —2. Corresponding eigen-
vectors are

HI

(c) The eigenvalues of an invertible matrix A
are the reciprocals of the eigenvalues of
its inverse, and an eigenvector of A corre-
sponding to eigenvalue A is also an eigen-
vector of A™! corresponding to the eigen-
value ;.

1
= 3Bt = 1)t +2),

(d) The eigenvalues of the given matrix are
—2, 4, and 5 with corresponding eigenvec-
tors

and

The inverse of the given matrix is
.30 .10 —-.10
—.85 .05 -—-.55].

—.40

—-.80 -.10
Its eigenvalues are —.50, .25, and .20 with
corresponding eigenvectors v, vz, and vs.
(e) Let v be an eigenvector of an invertible
matrix A that corresponds to eigenvalue
A. Then
Av = Av.

Since A is invertible and v # 0, we have
Av # 0. Hence A # 0. So

v=A"1(wv)
v=XAA"'v)
%v =A"lv.

Thus v is an eigenvector of A~ corre-
sponding to eigenvalue —;‘-
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5.3 DIAGONALIZATION OF MATRICES

1.

The eigenvalues of A are 4 and 5. Eigenvectors
corresponding to eigenvalue 4 are solutions of
(A — 4I5)x = 0. Since the reduced row echelon
form of A — 41, is

1 2

b o)

these solutions have the form
T1| _ . -2
za| 2 1]
-2
1

is a basis for the eigenspace of A correspond-
ing to eigenvalue 4. Likewise, the reduced row
echelon form of A — 51 is

b 3]
{7

is a basis for the eigenspace of A corresponding
to eigenvalue 5. Let P be the matrix whose
columns are the vectors in the bases for the
eigenspaces, and let D be the diagonal matrix
whose diagonal entries are the corresponding
eigenvalues:

pe? ]

Then A = PDP~L.

There are no (real) eigenvalues.

Hence

and so

4 0
and D_[O 5].

The eigenspace corresponding to eigenvalue 2 is
1-dimensional.

—5 -3 0 0
p=[5 7 peb

[0 -2 -1 -5 0 0
P=]1 3 1{,D=1]1 0 2 0
1 2 1 0 0 3

1

1

[—4 -1 -3 0
1 0 1 0 0

0

0
| -1
There is only one real eigenvalue, and its multi-
plicity is one.

1 0 1 -5 0 0
P=|0 -1 -1|, D=0 -4 o0
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-1 -1 1 5 0 0
P=|4 1 0o|l,D=1{0 3 0
2 0 1 00 3

The eigenvalue 3 has multiplicity 3, but its
eigenspace has dimension 1.

0 1 0 0 4 0 o0 0]
0010 0 -1 0 o0
P=11 00 1/'P={o o -1 o
0 1 1 1 0 0 o0 —1]
[(2 0 -1 0 -3 0 0 0]
11 00 0200
P=1_10 10?00 20
10 01 00 0 2

The characteristic polynomial of A is
t?—2+1=(t-1)>2

Since the rank of A— I is 1, the eigenspace of A
corresponding to eigenvalue 1 is 1-dimensional.
Hence A is not diagonalizable because the eigen-
value 1 has multiplicity 2 and its eigenspace is

1-dimensional.
-2 1 -2 0
r=[ 3] o[ )
-2 -3 3 0
r=[ ) o=
There are no (real) eigenvalues.

Since A is upper triangular, its eigenvalues are
its diagonal entries, which are —1, —3, and 2.
Bases for the corresponding eigenspaces are

) ALl = {1}

respectively. Hence we may take

1 -1 -1 -1 0 0
P=10 1 1| and D = 0 -3 0}.
0 0 5 0 0 2

The sum of the multiplicities of the eigenvalues
of A is not 3.

The eigenvalue 0 has multiplicity 2, but its
eigenspace is 1-dimensional.

The eigenvalue 3 has multiplicity 2, but its
eigenspace is 1-dimensional.

The characteristic polynomial of A is t> — 4t + 5,
and hence the eigenvalues of A are 2—3 and 2+i.
Bases for the corresponding eigenspaces are

= {0

22.

23.

24.

25.

26.

27.

28.

29.
30.
33.

34.

35.

36.
37.
38.

39.
40.

[

2.
4.

respectively. Hence we may take

et )

0 2414

_[1+4 1-4] [ [8-12¢ 0
P= 1 1 ]’D_[ 0 8+12i]
[—2i 23 1-3i 0
P=1" 1]’D_[ 0 1+i]
-1 -1 1-25 0
P= | 2 3]’D_[ 0 1+2z‘]
(-1 -1 1
P= 2443 2—3 -1},
1 1 1
[1+s 0 0O
D=1 0 1-7 0
| O 0 2
11 4 1 0 0
P=10o 1 1|,D=10 i 0
0 0 1 0 0O
1 0 0 22 0 O
P=10 1 4|,D=10 1 0
0 0 1 0 00
! 1 1 00
P=1|-1 0 0,D=|(0 2¢ 0
| i 0 -2 0 0 4
False, see Example 1.
True 31. True 32. True
False, the eigenvalues of A may occur in any

sequence as the diagonal entries of D.

False, if an n x n matrix has n linearly indepen-
dent eigenvectors, then it is diagonalizable.

False, I, is diagonalizable and has only one
eigenvalue.

True
False, see Example 1.

False, for A to be diagonalizable, its character-
istic polynomial must also factor as a product
of linear factors.

True

False, the dimension of the eigenspace corre-
sponding to A is the nullity of A — \I,,.

False, for example, I, has only one eigenvalue,
namely 1.

True 43. True

False, P~ AP is a diagonal matrix.
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46.
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50.
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52.

53.

54.

55.

56.

57.

False, for example, any nonzero multiple of an
eigenvector is an eigenvector.

True

False, this is true only if the multiplicity of each
eigenvalue is equal to the dimension of the cor-
responding eigenspace.

False, this is true only if the sum of the mul-
tiplicities of the eigenvalues is equal to the size
of A.

The first boxed statement on page 318 implies
that the matrix is diagonalizable.

The first boxed statement on page 318 implies
that the matrix is diagonalizable.

(a) By the test for a diagonalizable matrix on
page 319, the matrix is diagonalizable if
the eigenspace corresponding to —1 is 2-
dimensional.

The matrix is not diagonalizable if the
eigenspace corresponding to —1 is 1-
dimensional.

(b)

The matrix is diagonalizable if and only if the
eigenspace corresponding to the eigenvalue —4
is 3-dimensional.

The matrix is diagonalizable if and only if the
eigenspace corresponding to the eigenvalue —3
is 4-dimensional.

(a) (t-2°t-7)

(b) TInsufficient information is given because
eigenvalue 2 might have multiplicity 2, or
eigenvalue 7 might have multiplicity 3.

© (t-22(-77

(@) —(-49°¢t-5(-8)’

(b) There is insufficient information because
the dimensions of W; and W; are not

given. Therefore the multiplicities of the
eigenvalues 4 and 8 are not determined.

(©) —(t—9(t-5°t-8)*
(a) Both AB and BA have 0 as an eigenvalue
of multiplicity 2.

(b) AB = O, the zero matrix, and so is diago-
nalizable.
(c) BA= ﬁ :;] is not diagonalizable since

0 is an eigenvalue of multiplicity 2, but its
eigenspace has dimension 1.

We have A = PDP™!, where

1 2 4 0
pe[ ] wa o[
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Thus, as in the example on page 314, we have

k _prEp-1_ |1 2] [4F o][-1 2
A" =PD°P _[1 1”0 3’“”1 —1]

_[4F 2.3 [-1 2
T4k 3k 1 -1
_[2-3k -4k 2.4k _2.3F
T 3k 4k 2.4F 3% |

[2(-3)F - (-2)*  (-2)* - (-3)"
[2(-3)* —2(-2)* 2(-2)* - (—3)'°]

2.2k 4+3.3% —6.2%4+6.3F
ok _3k 3.9k _92.3k

[2(2%) - (-3)F 2% — (=3)*
[2(—-3)% —2(2F)  2(-3)* - 2"]
5% 4+2 —2.554+2 0}

5f—1  2.5F-1 0

0 0 5*
2-3 0 3-1

0 2k 0
2-2(3%) 0 2(3%)-1
The first boxed statement on page 318 shows
that the matrix is diagonalizable if ¢ # 2 and
¢ # 3. Checking the cases ¢ = 2 and ¢ = 3 sepa-

rately, we see that the matrix is diagonalizable
if ¢ = 2 but not if ¢ = 3.

-3, -2
Since there is only one eigenvalue (with multi-

plicity 1), this matrix is not diagonalizable for
any scalar c.

4 67. no c

It follows from the first boxed statement on page
318 that the given matrix is diagonalizable if
¢ # —2 and ¢ # —1. Thus we must check only
the values of —2 and —1. For ¢ = —2, we see
that —2 is an eigenvalue of multiplicity 2, but
the reduced row echelon form of A + 213, which

is
1 00
0 0 1],
0 0 O

has rank 2. Hence A is not diagonalizable if
¢ = —2. Likewise, for ¢ = —1, the eigenvalue —1
has multiplicity 2, but the reduced row echelon
form of A + I, which is

1 0 0
0 0 1},
0 0 0

68. all real numbers
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has rank 2. Thus A is also not diagonalizable if

c=—1.
none 71. 2 72. 1

The desired matrix A satisfies A = PDP™!,
where

1 1
P=l )
(Here the columns of P are the given eigenvec-

tors of A, and the diagonal entries of D are the
corresponding eigenvalues.) Thus

-3 0
and D-[O 5].

-7 4
A= 3]

]

4 0 -
1 2 -1 7. [g (l)] and [g
1 0 1

a=fp oy

If D is a diagonal n X n matrix, then D =
I,DI;'; so D is diagonalizable.

(a) Suppose A is diagonalizable. Then A =
PDP~! for some diagonal matrix D and
invertible matrix P. Since A has only one
eigenvalue c, necessarily D = cl,,. Hence
A= P(cl,)P~ ' =cl,.

The given 2 x 2 matrix has 2 as an eigen-
value of multiplicity two, but the matrix
does not equal 21.

Let A= PDP~!, where D is a diagonal matrix
and P is an invertible matrix. Then for Q =
(PT)~!, we have

(b)

AT — (PDP—I)T — (P—l)TDTPT
= (P)™'DP" = QDQ™,

and so A7 is also diagonalizable.

Let A be a matrix that is both invertible and
diagonalizable. Then A = PDP~! for some di-
agonal matrix D and invertible matrix P. By
Exercise 67 in Section 5.1, the diagonal entries
of D, which are eigenvalues of A, are nonzero.
Hence

A™'=(PDP Y '=pp'p?

83.

u 1 5 4 84.
] 75. | 0 -2 0

85.

86.

87.

is diagonalizable because

1
Ty (1) )

- 0 = 0
0 0o ... ﬁ

is a diagonal matrix.

Let A= PDP~!, where D is a diagonal matrix
and P is an invertible matrix. Then

A* = (PDP ') (PDP™Y) = (PD?P7Y)

is also diagonalizable because D? is a diagonal
matrix.

Using the notation in the solution to Exer-
cise 83, we have A¥ = PD*P~! which is a diag-
onalizable matrix since D* is a diagonal matrix.

(a) Suppose that A is diagonalizable. Then
A = QDQ™! for some diagonal matrix D
and invertible matrix Q. Since

B=PAP™' = P(QDQ™ 1 P!
= (PQ)D(PQ)™,

B is also diagonalizable. The proof of the
converse is similar.

See the box on page 307 in Section 5.2.
We claim that v is an eigenvector of A if
and only if Pv is an eigenvector of B. For
if Av = Av, then

(b)
(©)

B(Pv) = (PAP™)(Pv)
= PAv = P(Av) = A(Pv).

Conversely, if B(Pv) = A(Pv), then
Av = (P7'BP)v = P"}(APv) = Av.

Let A= PDP~!, where D is a diagonal matrix
and P is an invertible matrix. Let C be the
diagonal matrix such that c;; = §/d;;. For B =
PCP~1, we have

B® = (PCP~')(PCP~Y)(PCP™")
=PC’P™' = PDP! = A.

Hence B is a cube root of A.

Let A be a nilpotent n X n matrix. If A is
diagonalizable, then Exercise 72 of Section 5.1
shows that 0 is the only eigenvalue of A. Hence
A = 0I, = O by Exercise 80(a).



88. If ) is an eigenvalue of A, then f(A) = 0. Let

89.

90.

91.

A= PDP~!, where D is a diagonal matrix and
P is an invertible matrix. Then f(D) = O be-
cause each diagonal entry of D is an eigenvalue
of A. Hence

f(A) = f(PDP")
= Pf(D)P~' = POP™' = 0.

(a) Let A = PDP™!, where D is a diagonal
matrix and P is an invertible matrix. By
the hint, the trace of A = PDP™! equals
the trace of PP~'D = D, which is the sum
of the eigenvalues of A.
In p(t), the characteristic polynomial of A,
the coefficient of t"~! is
D"(=A = A2 == An)

= (=)™ (A+ A2 4+ ),
which by (a) equals (—1)""' times the
trace of A.
The constant term of p(t) is

(=)™ (=A1)(=A2) -+ (=An) = A1z -+ An,

which equals det D = det A.

The eigenvalue 1 has multiplicity 3, but its
eigenspace has dimension 1.

(b)

(©

The characteristic polynomial of the given ma-
trix is

2613+ 1382 + 12t + 4 = (£ 4 2)%(t +1)%

Since the reduced row echelon form of A + I4 is

[1 0 £ 3]
01 3 1
0 0 0 O
0 0 0 O]
and the reduced row echelon form of A + 214 is
1 0 & 3]
01 3 2
0 0 0 O
|0 0 0 O
the sets L
-3 -1
-1 -1
2{’1 O
L 0] | 2]
and _ L
—-8] [-1
-1 -2
3!’ 0
L 0- - 3-

92.

93.

94.

5.4
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are bases for the eigenspaces of A corresponding
to eigenvalues —1 and —2, respectively. Thus
A= PDP™!, where

3 -1 -8 -1
-1 -1 -1 -2
P=12 0o 3 of
L0 2 o0 3
and _ _
1 0 0 0
0 -1 0 0
P=149 o -2 ol
0 0 0 -2
3 1 -1 -1 0
0 -1 -1 -3 -3
p=|1 0o o 1 o,
0o 1 0 0 -2
o 0 1 0 1
1 0 0 0 0
0 -1 000
p=|o0o 0 -1 00
0o 0 010
0 0 00 1

The eigenvalue 1 has multiplicity 3, but its
eigenspace is 2-dimensional.

(a) A™u approaches 0.
(b) about 0.974, 0.829, and —0.803
1 [—325]
(c) A™u approaches - | —52].
3
26

(d) 1,08,-0.8

(e) A™u diverges.

(f) about 1.020, 0.777, and —0.797

(g) B™u approaches 0.
DIAGONALIZATION OF

LINEAR OPERATORS

0 0 2 01 -1

0 3 0f,no 2. 14 4 21, no
4 0 0 00 O

2 1 0 -1 0 O

0 2 0},no 4. 0 0 O], yes
0 0 1 0 0 1

0 0 3 10 O

0 -2 0], no 6. |-1 2 0], no
-4 0 0 11 -1
The standard matrix of T is

-3 5 -5
A=1| 2 -3 2{.
2 -5 4
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10.

11.

12.

13.

14.

15.
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If B is the matrix whose columns are the vectors
in B, then :

2 0 0
[Tls=B'AB=10 -1 0].
0 0 -3

Since [Ts is a diagonal matrix, the basis B con-
sists of eigenvectors of T'.

-2 0 0
0 -2 1{, no
0 0 -2

There are no real eigenvalues.

The eigenvalue —2 has multiplicity 2, but its

19.
eigenspace has dimension 1.
The standard matrix of T' is
7 -5
A= [10 —8] ' 20.
A basis for the eigenspace of T corresponding
to the eigenvalue —3 can be obtained by solving
(A+3I.)x = 0, and a basis for the eigenspace of ~ 21-
T corresponding to eigenvalue 2 can be obtained 23
by solving (A — 2Iz)x = 0. The resulting bases )
are
1 1
s={ll} = ==}
Combining these two sets produces a basis for
R? consisting of eigenvectors of T
1| [|-1
1]’] 2
1 0 0
-1],-1],10
1 1 1
-1 0 0
1],1{1(, |0
0 0 1
The standard matrix of T is
24.
-1 -1 0
A= 0 -1 0f.
1 1 0
25.
Since the reduced row echelon form of A + I3 is
1 0 1
0 1 of, 26.
0 0 0
27.

the dimension of the eigenspace of T correspond-
ing to eigenvalue —1 is

3 —rank (A+ I3) = 1.

But the multiplicity of the eigenvalue —1 is 2,
so that T' is not diagonalizable. That is, there is
no basis for R?® consisting of eigenvectors of T'.

(][
{URAREY

The eigenvalue —1 has multiplicity 3, but its
eigenspace has dimension 2.

- O

11 [-1 17 [-1
0 2] o 0
1’1 of’|2]’] o
of L o] [o] | 2
[—1 17 o] [o
-1} |0 1| |o
—1]’1ol’ |o| |0
| 1 o] (o] |1

T has no real eigenvalues. 22, { [ﬂ ) [ﬂ }

The standard matrix for T is

-2 3
4 -3’
and its characteristic polynomial is t2+5t—6 =
(t —1)(t +6). As in Exercise 11, we find that

wff]) o we{[)

are bases for the eigenspaces of T' corresponding
to the eigenvalues —6 and 1, respectively. Com-
bining these two sets produces a basis B for R?
consisting of eigenvectors of T, and so

T8 = [(1) _g]

is a diagonal matrix.

The eigenvalue —1 has multiplicity 2, but its
eigenspace has dimension 1.

i
(B4

The standard matrix of T is

1 0 o0
-1 1 -1,

[ 00 1

)
b




28.

