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Chapter 5

Two Degree of Freedom Systems
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@ Equations of motion

with %x;(t) = X; cos(t +¢) ;
;f-reguenc_y egua.t.‘on

m,

mzxZ-l- ‘k,_xz - kzxi

= L.Bz ‘mi-i- -‘k,-i'kz

x4+ (R+ )%y -

L =

‘k2x2=

o ()

(.2

3

Egs- (E1) give the

- ke = &
= 'ka ""'(;Slmz-l- 'k?_
K + kz kK K2 E
or c..9 ( = ) w* e o] ( z)
Roots of Eg . (Ez) are
ke, k2
2 2 k+ k2 Ko _ \/_Z(“kp}k?_ 'g_z— 2 _ ' (EB
wi p) 6-92 = _._2-;-; + "_7_‘“2 + 4 —y ™y ™ ™2 )
o) X —(2) %
X = ) (i) Q.'nC‘ X 3 (2) s
(1 (2) _
xz = Ty XL 2 = rZ xi
) ~wmy (94 + K, + K2 ko
Yy = . = e ' e 2 (E4'>
(1) % -wmyey + K2
Xy
Xéﬂ __mi(S;—}-‘k,-\- Ko - Kz (Es)
Iy = X(f) B Ko -'mz(_a;_' + Ko
Geneval solution of (Ei))
@) ) w,t +
1 2
x,(£) = vy ><(1 cos(ogt +8,) + 0, x& cos (Wt + %)
where x(‘l) P XEZ) 5 951_ and 952 can be ;Fou.no' using Eas.(s.iS).
For mg=m, Y=2m, k3= K and o= 2%, (E;) gives
= K - .
(2 ﬁ) - ] - (2+ ﬁ_ >_T-rT (E7)
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Wwhen k= 1000 N/m and wm= 20 g,

Wy = 3.6603 ra—ﬂ'/SQ,c and S5 = 13:6603 ra.d/se.c
= . = By B e e
=M, B + k, —my 9; Tk

= - p.36602

with xi(o) =1, 1"-1(0) = a5 ‘3‘-2(0): -1 and 'i’-z(a) = 0, EZS' (5[8)
ive (1)

g Xy = -0-36602, x(f)_—.—1-366o3, py=0., ¢= o0

Response of the system is

%23 (t) = - 0:3GEe02 o5 3.-6603+t — |.36603 cos 13.¢6603 t

%, (t) =

- 05 coS 3-6603t + 0+5 cos 13-gg03 t

Ta-Kinj moments about 0 and mass m,
z X
my ke,

= -w (f;she)+qsineg, (L wsey)
- ® cos 8, ({4 sin &)

= - Wg_ 11 91 + WZ 11 (92'—91> (Ei)
Q,S'S‘uming q o~ W, -
2 e - .
my g—z 92 + MZRZ (Q' 6,) = — Nz (12 Sin Qz> |
= -w Lo, (52) ‘ W,
Using the relations 9, = _E;_. sl 6,= W X — [
E&g, (Ei) and (Ez) Lecome i L2 z !
Ly %y + [we+ w [ Lot Lo _owake
g L4 5_+[ 4+ z( I )] xyq 7 ¥ = O (Es)
wmy s, %, — Wp %y 4+ W, %, =0 )
When my= ™y =M, lizfzzl and Wy = szmg, EES-(E3> and
(By) give :
mi 'J.f.'i = 3'm; Xy — mg X9 = 0 (Es>
’mfx;_"m,?-xi'*‘"“} X, = 0
For harmonic motian Z;(£) = X, cos Wt ; i=1,2, Eps-(Es5)
become *
- wtnml Xg +3mg Xi—mg X2 = o
E
_(317111 xz"""‘} X1+'m})(2 = 0O (6)

from which the fregucnczj eaua;l:ion can be obtained as

Wl ~ (4w L) 0 + 2 w?g?
(€ (.9:, CJ: = (2}"&)—%—-

. Vs
L (-\91: 07654 \/:’;_ P) Cﬂzz 1- 9478 \/‘—;-

=0
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Ratio of amplitudes is Given by Ep- (E¢) as
X _ ™3 :
X2 —- @*ml + 3 ™R
In mode 091 = 0-7654 \[_;__ ,
' {

Ne node.