29.

30.

31.
32.

33.

34.

38.

39.

40.

41.

42.

43.
44.

45.
48.

49.

and its characteristic polynomial is
—t2 437 -3t +1=—(t—1)°

Since the reduced row echelon form of A — I3 is

1 0 1
0 0 0f,
0 00

the dimension of the eigenspace of T" correspond-
ing to eigenvalue 1 is

3 —rank (A —I3) = 2.

Because this dimension does not equal the mul-
tiplicity of the eigenvalue 1, T is not diagonal-
izable. That is, there is no basis B for R* such
that [T]s is a diagonal matrix.

The eigenvalue 3 has multiplicity 2, but its
eigenspace has dimension 1.

False, its standard matrix is diagonalizable, that
is, similar to a diagonal matrix.

False, the linear operator on R? that rotates a
vector by 90° is not diagonalizable.

True

False, B can be any basis for R™ consisting of
eigenvectors of T'.

False, the eigenvalues of 7" may occur in any
sequence as the diagonal entries of D.

True 35. True 36. True 37. True

False, in addition, the multiplicity of each eigen-
vaue must equal the dimension of the corre-
sponding eigenspace.

True

False, in addition, the sum of the multiplicities
of the eigenvalues must equal n.

False, it is an eigenvector corresponding to the
eigenvalue 1.

False, it is an eigenvector corresponding to the
eigenvalue —1.

True

False, a linear operator on R" may have no
eigenvalues.

True 46. True 47. True

False, this statement is true only when T is di-
agonalizable.

If c # 2 and ¢ # 7, then T has 3 distinct
eigenvalues and so is diagonalizable. Separately
checking the cases ¢ = 2 and ¢ = 7, we see that
T is diagonalizable if ¢ = 2 but not diagonaliz-
ableif c= 7.

50.
51.

52.
53.
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3,4
The standard matrix of T is
c 0 0
A=1|-1 -3 -1},
-8 1 -5
and so
c+4 0 0
A+43=1 -1 1 -1
-8 1 -1

Because the last two rows of A + 4I3 are lin-
early independent, the rank of A+413 is at least
2. Hence the dimension of the eigenspace of T
corresponding to eigenvalue —4 is 1. Since this
dimension does not equal the multiplicity of the
eigenvalue —4, T is not diagonalizable for any
scalar c.

all real numbers
The standard matrix of 7" is

c 0 0
A= 2 -3 2
-3 01

The characteristic polynomial of A is the same
as that of T, namely —(t — c¢)(t + 3)(t + 1). If
c# —3, and c # —1, then the first boxed state-
ment on page 318 shows that A (and hence T')
is diagonalizable.

If ¢ = —3, then —3 is an eigenvalue of A (and
T) with multiplicity 2. But the reduced row
echelon form of A + 313 is

1 0 0
0 1 0},
0 0 0

so that the eigenspace of A (and T') correspond-
ing to eigenvalue —3 has dimension 3 — 2 = 1.
Since the second condition in the test for a di-
agonalizable linear operator fails, T is not diag-
onalizable if ¢ = —3.

If ¢ = —1, then —1 is an eigenvalue of A (and
T) with multiplicity 2. But the reduced row
echelon form of A + I3 is

1 0 0
o1 -1y},
0 0 0

so that the eigenspace of A (and T") correspond-
ing to eigenvalue —1 has dimension 3 — 2 = 1.
Since the second condition in the test for a di-
agonalizable linear operator fails, T is also not
diagonalizable if ¢ = —1.
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54. —4

57. no scalars ¢

55. all scalars c 56.
58. all scalars ¢

59. The vector form of the general solution of the
equation z+y+2=0is

=L
(L)L)

is a basis for W, the eigenspace of Tw corre-
sponding to eigenvalue 1. As on page 329, the

vector
1
1
1

whose components are the coefficients of the
equation £ + y + z = 0, is normal to W, and so
is an eigenvector of Tw corresponding to eigen-
value —1. Thus

([ 10)

is a basis for R? consisting of eigenvectors of
Tw. Hence

6,7

I

ence

Let B be the matrix whose columns are the vec-
tors in B. Then the standard matrix of Tiw is

1 -2 -
A=B[TW]BB“1=% -2 1 -—2|.
-2 -2 1

Therefore

()~

1 Ty — 229 — 213
==|-2r1 + x2 — 223 .

—2x1 — 2x2 + z3
T 1 2.’1:1 - 2.’1,‘2 - 2.’1:3

60. Tw T2 = 5 —2x1 + 52 — 3
z3

T 1

61. Tw T2 = 3

z3

—2r; — X2 + 53

2x1 — 222 + 3
—2x1 — T2 + 223

T1 + 2z2 + 223

62.

63.

64.

=)

68.

69.

70.

5.
67.
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Tw

Tw

Tw

2c4+2y+2=0

(2)

(b)

(c)

(d)

Uw

Uw

Uw

-.’1,‘1- —X3
T2 = Z2
_.'123_ —T1
_.’131- 1 [ 88x1 — 16x2 + 10zx3
T2 = — | —16x; — 383 + 80z3

| T3 | | 10z + 80z2 + 40x3

En 1 [ 16z, + 1222 — 1523
1221 + 9z2 + 20x3
| —15z1 + 20z2

66. x+2y+2z=0

Let {vi,v2} be a basis for W and vs be
a nonzero vector orthogonal to W. Then
B = {vi1,v2,vs} is a basis for R3. Fur-
thermore, Uw (v1) = vi, Uw(v2) = va,
and Uw (v3) = 0. The result now follows.
Observe that Tw(vi) = vi, Tw(vz2) = va,
and Tw(vs) = —v3. The result now fol-
lows.

T2 ==

| T3]

Let I denote the identity operator on Ra3.
Then [I]g = I3, and hence

(Uwls = 5(Twls + [1]s) = £ ({Tw + I]s).

So Uw = (Tw + I). Therefore

T1

I3
x1 — 222 — 223 1
—2z1 + 22 — 223 | + |22
—2x1 — 2x2 + 3 x3

2x1 — T2 — I3
= —x1 + 222 —x3|.

-1 — T2 + 223

N

-.’L‘l 8331 - 21‘2 - 2.’123
Z2 —2r; + 112 — 23
3 | —2x; — x2 + 1lz3

5x1 — 2x2 + :173:|

-
T1
To —2x1 + 222 + 2z3

z1 + 2x2 + 5x3

8
[
\__/

T1
T2
_w3

SN—
Il
N =

1131 — I3
2x2

| —Z1 + T3



71.

72.

73.

74.

75.

76.

77.

78.

79.

80.

81.

(2] 1 89z — 8xz + bxs
Uw T2 = % —8x1 + 26z + 40z3

| 23 | 5z1 + 40z2 + 653

(1] 1 31z, + 1222 — 15z3
Uw T2 = — 121 + 34z2 + 20x3

ot

T3] 0 —152; + 20z2 + 25x3

'mq 1 5x1 — 42 — 213
Uw | |z2| | = = | —4z1 + bx2 — 273
| 73 | 9 —2x; — 2x2 + 83
En 51 — 212 — T3
Uw T2 == | —2z1 + 2z — 223
Lw3_ —z1 — 2x2 + bx3

We combine (a) and (b). Let B = {u,v,w}.
Observe that T'(u) = u, T(v) = v, and T(w) =
0. Hence u and v are eigenvectors of T' with cor-
responding eigenvalue 1, and w is an eigenvector
of T with corresponding eigenvalue 0. Conse-
quently, {u,v} is a basis for the eigenspace of
T corresponding to the eigenvalue 1, and {w}
is a basis for the eigenspace of T' correspond-
ing to the eigenvalue 0. It also follows that T
is diagonalizable because there is a basis for R3
consisting of eigenvectors of T'.

This is similar to Exercise 75, except that the
eigenvalue to which w corresponds is —1 instead
of 0.

Let [T]s be a diagonal matrix D, and let B =
{b1,ba,...,bs}. Since the jth column of [T]s
is [T'(b;)]8, we must have T'(b;) = d;;b;. Also,
b; # 0 because B is a basis, and hence each b;
must be an eigenvector of T'.

No, let T and U be the matrix transformations
induced by the matrices in Exercise 47 of Section
5.3.

Yes, if B is a basis for R" consisting of eigenvec-
tors of T, then B is also a basis for R™ consisting
of eigenvectors of cT" for any scalar c.

No, let T and U be the matrix transformations
induced by the matrices in Exercise 48 of Section
5.3.

Let T'(v;) = Asv; for i = 1,2,..., k. Suppose
a1T(vi) + a2T(vz) + -+ axT(ve) =0
for some scalars ai,az,...,ax. Then
aiA1vy +azA2ve + -+ + ap A v = 0.

By Theorem 5.3, v1,Vva,..., vy are linearly in-
dependent. So a;\; = 0 for all i. Because ev-
ery )\; is nonzero, every a; is zero. Hence the
set {T'(v1),T(v2),...,T(vg)} is linearly inde-
pendent.

82.

83.

84.

85.

86.
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Let B be a basis for R™ consisting of eigenvec-
tors of both T' and U. Then [T]s = C and
[U]s = D are both diagonal matrices. Hence

[TU)B = [T)8|U]s =CD = DC
= [Uls[T]s = [UT]s,

Thus TU =UT.

Let U be a diagonalizable linear operator on R™
having only nonnegative eigenvalues, and let B
be a basis for R™ consisting of eigenvectors of
U. If C is the standard matrix of U and B is the
matrix whose columns are the vectors in B, then
[Uls = B"'CB. Let A be the diagonal matrix
whose entries are the square roots of the entries
of the diagonal matrix [U]s. Then A = [U]s,
and so

C = B[U]gB™' = BA’B™' = (BAB™")%.

So if T' is the matrix transformation induced by
BAB™!, then T is a square root of U.

If T is diagonalizable, then so is its standard ma-
trix. Thus the test for a diagonalizable matrix
implies that B; UB2U- - -UBy is a set containing
n vectors. Since this set is linearly independent,
it must also be a generating set for R™ by The-
orem 4.5.

Conversely, if By UBz U -+ U By is a generat-
ing set for R™, then it must contain a basis for
R™ by Theorem 4.3. Since this basis consists of
eigenvectors of T', the operator T' is diagonaliz-
able.

91 -1 [-1] 1] [
-2 1 1| [1] (o
—4f, | 2|,1-3].,|3], |1
3 0 21 {o| |o
0 3 o] |2| lo

The eigenvalue —1 has multiplicity 2, but its
eigenspace has dimension 1.
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APPLICATIONS OF EIGENVALUES

False, the column sums of the transition matrix
of a Markov chain are all 1.

False, see the matrix A on page 334.
True
1

False, consider A = [(1) O] and p =

True 6. True 7. True

False, the general solution of ¢’ = ky is y = ce*®.
False, the change of variable y = Pz transforms
y' = Ay into z’ = Dz.

True

False, the solution is y = Pz.

True

No, the (1,2)-entry of A* is zero for every k.
Yes, A2 has no zero entries.

Since there are no zero entries in

A75 .35 .385
A= 1275 35 .265]|,
250 .30 .350

A is a regular transition matrix.

No, the (2, 1)-entry of A* is zero for every k.

No, the (1,2)-entry of A* is zero for every k.

Yes, A% has no zero entries.

Yes, A? has no zero entries.

No, the (1,2)-entry of A* is zero for every k.
.75 .

=[]

A steady-state vector is a probability vector that

is also an eigenvector corresponding to eigen-

value 1. We begin by finding the eigenvectors

corresponding to eigenvalue 1. Since the re-
duced row echelon form of A — I5 is

1 0 -5
0 1 -5,
00 0

a basis for the eigenspace corresponding to
eigenvalue 1 is

1

1

2

Thus the eigenvectors corresponding to eigen-
value 1 have the form

1 c

24.

27.

29.

We seek a vector of this form that is also a prob-
ability vector, that is, such that

ct+c+2c=1.
So ¢ = .25, and the steady-state vector is

.25
.25
.50

1

10 28 53 |20

12 20

2

0

1

3 5

1 4 1 8
29
The two states of this Markov chain are
buying a root beer float (F) and buying a
chocolate sundae (S). A transition matrix
for this Markov chain is

(a)

Last visit
F S

. F[25 5] _
Next visit S [.75 .5] = A.

Note that the (1,2)-entry and the (2,1)-
entry of A can be determined from the con-
dition that each column sum in A must be
1.

If Alison bought a sundae on her next-to-
last visit, we can take

o= 1]

Then the probabilities of each purchase on
her last visit are

Ap=[ﬂ,

and the probabilities of each purchase on
her next visit are

(b)

. _[.375
A'p = A(4p) = [.625] :

Thus the probability that she will buy a
float on her next visit is .375.

(c) Over the long run, the proportion of pur-
chases of each kind is given by the steady-
state vector for A. As in Exercise 9, we



30.

31.

32.

33.

34.

first find a basis for the eigenspace corre-
sponding to eigenvalue 1, which is

{al}

The vector in this eigenspace that is also
a probability vector is

2[5]=[d]:

Hence, over the long run, Alison buys a
sundae on 60% of her trips to the ice cream
store.

@ 5% ol

(©) 1

(a) [ﬁ

(d) .25 buy brand A, .20 buy brand B, and .55
buy brand C

4 2 2
(a) [.1 7 .2:|
b5 1 6

(b) After 1 year, 30% live in the city, 30% in
the suburbs, and 40% in the country.
After 2 years, 26% live in the city, 32% in
the suburbs, and 42% in the country.
After 3 years, 25.2% live in the city, 33.4%
in the suburbs, and 41.4% in the country.

(c) After 5 years, 25.008% live in the city,
34.586% in the suburbs, and 40.406% in
the country.

(d) After 8 years, about 25% live in the city,
about 35% in the suburbs, and about 40%
in the country.

For a fixed j, 1 < j < n, the probability of
moving from page j to page i, for 1 <i < n, is
a;j. Since it is certain that the surfer will move
from page j to some page, the sum of all these
probabilities must be 1. That is, the sum of the
entries of the jth column of A4 is 1.

(b) 47%, 53.8%, 56.52%

1
.1] (b) .6  (c).33
8

o=
o=

We must show that a;; is equal to the ij-entry
1—

of pM + - P

to consider.

Case 1: 35 #0
Here, the (i, j)-entry of pM + I—_ﬁ—BW is

W for all ¢, j. There are two cases

1-—

1 1-
pmig + —Lwi; = p—ei + —L = a;.
Sj n
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Case 2: sj =0
Here, the (3, j)-entry of pM + -1——;—1—)W is

1-p

= — = Q4.
n n I

1
pms; + "“—p'wij ==+

So the result is established in every case.

35. (a) This Markov chain has two states: wet
(W) and dry (D). A transition matrix is

Current day

W D
ur 80

Next day \g [17985 :;:] = A.
195 615

(b) The probability that the following day will
be dry if the current day is dry is the (2, 2)-
entry of A, which is 22 = 137,

(c) A dry day corresponds to the probability

vector
— 0
P= 1l-

If a Tuesday in November was dry, then
the probabilities of each type of weather
on the following Thursday are given by

A®p = A(Ap)
4,464
- A [%] _ [;5,625] - [.191]
= 107 | — |sLasi| T 1,809
123 75,645

So the probability that the following
Thursday will be dry is about .809.

(d) As in (c), the probabilities of each type
of weather on Saturday if the previous
Wednesday was wet are given by

3|1 .324
a*[o] = [ 7]
So the probability that Saturday will be
dry if the previous Wednesday was wet is
about .676.
(e) Over the long run, the probability of each
type of weather is given by the steady-state

vector, which can be computed as in Exer-
cise 9. Since the reduced row echelon form

OfA——IziS
1 —i%
o o |’
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36.

37.
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(a)

(d)

(a)
(d)

the steady state vector is
1 [40] _[245
163 |123] ~ |.755] "

Thus, over the long run, the probability of
a wet day is about .245.

6 .1 .1
[.2 8 .2} (b) .10 (c) .32
2 1 7

20% at Midway, 50% at O’Hare, and 30%
at the Loop

.05 (b) .1 (c) .3

In general, suppose we have a transition
matrix of the form

1-2a b c
M= a 1-2b c ,
1-2¢

a b

where 0 < a,b,c < 1. For example, in the
given matrix A, we have a = .05, b = .1,
and ¢ = .3. Suppose furthermore that p
is the steady state vector for M. Then
(M — I3)p = 0, and hence

—2a b c p1
a -2b ¢ P2
a b  —2¢| |ps3
-2 1 1 api
= 1 -2 1| |bp2
1 1 - cp3
0
= |0].
0

Since a basis for the null space of the
matrix

Al

it follows that ap1 = bpz = cps. So

C] C C]
p1=ﬁ, 1)2=ﬁ and p3=—13.
a b c
It follows that
1
a
p=k % )
1
<

where k = % + % + % So, for the given

38.

39.

40.

41.

“matrix A,
1
05 6
p=k —11- =1.3].
1 1
3

(e) For the vector p in (d), we have Ap = p.

0 5 .2
1 0 8
0 5 0

(a) The sum of the entries of each row of AT
is 1. Hence ATu = u.

(b) It follows from (a) that 1 is an eigenvalue
of AT,

(c) Since 1 is an eigenvalue of AT, we have
det (AT — I,,) = 0. Hence

det (A — I,) = det (A — In)"
=det (AT — I,) = 0.

(d) It follows from (c) that 1 is an eigenvalue

of A.

From Exercise 37, we see that the entries of the

4
given steady-state vector p = 12] are propor-
4

tional to %, %, and %, respectively, where a, b,
and c are as in Exercise 37. Since p; = ps, it

follows that a = ¢. Furthermore,

2=R
P2

Sl =
|

and hence b = 2a. It follows that a regular
stochastic matrix with steady-state vector P is
of the form

1-2a 2a a
a 1—4a a .
a 2a 1-2a

For example, the stochastic matrices for a = .1
and a = .15 are

8 .2 1 70 .3 .15
d1 6 1 and A5 4 15,
1 2 8 15 .3 .70

respectively.

Let A be an n X n stochastic matrix and p be
a probability vector in R™. Then each compo-
nent of Ap is nonnegative, and the sum of the
components is

(a11p1 + a12p2 + -+ + @inpn) + -+



42.

43.

44.

45.

46.

47.

+ (an1p1 + anzp2 + - - + GnnPn)
= (a1 4+ +an)pr+---

+ (@1n + - -+ + @nn)Pn
=p1+--+pn
=1.

(a) 1,a+b-1

o ([ [ perrmse

{el,ez} fa=b=1

(c) A is always diagonalizable.

(a) The absolute value of the ith component
of ATv is

|@1:v1 + a2:v2 + - - + GniUn|
< laillvi] + |azi|[v2] + -+ - + |ani|va]
< (lasi] + lazs| + -+ + |ani])|vk|
< gl

Let v be an eigenvector of AT correspond-
ing to eigenvalue A\. Then ATv =xv. It
follows from (a) that the absolute value of
the kth component of ATv is |Avk| < |vk].
Hence |A| - |vk| < |vkl.

(c) Since |vx| # 0, the preceding inequality

implies that |A| < 1.

If A and B are n x n stochastic matrices, then
each column of B is a probability vector, and so
each column of

AB = [Ab, Ab,

(b)

... Aby)

is a probability vector by Exercise 41.

y1 = —ae 3 4 2bett
y2 = 3ae~% 4+ bet

y1 = 2ae®t + bet
yz = ae® + be®

The given system of differential equations can
be written in the form y’' = Ay, where

2 4
A= [_ 2 _8] .
Now the characteristic polynomial of A is

2+ 6t+8=(t+4)(t+2);

so A has the eigenvalues —4 and —2. Bases for
the corresponding eigenspaces of A are

(G - A0

48.

49.

50.

51.

52.

53.
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Hence A = PDP™!, where
-2 -1 —4 0
p[2 7] wa o[

0
The solution of z' = Dz is

—4t
Zz, = ae

-2
Z = be t.

The algorithm on page 341 gives the solution of
the original system to be

wnl -2 -1 ae™ 4
)=y =pe= 5 71 s

_ [~2ae™% - be™ %
| 3ae +be |

Yy = 2ae*t + 3be™
y2 = 3ae** + 5bet

2t

Y1 = —ce

y2 = —ae"t 4+ be*

Yz = ae”t 4+ ce*

y1 = —aet — 2be?* — ce®
v2= ae' + be? + ce
ys = 2aet + 4be? + 4ce®
y1= ae”*+ be!

2 = —ae~? — ce®

ys = 2ae”% 4 2be™t + ce®
y1 = ae?* + be?t + 2ce™?
v = ae? 4 2ce~3t
ys = be?t + ce3t

The given system of differential equations can
be written in the form y’ = Ay, where

1 1
A= [ ! 1] .
Since the characteristic polynomial of A is

t2—2t—3=(t+1)(t—3),

A has eigenvalues of —1 and 3. Bases for the
corresponding eigenspaces of A are

) = (B

-1 1 -1 0
P—-[2 2] and D-—[O 3].
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54.

55.

56.

57.

58.

59.

60.

61.
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The solution of z' = Dz is

2, =ae "
22 = beat.

Thus the general solution of the original system

is
wl _ . 5 _[-1 1] [ae™?
] =y == o] o]
—ae”t + be®

2ae~t 4 2be3t

Taking t = 0, we obtain
15=y1(0)=—-a+b
and

—10 = y2(0) = 2a + 2b.

Solving this system, we obtain a = —10 and
= 5. Thus the solution of the original system
of differential equations and initial conditions is

y1= 10e™t + 5
y2 = —20e~* + 10e.

y1 = 4% + 3t
ya = 2€3 4 3ett

1 _3e4t + 5€6t
Y2 = 664!5 _ 566t

y1 = —de”t + 5e3t

y2 = 27t — 5e3t

y1 = 4e”t + Bet — 9e?
Y2 = 5et — 3e%
ys =4de”? — 3e?
y1 = —3e’ 4 2e3¢

y2= 3et — 23

ys = 2¢°

y1= 6e”t— 4et —6e 2
y2= 6e t— 8 —3e 2
ys = —6e” " + 12e* — 3%

y1= —et+ bet
y2 = —3e! + 8™t
y3= e+ 7e?

Setting y1 = y and y2 = y; = y”/, we obtain the
system

Y
Y2

Y2
3y1 + 2y2 )

which in matrix form can be written y' = Ay,

where
0 1
Ly
Observe that A = PDP™!, for
1 1 3 0
P= [3 _1] and D= [O _1] s

and the general solution of z’ = Dz is 21 = ae®,
22 = be™*. It follows that

yi| _ _ 1 1| |z
AR i
_ [ae® +bet
~ |3ae® —be7t|’
and hence y = y; = ae® + be .
Let y1 =y, y2 = ¥/, and y3 = y”. The given
differential equation is equivalent to the system
Y=y
Y2 = Y3
Y3 =8y2 + 2ys .
Its general solution is y = a + be™ % + ce*.

Let y1 =y, y2 = ¥/, and y3 = y”. The given
equation can be written
yll/ — _2y + yl + 2yll
or

Ys = —2y1 + Y2 + 2u3.
So the given equation is equivalent to the system
y:l = Y2
Y2 = Y3
Y3 = —2y1 + y2 + 2ys.

Write this system in the matrix form y’ = Ay,
where

01 0
A= 0 0 1
-2 1 2

The characteristic polynomial of A is
det (A —tl3) = —t> + 26> + ¢t — 2
=—(t+1)(t-1)(t-2),
and so the eigenvalues of A are —1, 1, and 2.

Bases for the eigenspaces of A corresponding to
the eigenvalues —1, 1, and 2 are

1 1 1
-1] 3, 1] p, and 2| 7,
1 1 4



64.
65.

respectively. Hence A = PDP~', where
111 -1 0 O

P=|-1 1 2 and D=| 0 1 0].
11 4 0 0 2

The solution of z’ = Dz is
t

z1 = ae”
22 = bet
z3 = ceZt .

Thus the general solution of the original system

is
n 1 1 1] [ae™?
yp|=y=Pz=|-1 1 2 bet
Y3 1 1 4| [ce®

ae”t + bet + ce*t
= | —ae”t + bet + 2ce?
ae”t + bet + 4ce®

Taking ¢t = 0, we have

2= y(0)=un(0)= a+b+ c
-3=19'(0)=9y200)=—-a+b+ 2
5=¢"(0)=y3(0)= a+b+ 4z

Solving this system yields a = 3, b = -2, and
¢ = 1. Hence the particular solution of the orig-
inal system of differential equations and initial
conditions is

3e”t — 2t + €2

Y=
ys = —3e”t — 2! + 2
ys = 3et — 2e’ + 4e?.

Therefore the particular solution of the given
third-order differential equation and initial con-
ditions is

y(t) = y1(t) = 37" — 2" + e’
y = ce 2 cos 2v/2t + de"?*sin2/2t
Take w = 10 lbs, b = 0.625, and £k = 1.25
Ibs/foot in the equation
JY O+ O +ky(®) = 0.
Then the equation simplifies to the form
y' +2 +4y=0.

We transform this differential equation into a
system of differential equations by letting y1 = y
and y2 = y'. These substitutions produce

Y

1= Y2
Yz =

—4y1 — 2y2,

66.

67.

68.

69.
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which can be written as y’ = Ay, where

0 1
A= [_ ‘ _2] .
The characteristic polynomial of this matrix is
t? + 2t + 4, which has the roots —1 + V314 and
—1 — v/34. The general solution of the original

differential equation can be written using Eu-
ler’s formula as

y= ae"1mVEDE | pe(-1+V3it

= ae"t(cos V3t + isinV31)
+ be *(cos V3t — isin V3t)

or, equivalently, as

y=ce " cos V3t +de *sinV3t.

Since y = Pz, we have y; = pi121 +pi2z2 +PDi3z3
for i = 1,2,3. Hence y, = pi12] + pizzs + Pisza
fori=1,2,3. Soy' = Pz’.

(a) yi = 100e™2*4-800€", y» = 100e~%*+200e*
(b) 2188 and 557 at time 1, 5913 and 1480 at

time 2, and 16069 and 4017 at time 3
(¢) .25, no

The characteristic polynomial is

-t 1 0
det | 0 —t 1
—c —-b —a-t

0 1 0
=det | —t2 —t 1
—c—bt —-b —a-—t

—t? 1
= (1) - det [—c —bt —a-— t]
=—[-t*(~a—t) — (—c—bt)]
= —(t3 + at® + bt +¢).
The differential equation y"’ +ay” +by +cy =0
can be written as y’ = Ay, where

0 1 0
A= 0 0 1].
—c -b -a

By Exercise 68, the characteristic polynomial of
Ais —t3 —at? —bt —c; 50 A} = —ad? —bhi— ¢
for i =1,2,3. Now

1 i
Alx| = A2
bY: —c— b —a)?
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70.
71.
72.
73.
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A 1 T4, rp=—1+2"" pe=127
— 2 . )
= M| = A 75. o =3(=3)" +5(2"), re = 2507
3 2
Al A 76. 1n=9(—1)" — 6(—4)", re = —24567
Thus - T7. T =6(-1)"3(2"), 76 =198
N 78. Th=24(-1)"forn>0, r6 =3
Vi = i
22 79. (@) ro=1,r1=2,r2=7,713 =20
LA (b) Tn =2rn_1+3rn_2
is an eigenvector of A with \; as its correspond- (€) rn= ( é) 3" 4 (_1_) (-1)"
ing eigenvalue. So {v;,v3,vs} is a basis for R? : ‘
L . v 80. $1000(1.08)™ after n years, $1469.33 after 5
consisting of eigenvectors of A. Thus the solu-
. . . years, $2158.92 after 10 years, $3172.17 after 15
tion of the given equation is given by the boxed cars
result of y' = Ay on page 341 with years.
81. Since the given difference equation is of the third
A 00 order, s, is a vector in R® and A is a 3 x 3
P=[vivavs] and D=[0 X2 0]. matrix. Taking
0 0 s
Tn 0 1 0
n=5-2" forn >0, rs = 320 Sp = |Tnt1 and A= |0 0 1},
rn =8(—3)", 76 = 5832 Tn42 5 -2 4
32" +4(-1)", re =196 we see that the matrix form of the given equa-
The given difference equation can be written as tion is sp = Asn—1.
Sp = ASp_1, where 82. The last component of s, = As,,_; yields
8, = [ Tn ] and A= [2 ;] ) Tntk—1 = GkTn—-1 + Gk—1Tn + -+ + A1Tn4k-2
Tl = Q1Tntk—2 + Q2Tntk—3 + ** + QkTn-1.
Taking Replacing n by n — k + 1 for each n, we obtain
P= 11 and D= -1 0 -
-1 4 1 0 4}’ 83. (a) As a consequence of Theorem 5.3,
» ; {v1i,Vva...., vk} is a linearly independent
we have A = PDP™". Hence A" = PD"P™, subset of R™, and hence it is a basis by
and so Theorem 4.5.
_oan. o1 (b) Apply A™ to both sides of the equation in
sn = A"so = PD"P"s0 (a) to obtain
[ v 19~ o][8 —-2]]1 Sn = ATt1v1 4+ Agtave + « -+ + AR te Vi.
Tt 4| 0o a2 21
84. If ) is a solution of equation (6), then

- S5

6(=1)" + .4(4"™)
| B(=1)" + 44|

Equating the first components of s, and the pre-
ceding vector, we have

rn = .6(—1)" + .4(4™) for n > 0.
Hence

16 = .6(—1)° + .4(4°) = 1639.

A A
A2 22
AW)\ = . =
ak+ak_1)\+---+a1)\'°_1 Ak
= /\W,\.

Conversely, if w) is an eigenvector of A, then
the first component of Aw) shows that ) is the
eigenvalue that corresponds to wy. The last
components of the vector equation Aw) = Aw),
show that ) is a solution of equation (6). Hence
A is a solution of equation (6) if and only if w)
is an eigenvector of A.



85. We have

=i ] = Lev'en] = 1] =2
wsi=[o ) ) = Ledton)

and, in general,

I TR SR )

= Sp.
Hence
Sp = Asn_; = Av(Asn_z) = A’s;_p
= Az(Asn_.;;) = A%, 3=-.-= A"sq.

(For those familiar with mathematical induc-
tion, this proof can be given using induction.)

86. (a) First, observe that for any real numbers c
and c2, we have

1 o]t o] _[ 1 ©
ci 1|]ez 1 T et 1)
and hence, in general,
w L O]t 0] [1 O
A —[c 1] [c 1] [c 1]
3 1 o] _[1 0
“lete+o+e 1T fne 1f°

(b) By Exercise 85 and (a), we have

[1] =s, =A"so

T L

Hence r, = 1o + nc.

The characteristic polynomial of A is
det(A —tlz) = (1 —t)(a—t).
(b) The vectors

vy = [1 ;a] and vg = [(1)}

are eigenvectors of A corresponding to
eigenvalues 1 and a, respectively. Thus
{v1,v2} is a basis for R? consisting of
eigenvectors of A. So sp = bivy + b2va
for some scalars biand bs.

87. (a)
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(c) Solving the equation so = b1v1 + b2v2 for
by and b, gives

and bz =710+ c .
a— a—1

b =
For these values, we have
[’rl } =8, =A"so = b1 (A"vl) + bz(AnV2)

=b1V1+b2(I,nV2

(1 l1-a

“\a-1 c
c n |0
#(mra5s) i

[ 1
- _bza" + ¢cby

88. $38,333.33(1.06)" — $33,333.33

89. The given system of differential equations has
the form y' = Ay, where

U
Y2
Y3
Ya

and

3.2 4.1 7.7 3.7
-0.3 1.2 0.2 0.5
-18 -18 —-44 -18

1.7 -0.7 2.9 0.4

A=

The characteristic polynomial of A is
t* — 0.4£® — 0.79t 4 .166t + 0.24
= (t+0.8)(t+0.1)(t — 0.3)(t — 1).

Since A has four distinct eigenvalues, it is diag-
onalizable; in fact, A = PDP~!, where

1 -1 -1 2
0o -1 -2 -1

P= -1 0 0 -1
1 2 3 2
and
-0.8 00 00 O
D= 00 -01 00 O
0.0 00 03 O
0.0 00 00 1
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90.

91.
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21 ae~ 08¢
—0.1t
. . |z be
The solution of z' = Dz is |?| = 0.3t
23 ce
24 det

Hence the general solution of the original equa-
tion is

Y1

Y2

Y3

Ya

ae—O.St _ be—o.lt _ ceO.3t + 2det
_be—O.lt _ 2ceO.3t _ det

—ae” 08t — de
ae—o‘st + 2be—0.1t + 3060.3t + 2det

When t = 0, the preceding equation takes the
form

1 a
-4 b

2 =P cl’

3 d

and soa = -6, b =2, ¢c = -1, and d = 4.
Thus the particular solution of the original sys-
tem that satisfies the given initial condition is

= _66—0A8t _ 26—0.1t + 60.3t + Set
Y2 = _26—-0.1t + 260‘3)5 _ 4€t
ys = 66—0.8t _ 4et
Ya = _Ge—O.Bt + 4e—O.lt _ 360.3t + Set.

(a) about 5.75%, 11.85%, 12.35%, 7.25%,
6.77%, 19.40%, 12.82%, 11.22%, 0.45%,
and 12.14%

(b) about 5.02%, 8.39%, 11.86%, 8.16%,
15.07%, 18.99%, 11.42%, 11.54%, 0.42%,
9.14%

(a) First obtain the 10 x 10 matrix C, where
cij = 1 if there is a link from page j to page
i, and ¢;; = 0, otherwise. Then use C to
obtain the matrix M, as defined in the sub-
section on Google searches. Finally, obtain
A = (.85)M + (.015)W, where W is the
10 x 10 matrix whose entries are all equal
to 1. The result is

b b d 1 b b ¢c b b .1
c b b.1 a b b b b .1
b b b1 b b b b b 1
b ad .1 b b b a b .1
b bd .1l b ac b a .1
c b b.1 b b c b b .1
b a b .1 b b b b b 1
c bd .1 b b b a b .1
c b b.1 b ac b b .1
b b d 1 a b b b a .1]

10.

11.
13.

14.

18.

19.

20.

where a = .4400, b = .0150, ¢ = .2275,
and d = .1850.
To obtain the steady state vector for this
Markov chain, choose a vector correspond-
ing to the eigenvalue 1. Then multiply this
vector by the reciprocal of the sum the en-
tries to obtain the the probability vector

(b)

0.0643]
0.1114
0.0392
0.1372
0.1377
0.0712|°
0.0865
0.1035
0.1015
0.1475 ]

which results in the ranking: 10, 5, 4, 2, 8,
9,6,1, 3.
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True

False, there are infinitely many eigenvectors that
correspond to a particular eigenvalue.

True 4. True 5. True 6. True

False, the linear operator on R? that rotates a
vector by 90° has no real eigenvalues.

False, the rotation matrix Agge has no (real)
eigenvalues.

False, I, has only one eigenvalue, namely 1.

False, if two n X n matrices have the same char-
acteristic polynomial, they have the same eigen-
values.

True 12. True

False, if A = PDP~!, where P is an invertible
matrix and D is a diagonal matrix, then the
columns of P are a basis for R™ consisting of
eigenvectors of A.

True 15. True 16. True 17. True

The characteristic polynomial is ¢+t +4, which
has no (real) roots.

LA == {1}
at)



21.

22.

23.

24.

25.

26.

27.

28.

The characteristic polynomial of the given ma-
trix A is

- 5t> —8t—4=—(t+ 1)(t +2)°.