In mode b 092:. 1-8478 r} s
- (X:L (2) :
B = _._> - 2:4133
Xz

one node located at 3

1}

_3_’. = 1'_:-}:— or 3= 0-2930
i 24133 .

Let Ry, R, and R; be the restoring forces
in springs. Epuations of motion of mass m
in % and Y directions are

"e 3
a=1
o0 3 -
l::j. 'k
where R‘.._-. - 'k.i( ® cos &, + Y sin O(,:) (E;) 3
Egs- (E1) to (E3) give .
o 3
m x =+ _Z"k; (x cos1°(’;+5‘ s‘hdzwc’(i) = 0 (E"f)
L=1
ea 3
mY+ Sk (x S wse + Y An ) = o (Es)
i=1

For = 45°, o = (35° ; K3 = 270° and % = ko= k3 = %k, Egs'(E4)
and (E5) reduce to

mx + k% =0 (Eg)
m§-+2ky. =0 (E7)

These eaua.i:fons are uncoupl«ea» For harmonic metion,
x(£) = X o5 (Wt +£8), Y@E)= Y cos (wt + #¢), and  hence
34 = JZ‘; for motion m % direction |

W, = JE for wotion in Yy direction
™
Natural modes ore given by <) = X ws(@ £ + ¢1)
yt)= Y s (BE t + $)

where X, #4, ¥ and ¢, can be determined from initial conditions.
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it tion n te
@ Eguations of motion rms , & x

of % and 8: X

i+ k(x=Lg) + * (x+£,0) =0 () X8

3 6-1,4 (x=1,8)+ x4, (x+ L,8) k, LY

=0 (e,

For free vibration, ) g |
x() = X cos (ot +5) ) |l L—
8(t) = ® cos(wt+p) (By)

and Egs (E) ard (Ey) become
_h'lwz--{- ‘k,'f‘ 'kz _(klgl —_ tzg.g) X - {0 } (Es)

2
—(*'l'ql" sz?_) —a;c.sl_.*_ kfffz._" *, L2 ® °©
Freauencg eauai:e‘on iS
"m“sz"' Kyt Er —(kifl—‘kﬂ.’g‘-’-) ( )
=0 EG
= (el = %, 22) B S LD ha N
l'le-)
>
- "+ 5000 100 ~ .
loo —0:3 w2+203o
I"E‘) 6
0:3w?-3530 w® + l0:i4 x16° = ©

e w = ¢785.3373 , 498i-3293
S w,= 70.5785 rad/fsec 9, = 82-3732 rad/fsec

Mode shapes:

(—lOOO c_glz-(— 5xtoG) X + ol xlos ® =o
&% X I — 0.l X (0
e G, — looo GS,Z + 5x (o°f “
a.nc‘ 6
X — 0 X IO
e = : = = o.05¢60l
@ las, —(ooo C&:—e- 5 x (o

k.. = stiffness of girder

48ET _ 48 (6 (10™) _ ¢ 1798 (109 Ib/in

2 & (30 (12))
. AE _ A(30(10%) _ o
k = stiffness of rope = = 20y (12) =12.5 (104) A lb/
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m; = mass of trolley = 8000/386.4 = 20.7039 lb—sec’ /in
m, = mass of load = 2000/386.4 = 5.1760 lb—sec® /in

Desired frequency value: w; >20Hz. Let w;, = 25 Hz = 157.08 rad/sec or
w? = 24674.1264 (rad /sec)’.

Fundamental natural frequency is given by (see Eq. (E3) in solution of Problem 5.5):
W = k-g;i- k 4 k B 1 kgﬂ-l- k N k B kgk (1)
i — [ =
2 m, 2 m,y 4 my My m; my
Using the known values of k,, m;, and mj,, a series of trial values of A are given and Eq.

(1) is evaluated to find the éorresponding values of wf. The results are given in the table
below. It can be seen that A = 1.1 in® yields a frequency that satisfies the specification.