So the eigenvalues of A are —1 and —2 (with
multiplicity 2). A basis for the eigenspace of
A corresponding to eigenvalue —1 is obtained
from the vector form of the general solution of
(A + Is)x = 0. Such a basis is

()

In a similar manner, a basis for the eigenspace
of A corresponding to eigenvalue —2 is obtained
from the vector form of the general solution of
(A + 2I3)x = 0. Such a basis is

([}
AL}

p=[i 3l o=f5 3

No such matrices exist because eigenvalue —2
has multiplicity 2, but its eigenspace has dimen-
sion 1.

The characteristic polynomial of the given ma-
trix Ais —t3 =2 +t4+1=—(t—1)(t+ 1)
and so the eigenvalues of A are 1 and —1 (with
multiplicity 2). Since the reduced row echelon
form of A+ I3 is

the eigenspace of A corresponding to eigenvalue
—1 has dimension 3—rank(A+3I3) =3-2=1.
Since this eigenvalue has multiplicity 2, A is not
diagonalizable.

SR RRE
{045

The characteristic polynomial of T is 2+ 7,
which has no (real) roots.

29.

30.

33.

34.
35.
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The standard matrix of T is

2 0 0
A=1 0 2 0}.
-3 3 -1

The characteristic polynomial of A is
2432 —4=—(t+1)(t-2)%

and so A has eigenvalues of —1 and 2 (with
multiplicity 2). Bases for the corresponding
eigenspaces of A (and T) are

(]} = 1[4}

Combining these two sets produces a basis for
R2 consisting of eigenvectors of T'.

B = =

The eigenvalues of the given matrix are c, 2,
and —2. Since an n X n matrix having n distinct
eigenvalues is diagonalizable, A is diagonalizable
if ¢ # 2 and ¢ # —2. For ¢ = 2, the reduced row
echelon form of A — 213 is

010
0 0 1].
0 0 0

So the eigenspace corresponding to eigenvalue 2
has dimension 1. Hence A is not diagonalizable
if ¢ = 2. Likewise, for ¢ = —2, the reduced row
echelon form of A + 213 is

010
o 0 1},
0 0 O

and so A is not diagonalizable for ¢ = —2.
no real numbers

The characteristic polynomial of A is
det (A—th) =t —t—2=(t+1)(t - 2).

So the eigenvalues of A are —1 and 2. Bases
for the eigenspaces of A corresponding to the
eigenvalues —1 and 2 are

(i) = {5

respectively. Hence A = PDP™!, where

1 2 -1 0
P—[l 1] and D—[ 0 2].
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So, for any positive integer k,

Ak — ]_DDkP_l

[ A0

_[ 2] [—(—1): 2(—1):]
11 2 -2

'(_1)k+1 + 2k’+1 2(__1)10 _ 2k+1
] (_1)k+1 + 2k 2(_1)k _ 2k

6 [3k+1 + 2(_1)k+1 2. 3k + 2(_1)k+1]

3(—1)k — 3kt 3(—1)k — 2(3%)

37. A basis B such that [T]g is a diagonal matrix
is a basis for R?® consisting of eigenvectors of T’
so we proceed as in Exercise 13. The standard
matrix of T is

-4 -3 -3
A=] 0 -1 0l,
6 6 5

and its characteristic polynomial is
~ 2 43t+2=—(t—2)(t+1)%

Thus the eigenvalues of T' are 2 and —1 (with
multiplicity 2). Solving (A — 2I3)x = 0, we ob-
tain the following basis for the eigenspace of T
corresponding to eigenvalue 2:

(gl

Solving (A + Is)x = 0, we obtain the following
basis for the eigenspace of T' corresponding to
eigenvalue —1:

L)

Combining these two sets produces a basis for
R? consisting of eigenvectors of T, and hence
[T']s is a diagonal matrix. In fact,

2 0 0
[T]B=[O -1 0}.

39. If a = b, then the eigenvalue a has multiplicity 3,
but its eigenspace has dimension 2. If a # b,
then the eigenvalue a has multiplicity 2, but its
eigenspace has dimension 1. In either case, A is
not diagonalizable.

40. It follows from the test for a diagonalizable ma-
trix that A is diagonalizable if and only if the
eigenspace corresponding to A2 has dimension
n—1.

41. If I, — A is invertible, then det (I, — A) # 0.
Hence

det (A —I,) = (—1)"det (I, — A) # 0,

and so 1 is not a root of det(A—tI,). Conversely,
if I, — A is not invertible, then

det (A —1I,) = (—1)"det (I, — A) = 0.
So 1 is a root of det (A — tI,,).
42. Suppose that A and B are simultaneously diag-
onalizable. Then there is an invertible matrix
P such that P"'!AP = C and P"'BP = D are
diagonal matrices. Hence
AB = (PCP Y)Y (PDP™') = P(CD)P!
= P(DC)P~' = (PDP')(PCP™') = BA.
43. If B is the matrix whose columns are the vectors
in B, then [T|g = B~ AB. So the characteristic
polynomial of [Tz is
det (B™'AB —tI,)
= det (B™'(A - tI,)B)
= (det B) "' (det (A — tI,))(det B)
= det (A — tI,).
44. Let V be the eigenspace of T' corresponding to
eigenvalue A. Then T'(v) = v for every v in V.

But Av is in V because V is closed under scalar
multiplication. Hence V is T-invariant.

CHAPTER 5 MATLAB EXERCISES

1.0 08 075 1 1.0
-05 —04 —050 1 -1.0
1. (a P=| 00 —02 -025 0 —-05],
05 04 050 0 00
1.0 1.0 100 1 10

)

Il
coocow
coo~o
cocoocoo
oO~00Oo

0
0
0
0
2



4.

(b) Eigenvalue i has multiplicity 2, but
rank (A — 314) = 3.

[-1.25 —1.00 —0.50 —1.00
© P= —-0.25 -0.50 0.50 0.00
| 075 0.50 1.00 0.00|’
| 1.00 1.00 0.00 1.00
-1 0 0 O
0 2 00
D= 0 010
0 0 0 1

(d) Eigenvalue 0 has multiplicity 2, but
rank (A — 0I5) = 4.

Let J be the matrix obtained from I,, by inter-
changing columns i and j. Then AJ = B and
JA = C. Hence A = BJ™! = J7'C. Thus
C = JBJ™ !, and therefore B and C are similar
matrices. It follows that B and C have the same
eigenvalues. Suppose that v is an eigenvector of
B with corresponding eigenvalue A\. Then

C(Jv) = JBJ ' Jv = JBv = JAv = A(JV).

Hence Jv is an eigenvector of C with corre-
sponding eigenvalue A. Similarly, if w is an
eigenvector of C' with corresponding eigenvalue
A, then J~'w is an eigenvector of B with corre-
sponding eigenvalue .

-9 20 -5 -8
-5 11 -2 -4
0 0 2 0
-10 16 -4 -5
—-27 60 —-15 -—-24

DN O =N

(a) The transition matrix is

b ¢ b b d b d .1 b d
d bbb bbb .1l ab
b b b b bbd .1l b a
b b b b d ¢c b .1 b b
d b b a bbd .1l a b
b b ba bbd .1 b b
d ba bdc b .1 b b
b c b b bc b 1 b b
b c b bdbb .1 b b
ld b a b b b b .1 b b

where a = .4400, b = .0150, ¢ = .2983, and
d = .2275.

(b)

(a)

(b)

(a)

(b)
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[0.1442]]
0.0835
0.0895
0.0756
. 0.1463
The steady-state vector is 0.0835|°
0.1442
0.0681
0.0756
[0.0895
which results in the rankings: 5, 1, 7, 3,
10,2,6,4,9,8

A basis does not exist because the sum of
the multiplicities of the eigenvalues of the
standard matrix of T is not 4.

-1 o] [ 1 15] [ 5
—1| |1 10 8| |10
of,|-1],| -3|.| -4|.| ©
1 o| [-13| |-15] |-7
0 1 3 1| |1

Let
V=[vi vz va V4]
1 -1 2 3]

0 12
13 o0 -2 1
2 -3 1 1

By computing the reduced row echelon
form of V, we see that V has rank 4. Thus
the columns of V form a basis for R*.
Let A be the standard matrix of T and

W= [2V1 3ve2 —v3 vz — V4]
2 -3 -2 -1
2 0 -1 -1
6 0 2 -3
4 -9 -1 0
Then AV = [Avy Avy Avs Awvy] = W,
and hence
A=wv!
1.5 -35 1.0 0.5
-3.0 36 -0.2 1.0

-16.5 223 -3.6 55
45 -83 1.6 1.5

T1
T2
T3
T4
1.521 — 3.5z2 + 1.0z3 + 0.5x4
—3.0z1 + 3.6z2 — 0.223 + 1.0z4
—16.5x1 + 22.3z2 — 3.6x3 + 5.574
4.5z1 — 8.3z2 + 1.6x3 + 1.5x4

Therefore T'

I
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(c) The linear operator T is not diagonalizable
because the eigenspace of T' corresponding
to the eigenvalue A = 1 has dimension 2
but the multiplicity of X is 1.

7. (a) T =

11.521 — 13.7z2 + 3.423 — 4.5x4
5.521 — 5.922 + 1.823 — 2.514
—6.0z1 + 10.822 — 1.6x3
5.0z; — 5.6x3 + 1.223 — 3.0z4

(b) The vectors listed below, obtained using
the MATLAB eig function, form a basis
of eigenvectors of T'. (Answers are correct
to 4 places after the decimal point.)

0.7746 0.0922
0.5164 0.3147
0.2582| | 0.9440|°
0.2582| |-0.0382
0.6325 0.3122
0.3162 0.1829

—0.6325|* 24 {05486
0.3162 0.7537

8. Answers are correct to 4 places after the decimal
point.

(a) Clearly A is a transition matrix since its
entries are nonnegative and each of its
columns sums to 1. To show that A is
regular, it suffices to show that all of the
entries of AZ are positive. This can be done
by computing A? directly or by noting that
the sum of products of the corresponding
entries in any row and column of A is pos-
itive because at least one such product is

positive.
.2344 5.3 5.8611 5.8610
.1934 5.2 4.8351 4.8351
(b) [.1732 (c) |5.1],14.3299] , |4.3299
.2325 6.1 5.8114 5.8114
.1665 3.3 4.1626 4.1625

(d) AYp =~ 25v

9. rn=(0.2)3" — 2" — (0.2)(-2)" + 4 + 2(-1)"
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Orthogonality

THE GEOMETRY OF VECTORS
ul| = V34, ||v]| = V20, and d = v/58
llul| = V5, |Iv]l = V58, and d = V29
lull = v2, ||vll = V5, and d = Vb
llull = V11, ||lv|l = V21, and d = V6
flul| = 12+ (-1)2 + 32 = V11,
W= VEFTF O = V5,
and
d=|lu-v|
=V -22+(-1-1)2+(3-0)
= m
lull = V7, ||v]| = V17, and d = 2
"u" = \/77 ”V” = \/ﬁ, alld d = \/%
lull = V6, ||v|l = V15, and d = V21
0, yes 10. 17, no
u.v = (1)(2) + (-1)(1) = 1, and hence u and

v are not orthogonal because u«v # 0.
13, no 13. 0, yes 14. 2, no
-2, no 16. 0, yes
l[ull> = 20, ||v||* = 45, [lu+ v||* = 65
[ull> = 10, ||v]* = 10, [lu+v||* = 20
[ull> = 13, |v]* = 0, [lu+ v||* = 13
l[ull? = 40, [[v[* = 90, |lu + v]|* = 130
lull® = 14, [|v|* = 3, [lu+ v||* =17
[ull> =6, [v]* =5, [lu+v]* =11
We have

lul> = 1% + 22 + 3% = 14,

Ivll? = (~11)* + 4> +1* = 138, and

lu+v)?=@1-11)2+(2+4)°>+ (3 +1)?
= 152.

So flul? + [[v]]? = 14+ 138 = [ju+ V%

24.
25.
26.
27.
28.
29.
30.
31.

33.
34.
35.
36.
37.
38.
39.

40.

41.

135

lul|® = 21, |v|* = 17, lu+ v||* = 38
[ull = VI3, [Iv] = V44, |lu+ vl = VI3
[ull = V5, vl = V13, [lu+ v = v26
lull = V20, |[v]| = V0, [lu+ v|| = v50
l[ull = V25, |Iv]l = VIO, u+v|l = V37
llull = V21, |Ivl| = V11, [lu+ v|| = V34
lull = V14, vl = V6, u+v|| = V22
We have

lull = V22 + (=1)% + 32 = V14,
vl = V42 + 02 + 12 = V17, and
lu+vl|=+(2+4)2+(-1+0)2+(3+1)2
= /53.

So
llu+v| = V53 < V14 + V1T = |ju]| + ||v]|.

llull = V4, |Iv]l = V56, lu+v| = V14
ull = V13, |v| = V34, uev = -1

llull = V29, ||v]| = 5, uev =26

flul| = V17, ||lv]| = 2, uev = -2

flul =5, Ivll=v5,uev=5

llull = V4L, ||v]| = V18, uev =0

lull = V2, |Ivl| = V14, uev =4

We have

lull = V42 +22 + 12 = V2L,
Ivll = V22 + (=1)2 + (1) = V6, and
u.v = (4)(2) + 2(-1) + (1)(-1) = -5.

So |u-v| =5 < V21v/6 = ||ul[|v].
lull = V14, [[v]l = VIT, uev = -2

w = [g] andd=0
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42,

43.

44.

45.

46.

47.

48.

49.
50.
51.
52.
53.

54.

55.
59.
61.
62.
63.

64.

Chapter 6 Orthogonality

Let u = [;] , a nonzero vector that lies along

the line y = 2z. Then w = cu, where

u-v__8_
u.u 5

b

and hence w = [;g] . Therefore

cete-i- [ -

Use the same method as in Exercise 42 to obtain

1[-1 V2
Use the same method as in Exercise 42 to obtain
w = [—;] and d = v/20.
Use the same method as in Exercise 42 to obtain

w = [(2)'17] and d = 1.1/10.

W= — [0'5] and d = v12.5

0.5
-1.3
w = [ 39] and d = v12.1

—-0.823
w = [ 3‘294] and d = 1/49.471

(u+v)ew=uew+vew=1-4=-3
[4w|| = 4llw|| = 4-5=20
lutv|? = flul®+2u0.v+|v|* =4-2+9 =11

(u+w)ev=usvtwev=-1-4=-5

v —4w|* = |v]|* — 8vew + 16]|w]?
=9+ 32+ 400 = 441

2u +3v* = 4)lu|® + 12u- v + 9||v||?
=16-12+81=85

21 56. 3v14 57. 7 58. —25
49 60. /246
True

False, the dot product of two vectors is a scalar.

False, the norm of a vector equals the square
root of the dot product of the vector with itself.

False, the norm is the product of the absolute
value of the multiple and the norm of the vector.

65. False, for example, if v is a nonzero vector, then
v+ (=)l =0# vl + || - v

66. True 67. True

70. False, consider nonzero orthogonal vectors.

68. True 69. True

71. False, we need to replace = by <.

72. True 73. True 74. True 75. True
76. False, Ausv =u.ATv.

77. True

78. False, we need to replace = by <.

79. True 80. True

81.

ueu = ug(ur) + uz(uz) + -+ + un(un)
2
= (Vv T = e

82. Suppose that u is in R™ and usu = 0. Then
uf +ui+ .- +u2 =0. Since uZ > 0 for all i,
it follows that uZ = 0 for all i. Thus u; = 0 for
each 7, and hence u = 0.

Conversely, suppose that u = 0. Then usu =
0°+0%+..-4+0%=0.

83. Suppose that u and v are in R™. Then
UeV =uUiv1 + U202 + *++ + UpUp

= v1U1 + v2uU2 + -+ + Unln

=ve.u
84. Suppose that u, v, and w are in R". Then

(v4+w)eu=(vi +wius + -+ (Vn + wn)un

= (viur + waur) + - -
+ (VnUn + wnup)

= (viu1 + vouz + - + vnUn)
+ (wiu1 + wauz + - + Wnin)

=Vveu-+weu.
85. Suppose that u and v are in R™. Then

(cu)«v = (cu1)v1 + (cuz2)va + + -+ + (Cn)vn
= c(u1v1 + u2vz + - -+ + Unvp)
=c(u-v).

The proof that (cu)+v = u+(cv) is similar.



86.

87.

88.

89.

Let av + bw be a linear combination of v and
w, where a and b are scalars. Then
ue«(av +bw) = a(u+v) + b(u.w)
= a(0) + b(0) = 0.

So u is orthogonal to av + bw.

Since v is in a basis for W and z is a nonzero
linear combination of basis vectors for W, both

v and z are nonzero vectors. Also, by Theo-
rem 6.1,
Vew
VezZ=vVe |W— v
VeV

Vew

=v;w— (W) (vev)
=vew—vew =0.

So v and z are orthogonal.

By Exercise 96, {v,z} is linearly independent.
Since this set lies in the 2-dimensional subspace
W, the set is a basis for W.

Let u and v be vectors in R™. Then |u.v| =
flu|| - [[v]l if and only if {u, v} is linearly depen-
dent.

Proof Suppose that {u,v} is linearly depen-
dent. If u = 0, then the equality |u.v| =
llu]l - ||v]| is immediate. Otherwise, if u # 0,
then v = cu for some scalar c. Hence

laev] = us(cu)| = || - [ueu| = |e| - [|u]l®

= [lull (lelllull) = flal| - flcul

= [lull - lv]-
Conversely, suppose that Jusv| = |lu] - ||v||. If
v = 0, then {u,v} is linearly dependent. If
uev > 0, then uev = [[ufl - v]|. Let c = 21

Then
lu—evl]? = [lul® = 2cusv + |lv||?

= [lull® = 2¢]pull - v + llvII*

~ (i Il )

= (Ihall = [lul)®
= 0,

and hence u — cv = 0. Therefore u = cv, and

{u, v} is linearly dependent. If u.v < 0, repeat
the computation above with ¢ = -—H.

Let u and v be vectors in R™. Then

u+ vl = llall + vl

90.

91.

92.
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if and only if u is a nonnegative multiple of v or
v is a nonnegative multiple of u.

Proof Suppose that ||u+ v| = ||u| + ||v||. If
u = 0 or v = 0, the result is immediate; so
assume that the vectors are nonzero. Then

l[ul® +2uev + fIv]*
= lu+v|?
= (lall + lIvI)*
= [ul|? + 2fjul - [Iv]l + v,
and therefore usv = |Ju| - ||v||. Thus u.v is
nonnegative. By Exercise 88, it follows that u

or v is a multiple of the other. Suppose u = kv
for some scalar k. Then

0<uev=kvev=k(vev) =k|v|]*

So k > 0. A similar argument may be used if
v=ku -~ —
Conversely, suppose one of the vectors is a non-
negative multiple of the other. Since both of
these vectors are nonzero, we may assume that

v = cu, where c is a nonnegative scalar. Then

lu+ vl = [lu+ cull = [|(1 +)ull

= (L+ )lfull,
and
llall + vl = [full + leull = [[ull + ¢[lul
= (L+)|ull-
Therefore [Ju+ v| = ||ull + ||v].

By the triangle inequality,
vl = I(v = w) + wll < [lv —wll + [wl,

and hence ||v|| — ||w| < ||lv — w||. Similarly,
lw]| = Ivll < |lv — w||. Combining these two
inequalities, we obtain the result.

(u+v)ew = we(u+v) = weut+ wev =
UeW -+ VeWw
Since 0z = 0, 0 is in W. Now suppose that u

and v are V. Then
(u+v)ez=uerz+vez=0+0=0,

and hence u + v is in W. Finally, let ¢ be any
scalar. Then

(cu)ez=c(uez) =c-0=0,

and hence cu is in W. We conclude that W is a
subspace.
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93.

94.

95.

96.

97.
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The proof of this exercise is similar to the proof
of Exercise 92 except that we must state that
the various equalities hold for all z in S.

Let z = [_ﬂ and V = {u € R*: u.z = 0}. To
show that W = V, suppose w is in W. Then

w = [22] for some scalar a. Thus

wea= [2a 1

a] . [—2] =—2a+2a =0,

and hence w is in V. Therefore W is contained
in V.

Conversely, consider any vector u = [

Then

‘;] in V.

uez=-2a+b=0,

2a
in W. Therefore V is contained in W, and we
conclude that W =V,

We have

and hence b = 2a. Thus u = [ a] , which lies

lla+vI* + flu = vIi* = (Jull® + 20 v + Iv]?)
+ (lul® — 2uev + |Iv]*)

= 2{|uf|? + 2{|v||*.

Assume u and v are nonzero orthogonal vectors,
and suppose that au + bv = 0. Then
0= (au+bv)su=a(usu)+b(veu)
= allul|® +b-0 = aju/*.
Since ||ul| # 0, it follows that a = 0. So bv = 0,

which implies that b = 0. Therefore the vectors
are linearly independent.

(a) Suppose that v is in Null A. Then
(AT Ayv = AT(Av) = ATo =0,

and hence v is in Null AT A. Thus Null A
is contained in Null AT A.
Conversely, suppose that v is in Null AT A.
Then
0=0.v

=(ATA)vev

= (ATAv)Tv

=vTAT Av

= (4v)7(4v)

98.

99.
102.
105.
107.

108.

109.

= (Av)+(Av)
= [lAv|?,

and hence ||Av| = 0. Thus Av = 0, and
it follows that Null ATA is contained in
Null A. Therefore

Null ATA = Null A.

Since

(b)
Null ATA = Null A,

we have that
nullity AT A = nullity A.

Notice that ATA and A have the same
number of columns, say n, and hence

rank AT A = n — nullity AT A
=n — nullity A = rank A.
As a consequence of the law of cosines, we have
IVI* —2veu+|ul® =
llall® + 1v]|* = 2ljul | v]| cos 6.
This equation simplifies to
—2u.v = —=2||ul| ||v|| cos¥,

and hence u+v = ||u|| ||v|| cosé.

135° 100. 45° 101. 180°
116.56° 103. 60° 104. 120°
150° 106. 30°
For u in R3,
U2U3 — U3U2 0
uxu= |ugu; —uiuz| = [0 =0.
ULU2 — U2U1 0
For u and v in R2,

U2V3 — U3V2 —(va2u3 — vauz)
uxv= |ugvs —uUivz| = -—('U3U1 — U1U3)
U1V2 — U2V1 ——(’Ul’u,z - ’Uzul)
VU3 — V3uU2
= —|vsur —viuz| = —(v X u).

viu2 — VU1

For u in R3,
w20 — usz0 0
ux0= |u30-u0f = [0] =0.
%10 — u20 0
By Exercise 108, 0 x u = —(u x 0) = -0 = 0.



110. Suppose that u and v are parallel. Then u = cv

111.

112.

for some scalar ¢, and hence,

CU2V3 — CU3V2
CVU3V1 — CU1V3
CU1V2 — CU2V1

uxv=_(cv) xv=

Now suppose that u x v = 0. If u or v is zero,
the result follows immediately. So assume, with-
out loss of generality, that v # 0. Then one of
the components of v is not zero, say vy # O.
Since

U2V3 = U3V2, U3V = ULV3,

and
U1V2 = U201,

it follows that

U1 U1
Uy =\\—jvi, u2=\—]v2,
V1 v
Ui
u3 = — ] V3.
V1

Therefore u = cv for ¢ = uy/v1.

and

For u and v in R3, and any scalar c,

U2V3 — U3V2
c(u X v)=c |usvy —u1vs
U1V2 — U2U1

[c(u2v3 — u3v2)
= | c(uzvr — u1v3)
| c(u1vz — u2v1)

[(cu2)vs — (cus)vz
= |(cus)v1 — (cu1)vs
L(Cul)vz - (Cuzvl

=cuxyVv.

To establish the second equality, apply Exer-
cise 108 and the first equality to obtain

uxcv=—(cvxu)=—cvxu)
=c(—(v xu)) =cluxv).
For u, v, and w in R?,

uz(vs + w3) — us(v2 + wa)
ux (v+w)= |us(vi+ wi) — u1(vs + w3)
u1(ve + wa) — uz(v1 + w1)

113.

114.

115.

116.
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U203 — U3V2 U2W3 — U3wWz
u3zv; —Uv3| + |uzwi — U1wWs
U1V2 — U2V1 U1W2 — U2W1

Il

uxv+4+uxw.

Let u, v, and w be in. R3. By Exercises 108
and 112,
(u+v)xw=—(wx (u+v))
=—-(wxu+wxv)
=—(wxu)+—(Wwxv)

=UuUXW+VXW.
By Exercises 115 and 107,
(uxv)ev=ue(vxv)=u.0=0.

So u x v is orthogonal to v. Similarly, u X v is
orthogonal to u.

For u, v, and w in R3,

U2V3 — U3V2 w1
(uxv)ew = |uzvs —urva| * |w2
U1V2 — U201 w3

= (uzv3 — usv2)w
+ (‘QL3U1 - ulvg)wz
+ (u1v2 — ugv1)ws
and
ui Vw3 — V3w2
ue(vxw)= |uz| |vaw1 —v1ws
us V1W2 — V2W1
= u1(vow3 — vawz)
+ u2(vsw1 — viwa)

+ U3(1)1u)2 - vzwl).

Since the third expressions in the two preceding
equations are equal, the result follows.

Let u, v, and w be in R3. If we compute the
first component of u X (v X w), we obtain

uz(viws — vawy) — uz(vswy — V1w3).
If we compute the first component of
(uew)v — (uev)w,
we obtain
(w1 w1 +uzwe +uzws)vi — (w101 +u2v2+usvs)wi.

Expanding both expressions shows they are
equal. The other components can be handled
similarly.
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117.

118.

119.

120.

121.
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Let u, v, and w be in. R3. By Exercises 108
and 116, we have

(uxv)xw=—(wx(uxv))

= ~((wev)u~ (weu)v)

(weu)v — (Wev)u.

Let u and v in R3.
we have

By Exercises 115 and 116,

lux v|® = (uxv)e(uxv)
=u+(vXx(uxv))
=u+((veviu— (veu)v)
= (vev)(usu) — (veu)(u.v)

= [[al*v])* = (uev)*.

Let u and v in R®. By Exercises 118 and 98,
we have

lax v)|* = [luf?v]® = (uev)?
= [al®IvII” = [lull?[Iv])? cos® 6
= lul?|[v]|*(1 - cos6)
= [lu|?|Iv||? sin® 6.

Since 0° < 6 < 180°, it follows that sin§ > 0,
and hence the result follows.

Let u, v, and w be in R3. By Exercise 117, we
have

(uxv)xwH+(vxw)Xxu+(wxu)xv

= [(weu)v — (wev)u] + [(uev)w - (v w)v]

+[(vew)u - (veu)w]
=0.

The supervisor polls all 20 students and finds
that the students are divided among three sec-
tions. The first has 8 students, the second has
12 students, and the class has 6 students. She
divides the total number of students by the num-
ber of sections and computes

8+12+6 26

3 3= 8.6667.

When the investigator polls 8 students in Sec-
tion 1, they all report that their class sizes are 8.
Likewise, for the other two sections, 12 students
report that their class sizes are 12, and 6 stu-
dents report that their class sizes are 6. Adding
these sizes and dividing by the total number of
polled students, the investigator obtains

g 8:8+12:1246.6 _ 244

8+12+6 = 3¢ — 93846,

v =

122.

123.

124.

125.

7 = 25 and v* = 27. The method is similar to
that of Exercise 121.

7 = v* = 22. The method is similar to that of
Exercise 121.

The Cauchy-Schwarz inequality was applied
within this application to the vectors u and v,
where

1 U1
1 1 V2
u=—|. and v=
n
1 Un,

By Exercise 88, equality in the Cauchy-Schwarz
inequality occurs if and only if u is a multiple
of v or v is a multiple of u. Suppose that v is a
multiple of u, that is, there exists a scalar k such
that v = ku. In this case, we have v; = k/n for
all 4, so that all of the class sizes are equal. The
rest is proved similarly.

In (a), (b), and (c), we describe the use of MAT-
LAB in the default (short) format.

(a) Entering norm(u + v) produces the out-
put 13.964, and entering norm(u)+norm(v)
yields 17.3516. We conclude that

= vil <l + v
(b) Asin (a), we obtain norm(u+v;) = 16.449
and norm(u) + norm(v;) = 16.449. How-
ever, these outputs are rounded to 3 places
after the decimal, so we need an additional
test for equality. Entering the difference
norm(u) + norm(vy)
— norm(u + vy)

yields the output 1.0114 x 10~°, which in-

dicates that the two are unequal but the

difference is small. Thus
lla+ vl < flufl + fvall.

(c) As in (b), we obtain a strict inequality.

In this case, the difference, given by the

MATLAB output, is 5.0617 x 107",

Notice that in (b) and (c), vi and v»

are “nearly” positive multiples of u and

the triangle inequality is almost an equal-
ity. Thus we conjecture that the equality

[l + v|| = |lu]| + ||v|| holds if and only if

u is a nonnegative multiple of v or v is a

nonnegative multiple of u. (For a proof of

this conjecture, see Exercise 89.)

(d)



(e) If two sides of a triangle are parallel, then
the triangle is “degenerate,” that is, the
third side coincides with the union of the

other two sides.

6.2 ORTHOGONAL VECTORS

1. no 2. yes 3. no 4. yes
5. no 6. no
7. We have
[ 1 1
2 1
3l ° -1
|3 0
= (D)) + @)(1) + B)(-1) + (-3)(0) = 0,
[ 1 3
2 -3
3171 o
| -3 -1
= (1B +@)(-3) +(3)(0) + (=3)(-1) =0,
and
1 3
1 -3
-1|°] o0
0 -1
= (1)(3) + (1)(=3) + (=1)(0) + (0)(-1) = 0.
Therefore the set is orthogonal.
8. no
1 3
o {[] L}
1 0
NHEER
1] 1
1
10. (a) -2{,=z1 0
(GEIE)
[ 0]
o (]
17 [9
u.@>{L2{ﬂ}
—-1j (3

12.

13.
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N
® N\ |2V

(a) Let
(-1 -7
u = 3 and up = 1] .
| 4 3
Then
-1
Vi =u = 3
4
and
vz =1 _M2vig
R T Che

[L}_Fz'Yﬂ[*}

] e H
- ~ 2

L 3]

.

= 5] .
-_5.4

So the desired orthogonal set is

)

(b) Normalizing the vectors above, we obtain
the orthonormal set

e[l

(a) Let
0 1 1
u 1 u 0 nd uz = 1
1= [q| 0 2= |0 BEW T (o) -
1 1 1
Set
Vi = ui,
uzevi
Va2 llz—T——Vl
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26. (a) We use the solution to Exercise 10 and
model the approach with the same nota-

E

27. Q=

28. Q=

29.

30.

tion used in Example 4. Let

1
w1 = 1 [—2} ande=—]1—

V2

Ve |
So
U
& V2
R=|-% 9
Lo_ L
Ve V2

The entries of R are computed as

r1=a w1 = V6

3
Ti2 =az*Wi = —=

S

1
T22 = az*W2 = —\/3

Hence, R = Vel

1
L0 %
]
6 1
___Z__i R_\/6—26
ve viilr T 0 3V/11
1 1
L~ V6 Viid
-1 1
- V3
VE ho [V 2V
Vs V3PP T o0 53
4 1
L V26 ~ V3
'0 3 3
5 V®:
1 __2 3
|\ T 7=
Q=|L L 4|
VY, A
1 1 1
A VB TB
B 2 2
V3 % 7
_ V15 2
R=10% 7%
7
0 0 &
1 3
e iz
1 1
o= | T B
0 L
Vi3
= L
75 Vi

Y [PTITIPTI

Eil“‘ &l

1
= <%

—

32.

33.

34.
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r_1 1 2
vi V3 Vs
0 = -=
_ V3 Vs
Q=|_. I
Y V5
1 _ 4 1
| 5 " 7B
V3 V3 2V3
— _2
R=| 0 V3 2
5
| 0 0 7%
- 1 2
;3 00 %
1 1 o9 L
2 2 v
Q= 0 o0 1 of,
i 1 o9 L
2 V2 V6
L 2 00 0
[2 4 2 2
R_oﬁoﬁ
“lo o 1 o0
0 0 0 V6

-

We use the technique in Example 5 to solve
Ax = b, where

In Exercise 26, we found the matrices Q and R
in a QR factorization of A.

1 1

Ve V2 N2
Q=|-% 0 andR:[ *f]

1 _ 1 0 =

i Tz

We must solve the equivalent system Rx =
QTb, which has the form

\/6.’131-1—%-6322:4\/6 .'1:1+-%4E2=4
or
7151;2 = 2\/§ %1132 =2

The second system is easily solved: z2 = 4 and
z1 = 4— 2 = 2. In vector form, the solution is

)
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41.

42.
46.
49.

50.
51.
52.
53.

54.

55.
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False, if 0 lies in the set, then the set is linearly
dependent.

True 43. True 44. True 45. True
True 47. True 48. True
False, consider the sets {e:} and {—e;}. The

combined set is {e;,—e;}, which is not or-
thonormal.

False, consider x =e;,y =0, and z = e;.
True
False, in Example 4, @ is not upper triangular.
For any 1 # 7,
(esvi) +(cjvs) = (cicj)(vievs) = (cic;) - 0= 0.
Hence c;v; and ¢;v; are orthogonal.
Suppose that S = {ui,uz,...,ux} and S’ =
{v1,v2,...,vk}. Clearly vi = u;. Now assume
that v; = uj, for j = 1,...,i — 1, where i is a
fixed integer, 1 < ¢ < k. Then
U;evy v u; * Vo
— -
lIv]? [[vll?

u; 'V'i—lv.
viafz

Vi =y

Vo—

=u—-0-0—.--—-0
= u;.
It follows that v; = u; for all 4, and so S’ = S.
(a) We have
u+v=(uw)wy+---+ (uewp)wy,
+ (Vew)Wi 4 -+ (Vewn)wy,
= (ll‘Wl +v.w1)w1 + .-
+(Wewn + Vew,)wy,.
(b) We have
uev = [(wew)wy + -+ (e wp)wy] o
(Vew1) w1+ + (Ve Wn)Wy]
= (u°W1)(V‘W1)W1 oWy -

+ (Mo W) (VeWn)Wn e Wp,

= (uew)(vews) + -

+ (wewn)(Vews).

56.

57.

58.

(c) This follows from (b) by setting v equal u.

By the Extension Theorem, {v1,v,...,v;} can
be extended to a basis

{Vl,Vz, <oy Vi, Uk41,.. -7un}

for R™. Applying the Gram-Schmidt process to
this basis gives an orthogonal basis

{Vl,Vz,... ,Vk,Wk.H,...,Wn}.

(Note that by Exercise 54, the first k vectors in
this new basis remain unchanged when applying
the Gram-Schmidt process.) Finally, we replace

eachwi,k+1§i§n,byui=mwito

obtain the desired orthonormal basis for R™.

By Exercise 56, S can be extended to an or-
thonormal basis

{V1,V2, ce ey Vg, Vt1,... ,Vn}
for R™. By Exercise 55(c),

||u||2 = (11°V1)2 + (u~V2)2 +-+ (u-vk)2

+ (uevig1)? 4+ (uevy)?

(a) The desired inequality follows immediately
from the equation above since

(wevis1)? 4+ 4 (uevy)? > 0.