A (in?) k (lb/in) w? (rad fsec)® | wy (rad/sec)
0.6 0.7500 (10°) | 0.1434 (10°) | 119.7
0.7 0.8750 (10°) | 0.1715 (10°) | 131.0
0.8 0.1000 (10%) | 0.1946 (10°) | 139.5
0.9 0.1125 (10%) | 0.2176 (10°) | 147.5
1.0 0.1250 (10%) | 0.2406 (10°) | 155.1
1.1 0.1375 (10%) | 0.2662 (10°) | 163.2
1.2 0.1500 (10%) | 0.2918 (10°) | 170.8
1.3 0.1625 (10%) | 0.3123 (10°) | 176.7
1.4 0.1750 (10°) | 0.3379 (10°) | 183.8
1.5 0.1875 (10%) | 0.3610 (10°) | 190.0
- I
Ky = 48ET _ 48 (2:06 x©'") (-02) = 3f09x=oé N/m
L3 @o)?
1(1:_ 0«3 ‘KIOG N/m 3 ™y = {1000 1(3 > my = 5000 ‘kg
Ez_(E;) m the solution of pre blem 5.5 gives %1;?_
w:’. &32 — 3:39 x(oG o3 xtoG _ 4 (3-33x |OG+ 0-3:106)2.‘ Mﬁt ™,
ko 2000 Twooo Y /& \ ico0 5000 10
= (1-725 7 1-6704)10°
wi___ 2.3992 ra.c]/,l; (,,32:. 58.2701 ra.d/,s
From Egs- (E4) and (E5) of solution of PraH.em 5.5,
&
‘o = 'k?. _ 03 X IO - -7
L= "mzﬁaf-i'kz —-5000 (54.6003) + 0+3 x 106
6
— %, = 813 X z = — 0:01799
2 —my 97 + K2 —sooo(339;.4o4g)+o-axm
0 l«Q
Mode shapes ore ) i } x(lo ) { } x(:)
X = w7 , X "=|=-0r01792
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@ Frequency equation:
H—wz (m] + [k]” =0

or
(kyy —o? my)  kyg —o
k21 (kgg At &}2 mg)

Expansion of the determinantal equation (1) gives:
(my mj) W — (my ks +my kyy) o + (K kep — kiy) =0 (2)
Roots of Eq. (2):

9
(my kgg +mg ky1) + ‘\/le kgp — my ky;)® + 4 my my k12}
2 2 (3)

Wy, Wy = 2 m, m,

Substitution of known expressions for k;;, ka2, and ks into Eaq. (3) yields:

ﬂ—E-I—~[(mlJraalx_xz)ﬂ:'\/(ﬁl—smz)2+25 my mg] (4)
7 m; My _

gl B
Wy, Wy =

@ Eaua:l:u'cns OQE motion : ) L—- mi = {000 4
m; K, +-k,x| e ‘f(' 12_ = O } (‘El) ,k‘qutosN/m
My Xy 4+ (K¥ Ko )Xy = K% =0 2 300 9

My | =
Let 2 (8D = X, cos(wtrg);

i=0 32 (Ez,> k2= S‘KIOSN/M
Eg,- (E|> becomes

- ’

2 o-im 5 '-,.__’t'.- .__‘_"‘- N o
2 =
- %y —m, W+ K+ 4, XZ} {o }

Freauenc:j e.gr..m;!::'on is

-m|ca"+ < - K,
2 = 2
€+
&4 Bl 2 - &
mm, 63 —(Tn,k,-{—m,kz)c@ — 4k, M & + Kk, =
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l e,

[(mk+m,k?_+mzk>+ (m,k,+m,k +mikE+amlKK,

- 2mmy, K Ky + 2mmy ‘kf‘)z ] /zm.mz (Ea>

G_9

Since  m; = 1000 1(3, my = 300 KgJ = 4-xvos N/m a.rn.a "kzz 5&105N/m,
Ep- (Ez) 9ives

W = 14:4539 rad/fsec , @, = 564897 ro_d/scac

L= “f“dfs 33 H —_ {6Q o

for 2 - Sl (0

3600 216
where l=¢cm axnd A is in ‘Krn/hr-

8= criticel velac:{:j #1 = 4 4539(2, 6)_ 49.6887 kmﬂu—

532_ = w H} - (ioco B
&, 360o>(£ - e
5, = SO Vezloci%j H# 2= 56:4897 (206) = 194-1963 ff-hnﬁ-,r‘
210
‘ Ezua,i:‘i'ons of motion for rotation about o0 and A
5,13 give
z a8

mi"-"- e, = - W, 9.' SNO, +& Sin 92(1,0:5 GD_Q_Q{EZ(EIJ;Me')
= -we+ql(e;- &)

= _W|Q|e; -f— Wz El(ez— e') A (El)
since g ~ w,.

my L5 e +m, L, (1,6)= — Wy l;sing,
= —wle ---- (ED
For m=my=wm and g _9 _g Egs. (£,) and (E2) become
m { e, +2mg3 @ - m3 8, =0
miei+m£92+m§zez =0

Assuming 6,(t) = B; cos (st+¢) 5 i=12 , we get

RSO | R IR g
—_© ml —@ ml +mg @, e

f’f"llI -— (,31. 2 = k T .
Defining )\ = o - %_’l, freguency egualim cam be obtained o3

-A+2 -1 _ RZ ' _
]—A -A+1|"\_4A+2”O
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A= 2-VyZ = 05858, Ax= 2+V2 = 3.4142
W,z 0.7654 ._:- p W, = 13478 f_é;_

For @y, Hfirst e?).m.tcm b (E3Y gives Hor By= *.

14142
@, = —M+2=42 = 4142

First mode

For ,, first eguation in (E3) gives for © =4,

@y= g +2 = —J2 =~ 4142
Location of node:
i-
.___-ldfl'“ = '_—:L} i % = o442 |—l-4ur2.

Second mode

Eg. (E3) n the solution of problem 55 gives
z 2':__ 'kl""'k?. \/ ‘k-f"kz 1.:_,__?' *, k2
2ma

w, , 8 ==
1.5 2 2y ™y oyl g
For wm=m; =m and *, = 4,= &, we 951:
2 z & 4 3 fs'
(9 (.32 = — "-"' \/.—- 3 —--k = S F laal-
1> e ) o 2 + —= 4

(A
W= 0:3320& , 3 - 2.3 &

™

S, = o-618I J'_’ O | - GISOF

Mode gka.res axe given by (se,g Egs: (E4) and (E;) of Frof:[ern 5.5)

ds NG {:L ()
= 5 =| [FeFERY ks X = 16191 A
-"ﬂ"',_wi*'kz

--v-(?-) i (Z)
= _ RS 5.6190 X ={ 6190} X
-y z+ 123 =

@ For the system of Fig. 5.5(a),

()

T . a) X (W _@ 1
—(1} (1) _ (B} m o] | - x i r [m o { }
S L } l:cl mz]{xctﬂ} AR o "‘:-] Y2

G
— XII) XEI) (“‘H‘i" my T, rz)

L) L3
Tﬂ,-l-mzn'(‘z_: T"||+ mz( 3 >( 3 Eﬁ
—y Wy + ket K3\ - my 9, + K+ K3 D

where

But

z 2
N = m (-m W ot ¥3)(=ma Oy + ko + K3) + mp K, , and

D= (—wmy OF + tat k3) (—wmy ("9:’4’ fa + )

5.0
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By Su‘:sti{:u%{nj

Z
., {[(m €y my + Geor k) m|
Tz

=

'ﬂ‘n\'ﬂ?_

-3
i Wy = ik we get

9 K + s mz+(kz+1‘-a my
wll" O}l ( ! ) )
Zmymg
(%)+ k?—) (k
™My
z z = Z 2
N =mmy 5 & — mmy & U - mym, k3 o,

P

2
- mymy ¥, (A

2 L b b
4+ m; K, + m Ko KS""‘“I"’zkng, +m kz k3 + m; Kz + my ¥z

[:(k,+ w2)my+ (Kot Kz)my

z
== mgmi

2 m mg
_4 (k,-{- k) (1'.1-1— k3) — k:‘)] } - my ™, 1(2{
wyma
o (kl+ ‘Kz.) ‘f“lz+(1¢g+‘k—:¢) ™
R e ——

(o]

- (¢

i) my + (ko + K3)

m.)z
(k,+ k) my + (Kot *5)"“-}

™ Mg

m‘mg

i & ic1=+mi<z
+ ™ Ky + Mg Ky +2m Kok 173

Eg.(5-10) gives

(800)(700) - (500)