(b) The inequality in (a) is an equality if and
only if

(evig1)? + -+ (uevy)? =0,

which is true if and only if usv; = 0 for
t > k. In this case,

u = (usvi)vi+(ueva)vat- - +(wevi) vy,

which is true if and only if u is in Span S.

a b ¢
Write @ = |0 d e|. Now 1 = |lqu|| = |q|
00 f

implies that a # 0. So 0 = q1+q2 = ab im-
plies b = 0. Also, 0 = qi+q93 = ac implies

a 0 O
¢c=0. ThusQ= |0 d e]. Using arguments
0 0 f
similar to the above, 1 = ||qz|| = |d| implies
d # 0. Therefore qz *q3 = de implies e = 0. So

a 0 O
Q=10 d 0], adiagonal matrix.
0 0 f



59.

60.

61.

62.

63.

64.

65.

Let A by an m x n matrix with linearly indepen-
dent columns and a QR factorization A = QR.
By Exercise 62 of Section 2.3,

n=rank A = rank QR <rank R < n.

So rank A = n, and therefore R is invertible by
parts (a) and (c) of Theorem 2.6.

By Exercise 59, R is invertible; so det R # 0.
But, by Theorem 3.2, det R is a product of the
diagonal entries of R, and therefore all the di-
agonal entries of R are nonzero.

From Exercise 60, we have r;; # 0 for every i.
If s < 0, then replacing q; by —q; changes
the corresponding entry of R to —r;;, which is
positive.

By Exercise 54, applying the Gram-Schmidt
process to an orthonormal set leaves it un-

changed. So Q = A, and hence A = QR = AR.’

Thus A(I, — R) = O. For each j, the jth col-
umn of A(I, — R) is a linear combination of
the columns of A, where the coefficients are the
entries of the jth column of I, — R. Since the
columns of A are linearly independent, it follows
that the jth column of I, — R is the zero vector,
and hence I, — R = O, that is, R = I,.

First observe that for all 4, j, the (4, j)-entry of
QT Q is q; - q;. Therefore the columns of Q form
an orthonormal set (and hence, an orthonormal
basis for R") if and only if QTQ = I..

By Exercise 63, we have

PQ)T(PQ) = (QTPT)(PQ)
=Q"(P"P)Q=Q"LL.Q
= QTQ = In-

Using Exercise 63 again, we conclude that the
columns of PQ also form an orthonormal basis
for R™.

Suppose QR = Q'R’, where both R and R’ have
positive diagonal entries. Multiplying both sides
on the left by QT and on the right by R'—l, we
obtain

QTQRRI—I — QTQIRIR’_I,

which by Exercise 63, reduces to RR™!

QT Q'. By Exercises 42 and 43 of Section 2.6,
RR'™', and hence QT Q’, is an upper triangular
matrix with positive diagonal entries. By Exer-
cise 64, the columns of QT Q' form an orthonor-
mal basis. Hence, by Exercise 58, QT Q' is a di-
agonal matrix. But a diagonal matrix with posi-
tive diagonal entries and whose columns are unit
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vectors must equal Is. So RR'™' = QTQ' = Is,
and therefore Q = Q' and R=R’.

66. Suppose that A has n columns. Given a QR
factorization A = QR, observe that for each j,
the jth column of A is a linear combination of
the columns of @ in which the coefficients are
the entries of the jth column of R. Hence the
columns of A are contained in Col Q. It follows
that Col A is a subspace of Col@. Since the
dimensions of each of these spaces is n, it fol-
lows that Col A = Col Q. Finally, observe that
the columns of Q form an orthonormal basis for
Col @, and hence they form an orthonormal ba-
sis for Col A.

67. (a) rankA=3

(b)
[—0.3172 —0.4413 —0.5587
0.2633 —0.4490 —0.2951
Q= | 07182 -0.4040 -0.0570,
—-0.5386 —0.5875  0.3130
| -0.1556  0.3087 —0.7068
[~16.7096  6.4460  6.3700
R=| 0.000 -20.7198 —3.7958
| 0.0000 0.0000 —15.6523
68. (a) rankA =14
(b) @=
r—0.1191 0.2063 0.8244 0.1292
0.0000 —0.4622 0.5221 0.1226
—-0.56359 —0.7369 —0.1320 0.02731,
0.3156 —0.2295 0.1707 —0.8967
| 0.7740 —0.3849 —0.0341 0.404
R:
[—16.7955 1.1908 9.7824 —0.9824
0.0000 —15.7934 —1.8825 —11.5991
0.0000 0.0000 8.6765 6.8708
0.0000 0.0000 0.0000 —6.1063

6.3 ORTHOGONAL PROJECTIONS

1. v isin St if and only if

1
Ve [—1:| =v; — vz + 2v3 =0.

2

A basis for the solution set of this system is

(L)
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[0 - 1 0 12. Use the method of Exercise 10.
2. 11,1 0 3. 1 4. -1 1 9
:0 - _1 : __l g 1 (a) w=|-1| andz= |2
-5 -3 2 -1 0 1
-2 -1 -3 -2 1
5. , 6. )
1 0 1 0 ) |-1| (¢)3
| 0f | 1] | 0] 1 0
[ 1] [-3] [—1] 13. Use the method of Exercise 10.
7. —2 , 1 8. ! 2 0
1 0 1 9 9
| Of | 1] | 1] (a) w= 3 and z = _9
9. Use the method of Exercise 10. 1 2
(a) w= [_ﬂ and z = [g] 2
2
-1 (b) (c) V12
ORI ICRE ?

10. (a) Using the method and notation of Exam- 14. Use the method of Exercise 10.
ple 3, we have

1 2
W= (e v)vi+ (ueve)va (a) w= _g and z = i
2 1 1 . -1 2
_ -3
! 0 0 ®) |73| ©vio
1 1 1 -1
3| V3l 15. Use the method of Exercise 10.
3 -3
4 1
1 ) (a) w= 9 and z = 1
=351 3 3 1
0 3
So ® |5 (v
2 11 1 3
—u-w=| 3| -1 =L]|
rmumw= -1 6| 6 ol 16. Use the method of Exercise 10.
1 2
11 -3 2
(b) _é_ 19 (a) w= 3 and z = 9
—4 ) 2
(c) The distance is
-3
d=zl =% |-1]]| = 1_+6 _5
6|, 6 6
17. The method is similar to that of Exercise 19.
11. Use the method of Exercise 10. (a) Pw = 1 [ 9 _12]
(a) w=uandz=0 25|12 16

(b) [q (c) 0 ®>w=fﬂm=tﬂ (c) 5

-1 18. The method is similar to that of Exercise 19.



19.

20.

21.

B 2 -3
(8 Pw=—| 2 10 6

Ml 3 6 5
-1 8
(b) w=% 37,z=-,1? —-16
25 24
814
(© 2=

(a) By solving the system, we obtain a basis

-1
{ [ 2] } for the solution set. Let C =
1

-1
[ 2:| . The desired matrix is
1

Pw =c(CcTo)"'c”
1 -2 -1
=% -2 4 2/.
-1 2 1

1 -1
(b) W=PWU=§ i,

4 1
Z=u—-w=g 1].
-1

(c) The distance equals ||z|| = g\/ﬁ

The method is similar to that of Exercise 19.

L7728
(@ Pw=—|7 65 —

66 o8 _4 50
1 —

(b) w= |:3:| 2= I: l] (c) V66
1 4

The method is similar to that of Exercise 19.

Note that the given 4 x 3 matrix has rank 2.
22 11 0 11
1]11 19 9 -8
@ Pw=3310 9o 6 -9
1 -8 -9 19

3 -2
0 1
(b) w= 110 z= | 3 (c) V23
3 3
22. The method is similar to that of Exercise 19.
6 1 -2 -1
1 1 6 2 1
@ Pw=z| o 9 3 _2
-1 1 -2 6

23.

24.

25.

26.

27.

28.
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) -1
) w=| Slz=|,5] ©VF
6 -1

The method is similar to that of Exercise 19.
11 1 -3 1

11 11 3 -1
(@ Pv=113 3 3 3

1 -1 3 11
-1
, 7= _; (c) V12
1

The method is similar to that of Exercise 19.
11 22 11 -—-11

1 22 51 29 -1

3
® w=|"¢
4

@ Pw==z1 11 20 18 10
~11 -1 10 74
2 5
W) w=l3l2= |5 @A
1 1

The method is similar to that of Exercise 19.

1 5 -2 1
(a) Pw="6 -2 2 2
1 2 5

2 1
(b) w= [—1:|,z= [ 2:| (c) V6
0 -1

The method is similar to that of Exercise 19.

1 9 0 3

3 01
3 7
1 1
(b) w=— [0}, z=-—=1 30
10 | 10 | _oy
1390
() Y20

The method is similar to that of Exercise 19.

L[ 20 5
(8) Pw=-=|-20 16 -

21 5 4 1
5 3

(b) w= [——4} , 2= [4] (c) V26
1 1

The method is similar to that of Exercise 19.
3 -1 1 1
1 (-1 3 1 1
@ Pw=2171 1 3 -1
1 1 -1 3
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29.

30.

31.

32.

33.

34.

35.
36.
37.
41.
42.
43.

44.
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-1 3
1 3 1 3
(b) w=351_3[2=5| 3 (¢)3
5 -3
The method is similar to that of Exercise 19.
6 -2 -1 -5
1 |-2 8 4 -2
@ Pr=q1_y 4 2 _1
-5 -2 -1 6
0 1
4 1
(b) w= N (c) 2
—2 1
The method is similar to that of Exercise 19.
6 5 -2 1
1 5 6 2 -1
@ Pr=g1_9 o § _4
1 -1 -4 2
2 -1
0 1
(b) w= 4% |4 (c) 2
2 -1

The method is similar to that of Exercise 19.
1 0
(a) Pw = [O 1]

(b) w= [g] 7= [8} (©) 0

The method is similar to that of Exercise 19.

5 -5 2 -1
@ Pe=7|73 5 5
-1 1 4 9
2 2
) w=|"2a=| 3 (©) 3V3
0 -1

False, (S*)* is a subspace for any set S. So, if
S is not a subspace, then S # (S*)*.

False, in R2, let F = {e1,e2} and G =
{e1,2ez}. Then F+ = {0} = G*, but F # G.

True

False, (Row A)* = Null A.

True 38. True 39. True
True

False, dim W = n — dim W+.

False, we need the given basis to be orthonor-
mal.

True

40. True

45. True

46.

47.
48.

49.

50.
51.
52.
54.
55.
57.

58.

False, the only invertible orthogonal projection
matrix is the identity matrix.

True

False, the columns of C can form any basis for
w.

False, we need the columns of C to form a basis
for W.

True

False, see Example 4.

True 53. True

False, the distance is given by |[u — Pwu]|.
True 56. True

Suppose that v is in W+. Because every vector
in S is also in W, it follows that v is orthogonal
to each vector in S. Therefore W+ is contained
in S*.

Conversely, let u be in St and w be in W.
There exist scalars ai,az,...,ar and vectors
Vi,V2,...,Vg in S such that

W =a1Vvi+ - -+ agVk.
Thus
weu= (a1vi+---+agvg)eu
=ai(vieu) + -+ ax(vieu)

=a;-0+---4ap-0
=0,

and therefore u is in W+. Thus St is contained
in Wi, and we conclude that W+ = St.

(a) First, observe that By U B, is a generating
set for R™. Let v be in R™. By Theorem
6.7, there are vectors w in W and z in
W+t such that v = w + z. Since B; is
a basis for W and B; is a basis for W+,
w is a linear combination of the vectors
in B; and z is a linear combination of the
vectors in Bp. It follows that v = w + z
is a linear combination of the vectors in
Bi U Ba, which therefore is a generating
set for R™.

Finally, we show that B; U B3 is a linearly
independent set. Let

B1 = {W1,W2, e ,Wp}
and

Bz = {Z1,22, e ,Zq},



59.

60.

61.

and suppose that

a1wi + azwz + -+ apWp
+b121+b222+“-+quq =0.

Let

w=a1w;1 +azwz2+ -+ apWp
and
z="b1z1 +bzzz+ - +quq.

Then w + z = 0, and by uniqueness it
follows that w = 0 and z = 0. But B; and
B are linearly independent, and hence all
of the coefficients a; and b; equal 0. So
Bj U B; is linearly independent.

(b) Using the notation of (a), p=dimW, ¢ =
dim W+, and since B; U B> is a basis for
R™, it follows that p + ¢ = n. Combining
these equations, we obtain the result.

First, note that dim W = k, and hence by Ex-
ercise 58,

dmW' =n—-dimW =n —k.

Next, observe that. for i > k. each v; is orthog-
onal to a generating set for W and hence lies in
W+ by Exercise 57. Since {Vikit1, Vk+2,-++,Vn}
is orthogonal and consists of nonzero vectors, it
is a linearly independent subset of WL, Also, it
contains n — k vectors. Therefore this set is a
basis for W+.

Suppose that w is in W. Then w is orthogo-
nal to every vector in W+, and hence w is in
(WH)t = WL, Therefore W is a subspace of
wtt,

To obtain the reverse containment, we apply Ex-
ercise 58(b) to both W and W+ to obtain

dimW +dimW* =n
and
dim Wt + dimW** =n.

It follows that dim W = dim W1+, Since W is
a subspace of WL and the two subspaces have
the same dimension, they must be equal.

(a) Suppose that v is in (Row A)*. Then v
is orthogonal to every row in A. But each
component of Av is the dot product of a
row of A with v, and hence every compo-
nent of Av is zero. So Av = 0, and hence
v is in Null A. Thus (Row A)" is contained
in Null A.

62.

63.

64.

65.

66.

67.
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Now suppose that v is in NullA. Then
Av = 0, and hence v is orthogonal to every
row of A. So v is in (Row A)* by Exercise
57. Thus Null A is contained in (Row A)*,
and the result follows.

(b) By (a), (Row AT)* = NullA”. But the
rows of AT are the columns of A, and hence
(Col A)t = Null AT

Suppose that v is in Ss-. Then v is orthogonal
to every vector in Sz. Since S is a subset of Sz,
it follows that v is orthogonal to every vector in
S;. Therefore v is in Si-, and we conclude that
83 is contained in St

Let W = SpanS. Then W+ = &' by Exercise
57. Thus St = W+ = W by Exercise 60.

Let A be a k x n matrix whose rows form a basis
for W. Then

rank A = dim (Row A)
by the first boxed result on page 258, and
(Row A)* = NullA
by Exercise 61(a). Therefore

dim W + dim W
= dim (Row A) + dim (Row At
= dim (Row A) + dim (Null A)
= rank A + nullity A = n.
Suppose v is in both Row A and NullA. Be-
cause Null A = (Row A)* by Exercise 61(a), v

is orthogonal to itself, that is, vev = 0. So
v=0.

By assumption, V is contained in w+. So
dimV +dimW < dimV + dmW* =n

by Exercise 58(b).

(a) Let C be an n x k matrix whose columns
form a basis for W. Then

(Pw)?=c(cTc)'cTece) e
=CIy(CTc)™'CT = Pw.

(b) Let C be an n x k matrix whose columns
form a basis for W. Then

(Pw)" =lC(CcTC)"'CT]"
=c(cTc) 'c” = Pw.
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68.

69.

70.
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Let C be an n x k matrix whose columns form a
basis for W, and suppose that Pyu = u. Then
u = C[(CTC)~*CTu], and hence u is a linear
combination of the columns of C, and therefore
uisin W.

Conversely, suppose that u is in W. Since u is
a linear combination of the columns of C, there
exists a vector v in R¥ such that u = Cv. Thus

Pyu=cC(@CTC)'CTCv=Cv=u

ALTERNATE PROOF: By Theorem 6.7, there
are unique vectors w in W and z in W+ such
that u = w + z. It easily follows that u is in W
if and only if u = w, and hence if and only if
z = 0. By Theorem 6.8, Pwu = w, and hence
Pwu = u if and only if u is in W.

By Theorem 6.7, there are unique vectors w in
W and z in W such that u = w +z. It follows
that uis in W if and only if u = z, and hence if
and only if w = 0. By Theorem 6.8, Pwu = w,
and hence Pyu = 0 if and only if u is in W+.
ALTERNATE PROOF: By Theorem 6.8, Py =
C(CTC)~'CT, where C is a matrix whose
columns form a basis for W. Now suppose that
u is in W, Then u is orthogonal to each col-
umn of C, and hence CTu = 0. Therefore

Pwu=cC(CTC)"'C¢Tu
=c(CcTc) ™ (Cc"u)
=ccTc)y 'o=o0.

Conversely, suppose that Pywu = 0. Then
ccTe)y 'cTu=0
cTec™o)y'cTu=cTo=0
CcTu=0.

This last equation asserts that u is orthogonal
to the columns of C, a generating set for W.
Therefore u is in W+ by Exercise 57.

Suppose that u is an eigenvector of Py. Then
Pywu = Au for some scalar \. Let w and z be
the unique vectors in W and W+, respectively,
such that u = w + z. Then w = Pyu = \u by
Theorem 6.8. There are two cases to consider.
Case 1: A =0. Then w = 0, and hence u = z.
Thus Py, u = z = u, and so u is an eigenvector
of Py 1 with corresponding eigenvalue 1.

Case 2: A # 0. Then w = Py u = A\u implies
that wis in W, and hence z = 0. Thus Py,.u =
z = 0, and so u is an eigenvector of Py, 1 with
corresponding eigenvalue 0.

The proof of the converse is similar.

71.

72.

73.

74.

Applying Exercise 67(b), we have

Pyu.v = (PWu)Tv = uTPVI;;v

= uTPWv =u+Pyv.

Let u be a vector in R", and let w and z be the
unique vectors in W and W+, respectively, such
that u = w + z. Then

Pw Py iu= PywPy.(w+z)
= PwPy.w+ PwPy.2z
=0+ Pwz =0.

Similarly, Py,. Pwu = 0. Since u is an arbi-
trary vector in R", Pw Py, . = Py, Pw = O.

Let u be a vector in R"™, and let w and z be the
unique vectors in W and W+, respectively, such
that u = w + z. Then

(Pw + Py1)u= Pyu+ Pyiu

=w+z=u=[,u.

Thus Pw + Pys = In.