{(800) 1 +(700)2 }-—- 4 [{@“’)i +(700) 2

I afaten - ooty

t&,;wz- 2
= 550 F 384-0573 = (¢5-9427, 934-0573
3,= 12-8819 vad/s, 3,= 30-5624

rcucl/ A

E@(E;) in the SO[U.{:I'OI'I O:F PmL’em 5.5 31‘\/35‘

61

6 [}

69[1, wzz 5 Sozoo Gooo = f4 ioioo €o0oo rz:w = 917+2, 130828
Wy= 30-2853 vad/sec , 5, = (43801 rad/3
Egs- (E4) and (Es) of solution of problem 5.5 give
1
. %y 6000 —m)_{ X
B - = = (1805 5 X T (%5
-my By + Kz, -917:2 + 6000
s Gaco —(2) & @)

e - - =-08471; X = -0:841 X

—m, W, + Kz

- 13082.-8 + ecoo

Same as exa.mp(e 5.4

Wy = /% - {mooa
25

CJ,_: ii‘— — {50000

\J ™ \J'—"'—'zs.

44.7214 rad/s

77:4591 rad /3

with wm=m, =25 &g

and K= Kz= K3 =50000 N/n,

General wmotion (s given by EB'CEICD of Exa_'rnlple 5.1+

210
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|
x,(t) = %\ cos (44.7214¢ +¢1) = x(?) cos (77.4597t + £2)

% (8) = ) et (44-7214 T + ¢) + KL.Z) cos (77-4—597t + 22)

1
Eg-(5:10) gives . Lt
2 .2 _ 4 (3000(2)+ 4000(4)] _ 1 {zooo(z) +4-ooc(i)} _+{3090(4000)—looo}]‘
of, @ = § {5 }+ 7 z 7
= 16333746, 3366-0254
Wy = 40-4225 rad/s, ;= 58.0175 rad /s

0= i = i = 1-3660

t —wn, c.sf.,. Ky + K3 -2 (1g33-9746) + 4000

= 2 - i = - 0:3660

-m, &9;‘ + Ko+ K3 ..z(gggg ,0‘2‘34-) + 4000

When X.](a) = 12(0) = -;cz(o) - 0 and ’)-L'(O) = 20 ‘m/X »

w 1 l'_:..o. 366 (20)

Xy = (-0-366—1-366) L 40- 4225 1 ~ —0-1046

xP = 2 [ "35.5___(“’)] = - 0.27Ti9

{ — — =

—-|-732 58.01715
serd

¢|: ¢z = tam (oo) = l{-
Motion of the two masses 5§ given bg Ey - [‘5-!5): .
xy () = ©0:1046 sin 40.4225t +o0.2719 sn 58-017%

i .0175t
%, () = +(1-3660) (0:1046) Sin 40-4225F — (-o0-3660)(-0-2719) Sin 58-0
=  0-1429 Sin 40-4225t — 0009952 Sin sg-o175t

‘ = I = =0 71
@) ©f=972, wj=13082:%, T= 805, T2 o 84

x,(0)= 02, *,(0) =% ()= x,(0) = ©
Eg,- (5-18) gives

. 08356
) : . 0-847M) (2] = ©0'°

Xy = (_0.34.11—1-1'305)[( J ]

Y. . [Climes) @D ] = oiteas

= (-0-2471 — 1-1805)

$ = @,= tan ' (¢) =0

x,(¥) = 0408356 530:2853t + 0- 644 coF 14 3301 ¢

x,(t) = (;.;305)(:»083‘56) ¢S 30+2853t + (—0-8470[04(644) S V43501t
— 0.09964 £ 30:2853t - 0-09864 f l14-330] £

U’) x@)=012, xp(0) = 7.‘-1(‘7) = 0> 7‘(1(0): 5.0

Eg, - (5-18) gives

2 = )
= = o 5] = — o.ll&e7
X0 = o {0 84T e+ 2 ]
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2 Y
3 (-=5) 2
 _ _ 1 - -180% (o:2)} + - —_— 1
XIT = Teee [{ e (3082'¢ ] = =B
=] 5:0 -1 o
¢, = tam { } _ tow! (- 0.9745) = (357399
20:2853 (-0.8471)(0.2)
_ =% - 5.0 _id ) _ °
4, = tom { #3800 (11905 ) (M_)} = tans " (0:1851) = 0. 4895
(t) = - 01167 of (30.2853 t + 135-7393°)
-~ 01184 b (N4-3801 t + (0-4895°)

2,(£) = (1.1805) (-0-1167) «8(30:2853% 4 135-7399°)

—0:8471 (-0:1184) B (1143801t + 10-4895°)

= — 01378 b (30.2852t + 135-7399°)
+ 01003 =8 (14.3801 t 4+ ao-4895“)

Esuivalent system is shown i ‘qure : «® &
Bu valen :1 m | own n 3313 1 2
€, = 2 (“f

EL; s e 12
% CT Lo (&) x ()
ET
== kz BEL i e m by fm]
4 z 2\ & n)
Egpals st'm‘c:t"_cn MR+ (K4 K) % -k, %, =0

ke + k,x, = ©

= X; cos (Wt+ @) <=2, we get

(- c.s"-m,-t- k) + #2) - %, X, B o
[ - Ky g "'{ } wwes ()

For harmonic motion . ()

(— (491' ™, + kz)

Xa o
Fre%uencj gguo_tl‘on is
(@ m + k) + Ke) - %,
= 0
-k, (=& my + k)
or 034 my My

l 3
— i3 (Tnz.k|-+ Tn2.4(1‘+ 1“|‘kz) -+ k] *‘2 =0

(mp &)+ m, %o + m,kz) + \l@z’kr+“‘zkz+"‘r*‘t-)2 — 4 mma kK, (&)
2m, gy ’
or = (mk+mk+ame)t (¢ % )
2
4w
-, ’k 5 ’ ® I
m{_.a Tn‘l-a

From Eg- (1), we get

1--

For given date,

\/@nt-q— mk+2m k)z — 8t &2

3%
mI[=
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Xil) — WMy o+ R+ K _ —am o2k  -2(e-2929 ©) +2%
L= ) - Kq = o = ”
= 4142
Ty = _)E_ZZ — 8y M + ¥+ ke _ -2m (‘9;‘_{_.?_14 :-2(1.707”:) 42K
x(,n B - = - =
= e 14142 (4142

Mode sha.PeS are:

—(1) {“O }X(lf)
X = (14142

— i-o )
- § } %

-l 4142 First mode Second mode
Liecation of node : (no noc!8) (one node)
Lo 3
I-_j'l_i——i = 1 5 %= 0:583%8

Let P be the tension in the string. Horison{:a_l,
componen{:s O-j: tension (a.,loﬂj xyq ctrec‘t{on) n the

Str.‘ns ’Lj?ng above and below m, are

= E_'_f. and — (‘x_"‘f’})_‘ri 5 res‘pec,f:fvely.

1—‘ 2
Newton'’s second law gives
Ky P _ (%, —%2) P ox, e
iy % = [ i, ar %k —EP+( '11 )P-_-o
S‘a'mi(a:rlj

X, + X2 p_(*®—% _
| WRaEe (2= il
with () = Xi cos (&3‘1’:4—9‘) s i=1,2, a.nal = 13—13-—2 =My =,

¢ 2P s B - Xy o -
Cme + ) T ) @
- (-mets )| | xe .
This gives the §r83uencﬂ eau.a..?:ion
2P __P_z_ _m(_lgz'.{__a_i (_m(BLq-_?_ =0
(me+ ) - (F) = G r) r)
Wy = _.1_ 5 W, = ———3P
i mi
From fivst of Egs. (/)
() 2z 2P
Yy = XZ-) == .-‘mGS,z—I- '2%' 1 = XF:-) _...'rnCch +T ,
) = =L g = == = 5 = -
? .
X (T) X (2)
5-13
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; 1 q o (2>
mede shapes are i} Xl) . =) x|
5 — ' X = (_
No node one node at middle of
+the two wma.83%€s

For m=3m, mg=wm, K =3k and Kp= %, E&,(E,_) n solution of
Problem 5.21 gives .

i Gk amktink)t (BmesmiesmOto 3okt mt & (24 5
ém -

e =
6 m?
W= 05657 %, 17676 £
, 3
9, = 075214 .[%‘ , W, = (3295 E_
(I) 2
_ R —WTwm+ kR 005657 (3) +3+1 | ,.3p29
1= o T - 1 -
¥ ks
x() g
{ 1o
1-0 %) =@ _
}’m - { }X| r & F {-I-3028
2:30259
No ‘ﬂﬂde one noole
= {:3 _t3
. 3r=;r___3E(,za, ) E o
b bg 4 b K= ‘kcunh'fever
k,= AE _ wd’E
2 2 T Wy=|m 3
From Pm}:lem 5.5, %, = k'rape
l ¥
G, = itk |t ;f_t(kl+*v-+ wf sr [welmar
’ = 2m, Y 4 ™2/ e