Let Z={v+w:visin V and w is in W}. By
Exercise 52 of the Chapter 4 Review Exercises,
Z is a subspace of R™. We will show that Pz =
Py + Pw.

Since every vector in V is orthogonal to every
vector in W, it follows that V is contained in
W+, Similarly, W is contained in V1. Let z
be any vector in Z. Then there exist vectors v
in V and w in W such that z = v + w. Since
v is in V, we have Pyv = v and P,.v = 0.
Furthermore, since W is contained in V', we
have Pyw = 0 and Py, w = w. Similarly,

Pyv=0, Pyiv=v, Pyw=w,

and
Pwi_w = 0.
Thus

(PV +Pw)z=Pv(V+W)+Pw(V+W)
= Pyv + Pyw + Pwv + Pww
=v+0+0+w=u2z

Now suppose that u is a vector in Z*. Since
V is a subspace of Z, it follows that Z is a
subspace of V1 by Exercise 37 of Section 6.2.
Hence u is in V*, and so Pyu = 0. Similarly,
Pwu = 0. Therefore

(Pv + Pw)u= Pyu+ Pyu=0+0=0.
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Finally, let y be any vector in R™. Then there
exist vectors z in Z and u in Z* such that y =
z+u. Applying what we have learned about the
various orthogonal projection matrices, we have

Pzy = Pz(z+u) = Pzz + Pzu
=z+0
= (Py + Pw)z + (Pv + Pw)u
= (Pv + Pw)(z +u)
= (Pv + Pw)y.

Since y is an arbitrarily chosen vector in R", we
conclude that Pz = Py + Pw.

(a) Since CT is a k x n matrix and C is an
n x k matrix, CTC is a k x k matrix. The
(i, j)-entry of CTC is equal to v; + v;. This
entry is equal to 1 if ¢ = j and equal to 0
if i # j. Therefore CTC = I.

(b) By Theorem 6.8 and (a), we have

Py =c(cTo)y'c”
=cnct =cct.

Let W = {0}. For any vector u in R", the
product Pwu lies in W. Since O is the only
vector in W, we have that Pwu = 0.

(a) We first show that 1 and O are eigenval-
ues of Py . Since k # 0, we can choose a
nonzero vector w in W. Then Pww = w,
and hence w is an eigenvector with cor-
responding eigenvalue 1. Since k # n,
we can choose a nonzero vector z in W*.
Then Pwz = 0, and hence z is an eigen-
vector with corresponding eigenvalue 0.
Next we show that 1 and O are the only
cigenvalues of Pw. Suppose that A is a
nonzero eigenvalue of Py, and let u be
an eigenvector corresponding to A. Then
Pwu = Au, and hence Pw (3u) = u. Thus
u is an image of Uw, and so u is in W.
Therefore

u= Pw (%u) = %Pwu = -;‘-u.
Hence 1 = §, that is, A = 1.

(b) Since Pwu = u if and only u is in W,
we see that W is the eigenspace of Pw
corresponding to eigenvalue 1. Similarly,
since Pywu = 0 if and only if u is in wt,
we have that W is the eigenspace of Pw
corresponding to eigenvalue 0.

78.

79.
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(c) Let T be the matrix transformation in-
duced by Pw. Since T(u) =1-u for all u
in B; and T'(u) = 0- v for all v in Bs, we
have [T]s = D, and hence Pw = BDB™!
by Theorem 4.12.

Since nonzero rows of the reduced row echelon
form

1 0 -2 2
01 -2 1
R= 0 0 0O
0 0 00

of A form a basis for Row A, we may take the
first two rows of R

1 0
0 1
Bl - —92|'1-2
2 1

as the required basis. The subspace (Row A)tis
the solution space of the system Ax = 0, which
is equivalent to Rx = 0. Thus a basis for this
subspace is

2 —2
2 -1
Ba=311]"| o
0 1
Let
1 0o 2 -2
0 1 2 -1
B=|, 21 o
2 1 0 1
and
1 0 0 O
01 0 O
D= 0 0 0 O
0 0 0 O

Notice that B is the matrix whose columns are
the vectors in By U Bz. Then, by Exercise 77,

2 -2 0 2
-2 3 -2 -1
0 -2 4 -2
2 -1 -2 3

Py =BDB !'= %

(a) Because W+ = RowC and rankC = m,
the rows of C, and hence the columns of
CT, form a basis for W+. Therefore

o ((CT)TCT)_I (cT)T
=cTcchte.
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So, by Exercise 73,
PW = In - PwJ_
=1I,-cT(cch)te.

(b) Using the hint, we let

1 0 -2 2
C_[o 1 -2 1]'

Observe that for any v in R*, Av = 0
if and only if Cv = 0. (This is true be-
cause elementary row operations do not af-
fect the null space of a matrix.) So

Py =1I4— Py =1L -CT(ccT)'c

4 2 0 -2
1l 23 2 1
6] 0 2 2 2
-2 1 2 3
(c) Let
2 -2 -1 0
2 -1 1 1
B_100—2’
0 1 -1 1

where the first two columns form a basis
for W and the last two columns form a
basis for W*. Then BDB™! = Py,.

Since V+ = Row A* = Null4 = W, we have
Py + Pw = I4 by Exercise 73.

The first two columns of A are its pivot columns,
and so the rank of A is 2 and a basis for Col A
is

1 0
0 1
Bi=191-1]"|-2
1 1

As in Example 2 on pages 390-391, we can find
a basis

1 -1
2 -1
BZ - 1] 0
0 1
for (Col A)*. Let
1 0 -1

-1

|
—_
|
N
O = DN
S

D=

O OO
OO =O

O OO
oo oo

0

Notice that B is the matrix whose columns are
the vectors in B; UB;. Then by Exercise 77(c),

Pw = BDB!

2 -1 0 1
C1|-1 1 -1 0
3]0 -1 2 -1

1 0 -1 1

82. Clearly, u = Pu+ (I, — P)u for every vector u
in R™. Furthermore, Pu is in W because it is a
linear combination of the columns of P. To show
that (I, — P)u is in W+, consider any vector w
in W. Then w = Pv for some vector v in R".
So

we (I, — P)u=(Pv)+(I, — P)u
= (Pv)T(I, — P)u
=vT'PT(I, — P)u

=vI'P(I, — P)u
=vT(P - P*u
=vT(P - P)u
=0.

Hence (I, — P)uis in W+. Since, for every u in
R™, u = Pu+ (I, — P)u is a decomposition of
u into a sum of a vector in W and a vector in
W+, it follows that Pu = Py u for every vector
u in R". Therefore P = Py .

83. By definition, A = vv?. Because dimW = 1
and v # 0, the set {v} is a basis for W. Let C
be the 7 x 1 matrix whose only column is v. By
Theorem 6.8, we have

Pw =c(CTe) et = v(vTv) VT

- 1
=v(IvI) TV = v

1
= ——A
vl lIvi?

84. (a) Let u be a vector in R3. Then there exist
vectors w in W and z in W+ such that
u = w+z. Based on the description of Tw
given in Figure 5.5 in Section 5.4, we have

Tw(u)=w—2
=Uw(u) — (u—Uw(u))
= 2Uw(u) —u.
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(b) Observe that, for any vector u in RE,

2Uw (u) —u = 2Pwu — Izu
= (2Pw — I3)u,

and hence Tw(u) = (2Pw — I3)u. It fol-
lows that Ty is the matrix transformation
induced by the matrix 2Pw — I3. Matrix
transformations are linear, and hence Tw
is a linear transformation.

(a) There is no unique answer. Using Q in the
MATLAB function [Q R] = qr(A,0) (see
Table D.3 in Appendix D), where A is the
matrix whose columns are the vectors in
S, we obtain

0] [ .7808] —.0994
.2914 —.5828 —.3243
—.8742| , | —.1059| , | —.4677] ,
0 0 .1082
.3885| | .1989] —.8090
[—.1017]
—.1360
—.0589
—.9832
| —.0304 ]
—6.3817
6.8925
(b) w= 7.2135
1.3687
2.3111
(¢) |lu—w| =4.3033
For
0 -3 9 0 -4
A= -8 9 -8 0 2 ’

—4 8 1 -1 8
-9 5 5 6 -7

null(A, 'r’) produces the basis

—-1.5503

—-1.7126

—-0.1264

0.3738

1.0000

Pw =

0.6298 —0.4090 —0.0302 0.0893 0.2388
—0.4090 0.5482 —0.0334 0.0986 0.2638
—0.0302 —0.0334 0.9975 0.0073 0.0195
0.0893 0.0986 0.0073 0.9785 —0.0576
0.2388 0.2638 0.0195 —0.0576  0.8460.

88.
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—6.3817
6.8925
and Pyu = 7.2135
1.3687
2.3111
Py =
0.7201  0.0001 —0.1845 —0.3943 —0.1098
0.0001 0.4915 0.4391 —0.1547 —0.1823
—0.1845 0.4391 0.4993 —0.1263 0.0850
—0.3943 —0.1547 —0.1263 0.3975 —0.2102
—0.1098 —0.1823 0.0850 —0.2102  0.8915
4.4048
—2.8160
and Pyu = |-4.0734
—0.8866
—1.2014.

The distance is ||u — Pwul| = 3.4418.

LEAST-SQUARES APPROXIMATIONS
AND ORTHOGONAL PROJECTION
MATRICES

Using the data, let

11 14
13 17
=11 5 and y= g
17 20

Then the equation of the least squares line for
the given data is y = ao + a1z, where

ao| _ (AT n—1~T
] = @meremy
J4 16]7'[1 11 1] |17
|16 84 |1 3 5 7](19

_1[21 —4][70] _[135
“920|-4 1] [300f " | 1.0]"

Therefore y = 13.5 + x.
97 _ 8

Y= —3T 3. y=32+1.6x
y=:};+2w 5, y=44 -3z
y=320 iz 7. y=9.6+2.6x
y=222+18zx

The equation of the least squares line is y =
—6.35 + 2.1z, and so the estimates of k and L
are 2.1 and

a (—6.35)

L=-%=""721

~ 3.02,

respectively.
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18.

20.

23.

26.

28.

29.
30.

31.

32.
33.
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11. y=3 —z + 22
13. 2+ 0.5z + 0.52°
15. -1+ 2 + 2

y=2—x+a?
y=1+4+=z
y=—-1+4+z>+28

4 -1
1 {18 1

T_1] —2 _35 T 0
2 -1 1 |-50 1
R 19- 95| a1 t® |

| o) 1 0 1

[1.0] 7 L8]

0.4 21 g |-1| 22 |15

0.5] 8] 10]

1
9

~1 1 [18 1
1 24 35 [67_ 25 3 H
0]

_15 r—35

1] 10 1 |-23

7| 24 27| 4

4 B

False, the least-squares line is the line that min-
imizes the sum of the squares of the vertical dis-
tances from the data points to the line.

True

False, in Example 2, the method is used to ap-
proximate data with a polynomial of degree 2.

False, the inconsistent system in Example 3 has
infinitely many vectors that minimize this dis-
tance.

True
‘We have
ly — (aov1 + a1va2)|I?
(Y1 1 e ]|
Y2 1 x2
= . —agp - ai
LYn 1 In

P/l — (ag +a1z1)
y2 — (a0 + a1z2)

Lyn — (a0 + a1zy)

=[y1 — (a0 + a1z1)]? + - --
+ [yn — (a0 + a124)]?

34.

36.

37.

Let A be the 3 x 3 matrix consisting of the first
three rows of [vy vz vs]. Observe that the re-
duced row echelon form of A is I3, and hence the
columns of A are linearly independent. So the
vectors vy, va, and v are linearly independent.

Suppose that v = vg + z for some vector z in Z.
Then
Av=A(vo+2z)=Avo+Az=c+0=c,

and hence v is a solution of the system.
Conversely, suppose that v is a solution of the
system, and let z = v — vo. Then

Az =A(v—vo)=Av—Avo=c—-c=0.

Thus z is in Z. Furthermore, v = vo + z.

Let A be an m X n matrix. Since the columns
of A are linearly independent, rank A = n, and
hence, by Exercise 62 of Section 2.3,

n =rank A = rank QR < rank R < n,

It follows that rank R = n, and so R is invert-
ible. Furthermore, since the columns of Q are
orthonormal, it follows that Q¥Q = I,,. Thus

Py = A(ATA) AT

= (QR)(@R)"(QR) ' (QR)"

- QR(RTQTQR)—lRTQT

= QR(R"I,R)'RTQ"

— QRR—I(RT)—IRTQT

=QQ".
Let A = QR be a QR-factorization of A, and let
W denote the column space of A. The solutions
of Ax = Pwb minimize ||[Ax — b||. It follows
from Exercise 36 that Ax = Pwb if and only
if QRx = QQTb. If we multiply both sides
of this equation by QT and simplify, we obtain
Rx = Q"b.
Form the matrices

1 5 25 140
1 10 100 290
1 15 225 560
C=11 20 400 and y=| 49
1 25 625 1400
1 30 900 2000
Then
ao 107.0000
ar| =(@T0)'CTv ~ | —4.0786] ,
as 2.2357

and therefore the best quadratic fit is given by
y = 107 — 4.0786¢ + 2.2357¢2.
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40.

1 -2 4 -8 —4
1 -1 1 -1 1
Cc=|1 0 0 0 and y= 1
1 2 4 8 10
1 3 9 27 26

Then the best cubic fit for the data is given by
y=aop+ a1z + a2z? + asx®, where

ao
a1| _ T =1 AT
ol = o) 'cTy
as
5 2 18 26] 7' [ 34
12 18 26 114 105
=118 26 114 242 259
26 114 242 858 813
[1.42
_ |049
~ 10.38
0.73

Thus the best cubic fit is given by
y = 1.42 + 0.49z + 0.38z° + 0.732°.

(rounded to 4 places after the decimal)
(a) y=6.9947 — 2.2265x

(b) 284.7263

(d) y = —0.6351 + 17.0683z — 8.0529z°
+0.8544z°

(e) 7.2383

In the following figures, the darker curves
are the graphs of the least squares line (Ex-
ercise 40(c)) and the best cubic fit (Exer-
cise 40(f)).

41.
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Figure for Exercise 40(c)

Y

o

Figure for Exercise 40(f)

Following the hint, let W denote the column
space of A. Then we have (with entries rounded
to 4 places after the decimal)

0.0872
0.1736
0.2588
0.3420
0.4226
0.5000

0.9962
0.9848
0.9659
0.9397
0.9063
0.8660

and

2.8039
2.6003
2.3769
2.1355
1.8777
1.6057

Pwy = A(ATA) ATy =

The system of linear equations Ax = Pwy has a
solution (rounded to 4 places after the decimal)
of a = 2.9862 and b = —1.9607, which, when
rounded to 2 significant figures, gives a = 3.0
and b= —2.0.

ORTHOGONAL MATRICES AND
OPERATORS

no 2. no 3. no 4. yes

Since

o 1 0]T[0 1 0 o o 1o 1 ©
0 0 1 0 0 1}l=1]1 0 o0}j]0 O 1
1 0 0 1 0 O 0 1 OJ]}J1 0 O
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10.

11.

12.

13.

14.
16.
17.
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= I37
the matrix is orthogonal by Theorem 6.9(b).
no 7. No, the matrix is not a square matrix.

yes

. 1 |1 A _
Since det <7_2~ [1 _1]) =3(-1-1) = -1,
the operator is a reflection. The line of reflec-
tion is the same as the eigenspace of the matrix

corresponding to eigenvalue 1. This is the solu-
tion set of the system

11 11 {1 0 z| |0
V21 -1 0 1 y| — 0]’
(% - Dz + —é—;y =0
ﬁ(t - —ﬁy =0.
Treating = as a free variable, the general solu-

tion of this system is y = (\/§ — 1)z, which is
therefore the equation of the line of reflection.

or

a rotation, 8 = 45°

. 1[v3 -1\ _ . _
Since det(a[ 1 \/5]) = 3(8+1) =1, the

operator is a rotation. Comparing this matrix
with the general form of a rotation matrix,

. V3 1
—sinf| _ |2 —32
cose} - { 1 @} ’
2 2

we see that cosf = ? and sin@ = % Therefore
6 = 30°.

N

cosf
Ao = [sine

1

a reflection, y =

T

S

Since

115 12 1

the operator is a reflection. As in Exercise 9, the
line of reflection is the eigenspace of the given
matrix corresponding to eigenvalue 1, which is
the solution set of the system

(wle - D EI-

Treating x as a free variable, the general solution
of this system is given by y = %w, which is the
equation of the line of reflection.

a reflection, y = z 15. a rotation, 6 = 270°
a reflection, y = v3z

True

18.

19.

20.
23.

24.

25.
26.

27.

28.
31.
32.

33.

34.
37.

38.

False; for example, if T' is a translation by a
nonzero vector, then T preserves distances, but
T is not linear.

False, only orthogonal linear operators preserve
dot products.

True 21. True 22. True
False, for example, let P = I, and Q = —1I,,.

False, for example, let P = [1 1].

1 2
True
False, consider 1 1
alse, consider || |
False, consider Pw from Example 4 in Sec-

tion 6.3.
True 29. True 30. True
False, we need det @ = 1.

False, for example, if T is a translation by a
nonzero vector, then T is a rigid motion, but T'
is not linear, and hence is not orthogonal.

False, for example, if T is a translation by a
nonzero vector, then T is a rigid motion, but T’
is not linear.

True 35. True 36. True

Using the method of Example 3, one possibility
is to let T'= T4, for

1 10 33 6
A= 35 -30 6 17
15 —-10 30

We begin by applying the method in Example 3
to obtain orthogonal matrices A and B such that
Ae; = v and Be; = w. For this purpose, choose
the columns of A and B to be orthonormal bases
of R? so that a; = v and b; = w. For example,
let

and
1 0 v5 0
B=—|-2 0 1
\/3 1 0 2
Then e; = ATv = BTw, and therefore
. [VB -3v5 0
BATv=—— -6 -2 VI0|v=w.
5V2 | 3 1 2y10

Finally, let C = BAT and T = Tc.
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40.