™y ma

(Ea,t3+-n-dze 3 , mdEg
4b° 41 2 W, sl w,

-4
‘/[—L{(Ea’ta + wd’-g) 7 + WAZE?‘ . E"cui:aﬂ‘dl F
¥ 4 L\l 41 /w, 40w, (6 1 b3 W, Wa

From solution of Problem 5.5, we find that for m;y = m, my = 2 m, k; = k and k; =

2 k,
k
w%=(2——\/§)—~; ; wg=(2+\/§) —

X ky i |
£y = = —
. X —my wi + ks -1 + V3
5-14
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X k, 1
Iy = = ==
: ng) — My UJ% + kz -1 — '\/E

‘First mode shape:
XU cos (wp t + ¢y)
i
cos (wy t + &)
; 3 —1

For the motion to be identical with the first normal mode, we need to have X&z) = 0.
This requires that (from Eq. (5.18)):

e {— ry x1(0) +x2(0)} o+ z)l_z_ {1'1 %,(0) — 5(2(0)} 2 =g

Tg — I 5

Xﬁl) Xgl) cos (W t + @)
X {r XU cos fwy b+ ¢51)

or

x9(0) =1 %,(0) = Vx;_(‘?_l
x1(0)

x3(0) =r; x;(0) = F ey

Let my = m, my ZQIﬁ,kl =k, kg = 2k.
@ Initial conditions: x;(0) =0, x5(0) =0.1 m, %;(0) =0, %,(0) =0

Egs. (5.18) yield:

1
Xﬂl) _ 1 [(0 —o. 1)2] 2 _ 0.1 _ 0.1 . 0.1

Iy — Iy Fo. = 1] _[ —1 1 B 03

V3+1 V3-—1

1
S g —np ( ) Ip —np 03
¢, =tan™! (0) =0
¢y =tan™! (0) =0

where w; and w, are given by Eq. (E3) of solution of Problem 5.5,

Resulting motion:

%1 (t) =X cos (wi t + 1) + X2 cos (wg t + ¢g) = — 0.1 {cos wy t + cos wy t}

V3
X9(t) =14 X?) cos (wy t + @) + 1y ng} cos (wy t + @)

1 0.1

(-t

!

B G3+1

0.1

o V;] cos Wy &

5-15
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0.1

i T

(,.5.'7' > (z'rr “o):'. = 39478602 (ra,ci/se.:)z

- From solution of Fr‘oHern 5.24, this ineaua,“":j can be
expressed as :

2 Ea‘t3+ﬂ.o{i’->3, . WAZE}
= 49 2 W, gl w,

Eat’ Trat"e ¢ wd*Eg)? ghat’md 2
{(453 4 W:_+ 41 w,_} T el b owiwy,
(El)

2.

> 3947-8602
Datw: E=30x10° psi,
b=130 in, {=60in.
Unknowns = @, t, a .
let ow=(0t and d=t.
For this date, t is incremented from o.1 i increments of

0:01 in and the Ie:Ff hand side of +he ;‘neaua,‘.iéj CEl) (s
evaluated. This gives o value of L= [.54in For

Swfl‘S:Fyt‘nj (E,) .
i
. Design is t= 154", d=t= 1.54" , a=10t= (5.4

Eaua.«'i’fons of motion:
m, %, + (k+Ke) 2, — Kygxy =0 2 =%

. (1)
My %y ke, x + (gt K3)x, =0 [

W‘—loooﬂ: W, = Sooﬂ: }-3864

—
E"jenva,lue Pro“em: 'l
(_mlwz_'_ f,t k) -k, Xy } * 'kzz'nk
— QUEERETP) 1055 SN oo
_ { ‘ (2) l S
e Gf ?CZ 4:'3'-'1(
For the data 4= k3= 8, #g=itn S & 77;7

Mizwmg=m= 2, Ep. (2) becomes

56
PRELIMINARY VER l)SUIQN 1%{14/2010

ec nalpneer




© 2011 Pearson Education, Inc., Upper Saddle River, NJ. All rights resefved. This publication is protected by Copyright and written permission
should be obtained from the publisher prior to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any

means, electronic, mechanical, photocopying, recording, or likewise. For information regarding permission(s), write to: Rights and Permissions
Department, Pearson Education, Inc., Upper Saddle River, NJ 07458.