41.

(a) Let @ be the standard matrix of T'. Then

cosf —sinf 0
Q@ = |sinf cosf 0] .
0 0 1

Since QQT = I, matrix Q is orthogonal.
It follows that 7T is an orthogonal operator.

(b) First, we compute the characteristic poly-
nomial of Q in (a):

det (Q - tIs)

cos@—t —sinf 0
= det sin 6 cosf —t 0
0 0 1—t

= (1 —t)(t* — 2tcosf + 1).

Since the discriminant of t — 2t cos 0+1 is

4cos? 0 — 4 < 0, the only (real) eigenvalue
of Q is 1, which has multiplicity 1. It fol-
lows that the eigenspace corresponding to
1 is 1-dimensional. Since T'(e3) = e3, we
see that ez is an eigenvector for the eigen-
value 1. Therefore the eigenspace corre-
sponding to 1 is the span of {es}, the 2-
axis.

(c) For any vector v in R?, the image T'(v) is
obtained by rotating v about the z-axis by
the angle . Looking down from the posi-
tive direction of the z-axis, this rotation is
counter-clockwise.

Both B and C are orthogonal matrices since
their columns are orthonormal bases for R™.
Furthermore, Be; = v; and Ce; = w; for
1<i<k Let A= CBT. Then A is an orthog-
onal matrix because it is a product of orthogonal
matrices. Thus, for 1 < i < k, we have

AV,’ = CBTVi = CBTBG.,' = Cei = W;.

Finally, let 7 = T4. Then T is an orthogonal
operator on R™ and T'(v;) = w; for 1 <i < k.

We extend {vi,v2} and {w1, w2} to orthonor-
mal bases for R? by including

2 3]
V3=% -2 and W3=;17- -6,
1 2

respectively. Let

1 1 2 2
B=[v1 Va V3]=§ 2 1 -2
2 - 1

42.

43.

44.
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and
C=[W1 W3 W3]=—[

which are orthogonal matrices. Take

1 20 4 -5
A=CBT=2—1- -5 20 —
4 5 20
and T = T4 to obtain an orthogonal operator

that meets the given requirements.
Let Q be the standard matrix of T". Then

-1 0 0
Q=0 10
0 0 1

Since QQT = I3, matrix Q is orthogonal, and
hence T is an orthogonal operator.
By Theorem 6.11, Q is a reflection or a rotation.

If Q is a reflection, then it is diagonalizable by
Example 3. So suppose that Q is a rotation by

cosf —sind .
the angle §. Then Q = [sin 0 cos 0] , which
has the characteristic polynomial

—sinf
cosf —t

_ |cos@—1t g2

det Q = [ cino ] =t"—2tcosf+1.
The discriminant of this polynomial, 4 cos® 6 —4,
is nonnegative if and only if cos § = £1, that is,
if and only if Q = +I,. So if Q # x>, Q has

no eigenvalues and hence is not diagonalizable.

(a) Let By and Bz be orthonormal bases for W
and W, respectively, and let B = B1UBz,
which is an orthonormal basis for R™. If
Q = [T]B ’ then

I (0
o= [ot=r=]

Since QQT = I, we see that Q is an
orthogonal matrix. The matrix B whose
columns are the vectors in B is an orthog-
onal matrix. Let A be the standard matrix
of T. Then A = BQB™!, which is an or-
thogonal matrix by Theorem 6.10. There-
fore T is an orthogonal operator.
Consider any vector v in R", and let w
and z be the unique vectors in W and w,
respectively, such that v = w + z. Then

(b)

Uwv)= %(v+T(v))= %(w+z+w—z)
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45.

46.

47.

48.

49.

50.
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=W= PWv.

It follows that Py is the standard matrix
of U.

Let B = {v,w}. Observe that

T(v) =(vevcosf + vewsind)v

+(—vevsind + vewcosf)w
= cos v — sinfw.

Similarly, T'(w) = sin6v + cos 6w, and hence
(T]s = [ cosf sinG] .

—sind cosf
Since [T]s is an orthogonal matrix, T is an or-
thogonal operator.
For any i and j, the (i,j)-entry of QQ7T is the
dot product of the ith row of Q with the jth
column of QT that is, the jth row of Q. Thus
the (i, j)-entry of QQT is 1if i = j and 0 if 5 # j.
So QQT = I,., and therefore Q is an orthogonal
matrix.
Let T and U be orthogonal operators on R",
and let P and @ be the standard matrices of T'
and U, respectively. By Theorem 6.1(b), PQ is
an orthogonal matrix. But PQ is the standard
matrix of TU, and hence TU is an orthogonal
operator. Similarly, 7~! is an orthogonal oper-
ator by Theorem 6.10(c).

Suppose T is a reflection and U is a rotation.
Then det P = —1 and det Q@ = 1. Hence
det PQ = (det P)(det Q) = (—1)(1) = -1,

and therefore PQ is a reflection by Theorem
6.11(b). The proof for the case that T is a ro-
tation and @ is a reflection is similar.

Suppose that A is an eigenvalue for Q, and let v
be a corresponding eigenvector. Then

Ivll = llQvll = lIAv]l = IXfiv].
Since ||v]| # 0, it follows that || = 1. Therefore
A=+£1.

(a) Let Q be the standard matrix of U. By the
results of Section 4.5, there is an invertible
matrix P such that Q = PDP™!, where

D = [1 0] Observe that D? = I,.

0 -1
Hence
Q?=PDP'PDP ! = PD*P!
=PLP =1,

and thus U? = I. Therefore U™! = U.

51.

52.

53.

(b) Since T is a rotation and U is a reflection,
TU is a reflection by Theorem 6.12. So by
(a) we have TUTU = I. Since U? = I, we
have

TUT =TUTUU = (TUTU)U = IU = U.
(c) Asin (b), we have UTUT = I, and hence

UTU = UTUI =UTUTT ™}
=IT'=7"1

(a) Let Q be the standard matrix of T. Then
Q7! is the standard matrix of T~'. Fur-
thermore, since T is an orthogonal opera-
tor, both @ and Q™! are orthogonal ma-
trices. Also, det Q = 1 because T is a ro-
tation. So

det Q7' = (det Q)" = (1)"' =1.

It follows that 7! is a rotation.

Suppose T rotates any nonzero vector v in
R? by the angle . Then T (T'(v)) = v,
and hence T~! rotates a nonzero vector by
the angle —0.

(b) Since T is a reflection, 7' = T~! by Exer-
cise 50(a). It follows that T~ is a reflec-
tion, and the line of reflection of T~ ! is the
same as the line of reflection of T'.

(a) Notice that S? = T, and since S is a rota-
tion, SUS = U by Exercise 50(b). Thus

TU(S(b)) = S(SUS)(b)
= S(U(b)) = S(b),

and hence S(b) is an eigenvector of TU
corresponding to eigenvalue 1.

(b) Because T is a rotation and U is a reflec-
tion, TU is a reflection. By (a), S(b) is an
eigenvector of TU corresponding to eigen-
value 1, and hence S(b) is in the direction
of L'. Tt follows that TU is the reflection
about L£’.

(a)
QY = 2Pw — )T =2P% — IF
=2Pw — I, = Qw
(b)

=4Pw —4Pw + I = I



(c) By (a) and (b), we have
QWQw = QwQw = I,
and hence Qw is an orthogonal matrix.
(@)
Qww = (2Pw — I)w = 2Pyw — bw

=2Ww—-—w=WwW

(e)
Qwv = (2Pw — LL)v =2Pyv — I2v

=0-v=-v

(f) Select nonzero vectors w in W and v in
W+. Then {w,v} is a basis for R? since
it is an orthogonal set of nonzero vectors.
Let P = [w v] and T be the matrix trans-
formation induced by Qw. Then Qw is
the standard matrix of T', and T is an or-
thogonal operator because Qw is an or-
thogonal matrix. Also,

Qw = PDP™!, where D= [(1) _(1)] .

Thus
det Qw = det (PDP ™)
= (det P)(det D)(det P™")
= (det P)(~1)(det P) ™' = —1.

It follows that T is a reflection. Further-
more, since T(w) = w, T is the reflection
of R? about W.

54. Suppose that T is an orthogonal operator. Then

for any i and j,

l1ifi=j
T@”“u“)_v“vj_{0ﬁi¢j
Hence {T(vi),T(vz2),...,T(vs)} is an or-
thonormal set of n vectors. Therefore it is an
orthonormal basis for R™.
Conversely, suppose {T'(v1),T(vz2),...,T(vn)}
is an orthonormal basis for R". Let P =
[V1 Va2 - Vn], Q = [T(Vl) T(Vz) T(Vn)],
and A be the standard matrix of T. Then P
and @ are orthogonal matrices because their
columns form orthonormal sets. Furthermore

Q= [T(v1) T(vz2) ... T(va)]
= [Avy Avy -+ Avy]

55.

56.

57.

58.

59.

60.
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= A[Vl Vg e vn]
= AP.
Therefore A = QP~! is an orthogonal matrix,
and it follows that T' is an orthogonal operator.

Let P = [vi V2 vp] and Q =
[w1 w2 --- wy]. Both P and Q are orthogonal
matrices since their columns form orthonormal
bases. Let A = QP™!, and let T be the matrix
operator induced by A. Then A is the standard
matrix of T', and A is an orthogonal matrix. So
T is an orthogonal operator. Furthermore

[T(V]) T(Vz) e T(Vn)] = [AVl AVz s Avn]
=AP=Q

= [Wl Wo - Wn]-

Hence T'(v;) = w; for all 4.
Let F' and G be rigid motions on R™. For any
u and v in R", we have

IG(F(w)) = GEW)| = [|F(u) - F(V)|

= [lu—v],

and hence GF is a rigid motion.

IT()l = 1T (w) — 0| = |IT'(w) - T(0)]|
= [lu—0|| = [jul

Let u be a vector in R™ and c be a scalar. Then
IT(cu) — eT(w)||?
= [T'(cu) — eT'(u)] + [T'(cu) — cT(u)]
= T(cu) + T(cu) — 2c¢T'(u) « T'(cu) + T (u) + T(u)
= (cu) s (cu) — 2c(u s+ cu) + c*ueu
= c?ull? - 2¢|jull® + Z|lul® = 0.
Thus T'(cu)—cT'(u) = 0, and therefore T'(cu) =
cT'(u).
Suppose that

F(v)=Qv+b=Rv+c

for every vector v in R™. Then F(0) =b =c,
and therefore Qv = Rv for every vector v in
R™. It follows that Q = R.

For any vector v in R", we have

F(G(v))=F(Pv+a)=Q(Pv+a)+b
=QPv+ (Qa+b).

Therefore R = QP and ¢ = Qa + b.
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61.

62.

63.

64.

65.
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(6 () -l
()l B

it follows that

e ([ (E) -+ ()
[ B[

w-af]-r () -+~ [ - I

and

wmaf]-r () -+--[)-[9

Therefore Q = [q1 q2] = [(1] _(1)]
o<t g wan-[]
=g ~§ mav=[]
@=["5 5 mav=]

Let u and v be in R™. Then

IT(a) - T(v)|1?
= [T(w) = T(V)]+[T(u) - T(v)]
=T(u)+T(u) — 2T ()« T(v) + T(v)T(v)
=ueu—2u.v+vevju-vi|

Hence | T'(u) —T(v)|| = |lu—v||. It follows that
T is a rigid motion. Furthermore,

I1T(0)||> = T(0)+T(0) = 0.0 =0,

and hence T(0) = 0. Therefore T is an orthog-
onal operator by Theorem 6.13.

66. Let u and v be nonzero vectors in R?, and let

0 < a<180° and 0 < 8 < 180° be the angles
between u and v and between T'(u) and T'(v),
respectively. By Exercise 98 of Section 6.1, we
have

u+v = |luf|+|[u| cos o

and
T(w)+T(v) = [T 70| cos
But T(u)+T(v) = uev, ||T(u)] = |lu|, and
T = |lvll. It follows that cosa = cosf,
and hence a = (.
0 -1
67. (a) Az— [_1 O:I,
1 [ 1 -2 -
A3=§ -2 1 -2f,
2 —2 1
and
2 -1 -1 -1 -1 -1
-1 2 -1 -1 -1 -1
D e R T T
*73-1 -1 -1 2 -1 -1
-1 -1 -1 -1 2 -1
-1 -1 -1 -1 -1 2

(b) For n =3, we have

A§A3=% -2
-2 -2 1

1l
O =
o O ©
o © o
© oo
I
&

So Az is invertible, and (A43)7! = AT.
Therefore As is orthogonal by Theo-
rem 6.2(b).

(c) Since the entries of E,, are all 1s, the same
is true for the entries of EL, and hence
ET = E,. Thus

AL = (- 2E)" =17 - 25
n n
2
=1, - _En = An:
n
proving that A, is symmetric.
(d) First observe that the (i, j)-entry of EZ is

124124 ...41% = n, and therefore E2 =
nE,. Hence

2 _ _2 _2
Ay = (In = ZBa)(In — =)

SR 5 R B
n n



68.

69.

4 4
=I,— —FEn+ "_ZnEn
n n

= I,.
Thus, by (c), we have
AR AL = A A = I,

It follows that A, is invertible and
(An)~' = AL. Therefore A, is orthogo-
nal by Theorem 6.2(b).

Let Q be the standard matrix of U, w = [cf)s 9] R
sin @
= [_ s:;z] ,and B = {w,z}. Then B is a

basis for R%, U(w) = w, and U(z) = —z. Let
P = [w z]. Then

U] = [(1) _‘1’] and Q= PU]sP.
Thus
Q = P[U]sP™!
_[cos® —sinf| 1 0] [cos® ~—sind -
" |sin6  cosf] [0 —1) |sinf  cosf

_ [cos@ —sind] [1 0 cosf sind
~ |sind  cosf) |0 —1f |-sinf cosd

_ [cos 0 sin @ cosf sind
" |[sin@ —cosf| |—sinf cosf
_ [cos®>@ —sin®@  2cosBcosf
~ | 2cosfcosd sin® 0 — cos? 0
_ Jcos26 sin 20

" [sin20 —cos260]’

Let Q be the standard matrix of U, w = [;L],

and z = [—n;] Since w lies along £ and z

is perpendicular to £, we have U(w) = w and
U(z) = —z. Let B = {w,z} and P = [w z].
Then B is a basis for R?, and hence

U] = [(1) _‘1)] and Q= P[U]sP™".
Thus
Q= P[U|gP™!

Ll s

70.

o

71.

72.
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L 6 A
S | O G )

Symmetric Matrices

__1 1-m? 2m

T15mz| 2m  mP-1)’
[ggggi _ggigg] (rounded to 4 places after
the decimal)
[g;gi’i —3?3;1),;] (rounded to 4 places after
the decimal)
~31.4002°  73. 231°

SYMMETRIC MATRICES

(@) A= [j gg] (b) about 8.1°

— T / 1 ’
© VT T Veod
L T
Y= 7%% * 7Y
(d) (') +51(y')* = 255 (e) an ellipse

(a) (b) 45°

=l

1 1.

(c)
Y= %fl‘/ + '—lﬁyl
d) 3@)+@)=1 (e) an ellipse
(a) [_(15 :i] (b) about 56.3°
_ 2 3
@ TV - vEy
= —3—;1;' + _2_ ./
y=7E® T sy
(d) —8(z')>+5(y')* =40 (e) a hyperbola

(a) A= [_g ‘g] (b) 45°
— 1 1
© T
y= 252 + 5y
V2 V2

(d) (wl)z + 5(?/’)2 =5 (e) an ellipse
(a) Letair =5,a2 =5,and a12 = a2 = % =
2. Thus

f 3

A has eigenvalues 7 and 3, and

{1l
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(b)

(©

(d)
(e)
(2)
(c)
(d)
(a)

(©)
(d)
(a)
(c)

(d)
(a)

is an orthonormal basis for R? consisting
of corresponding eigenvectors. Choose the
z'-axis to be in the direction of the first
vector in this basis.

Since the z’-axis is in the direction of

L

V2
angle of rotation of the coordinate system
is 45°.
Let P be the 45 rotation matrix. Then

A
[ﬁ], it has a slope of 1, and hence the

0 ’

P=[“f “f] and [””]=P[‘”,].
—= - Y Yy
V2 V2

Therefore
— 1 ’ 1 /
T = 7§$ - Wy
I 1,
y= 5T + =Y
Since the eigenvalues are 7 and 3, the equa-

tion becomes 7(z')% + 3(y')? = 9.
The conic section is an ellipse.

Co12 .
A= [12 4] (b) about 36.9
v =g’ - 3
y=3a' + 3y

20(z')% — 5(y')2 = 15

b

— 1 _ 1 ./
Tr = WIE - %y
=L.’):/+L ’
Y=, 2y
3(')? — (y')? =7

(e) a hyperbola

(b) 45°

(e) a hyperbola

A= [;1 _ﬂ (b) about 18.4°
_ .3 1
T= 75 ~ Uy

_ 1 3
v= 752 + 759
(#")? — (¥')> =36 (e) a hyperbola

Let a11 = 2, a2z = —7, and a12 = a1 =
_le = —6. Thus
2 —6]
a2

A has the eigenvalues —10 and 5, and

{HER}

10.

11.

12.

13.

(b)

(©)

(d)
(e)
(2)
(c)
(d)
(a)
(©)
(d)
(a)
(©)

(d)
(e)

is an orthonormal basis for R? consisting
of corresponding eigenvectors. Choose the
z'-axis to be in the direction of the first
vector in this basis.

Since the z’-axis is in the direction of

2

V5
angle of rotation of the coordinate system
is tan™1 2 & 63.4°.
Let P be the rotation matrix correspond-
ing to this angle of rotation. Then

A0 _2 '

pe[F T wa ] -rf]

= = () Y
V5 V5

Therefore

1
I:‘/g] , it has a slope of 2, and hence the
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