-2 0O0% + 16 - g X _ °l
[_e _z@2+,5]{x2}’{0[ (3

Frezuencj e.au.a:f:l'on :

1
o

(—zr..szﬂé)z——
2 CIB?': "3 12
or W= 2, 34641 )
For w'= 4 Ez-(3) gives
[F2(4)+16] X, = 8 Xz  or X, = X,
= (1 1 (>
AR ) %, ()
For w%:nz; Eg.(3) 9gives
[—2(:2)+[6] X, = 8 X, or Xy = = X,

-»(z)_ {—lu} (z) @)

Free vibration responses of masses m, and m, are

given by
(') (2)
%, (1) = X, cos(et+¢ )+ x, "cos (3-454{1’:+¢2) 7))

x, () = x( cos (28 + ¢,) - x (27 cos (2-u641t + 22) (&)

W}\EYE x(ll)" ng) , ¢l @nd ¢2 are c,ons*:a-n{:s to 196

determined from the initial conditions. Using the

given inittial conditions, Egs. (7) and (8) Yield
(1)

x,(220) =1 = X, cos g + x* cos # 2 (8)
X,(t=0) =0 = X(,D oS @, — xl(z) cos d, Go>
% (k=) =0 = —2 x() sin g, — 34641 X2 sin g, GO
%o (k=)= 1 = —2 xWsin g, + 34641 X sin @,  (12)
Egs-(9) and (o) 3give:

D sty = D coses s b >
Egs: (1) arnd (12) yield
P stm g =025, x P sing, = o-lnus 04
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From E&S-GB) and (14) , we can $ind

( 2 p R
xl‘)"-'{(%) +("-2Lf-> }'2: c:5590
751'-'— fa.h—. ( X(;)sfﬂ 2

x{? cos @

2 s
Xl(z)-'—-’ {(Ji)z-l-(o-“i'-f?) }z-_: 0:5204

= ) X|(2) Sin @2 =]
¥>z: 't'a,n ) - ‘f‘% (dc2336>=0128f0 T&J

X I“-) cos P

taw (05 = ~ 0.463¢( tad

]

Free vibration responses of wm, and m;:
®,(t) = 0:5590 cos (2t - 0:4636)

+0-5204 cos(3:-4641 t +06-2810)
x,(t) = 0+ 55390 cos (2¢ —oJQGi’é)

—0:5204 cos(3-4eylt +6-2810)
From solution of problem 528 the free vibration resgponses of

ma.gses w; and My are 9Yiven bj

4D
x ()= X" cos (2t +¢) + x}(z) cos (34641t + 92) (
8= X\ cos (2t 4 g1) = x® cos (3-4641¢ + $2) b

where x(li), Xlﬂ'), @ and ¢, are constants T, be defermined
$vom the initial cenditions. Using the given mitial
conditions, Egs- (1) and {Z) lead to

x, (0= 1= X\ cos g, + x* cos g, (3D
Egltl =6 = T g~ x(Pcos g, (4>
% (e)=0 = -2 X stn ¢, - 34641 x 7 sin &, s>
%p(0)=0 = —2 XV sind, + 3ueki x{*) sin o, )
Eps- (3) and (4D give:

xg') ces ¢, = 4 (7)

X (%) cosdy = 4 (8)
Ezs-(s)avwl (¢) give:

x(") Sim ¢, = o (9

X‘(z) gin gdg = O (o)
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Eg,s- (7) and (3) 9ive:
D @ et s = (D= o
Egs-(8) and (o) y.‘eld-
X V= @)Y+ FE =gy gaz fan (o) = o
Hence, the free vibration responses of m; and m, are:
%, (£) =

ol
1
-

nl-

cos 2t + L cos 3-4641 1

1
2
%, ()= L cos 2t - L cos 34641t

Results of Example 5.1:
- . (2 ?,_‘ 4e 2__ 31‘
O >0 “ x‘”:{' > = s W, s

}x, _,}xr 2
[ 57 - BI= <[4 7]
_;((.)T‘_;('L): T ’}{ i } xfe) x(iz‘) _
.;(u)'l'[m]a(Z): II(l x!(z')m {l ‘}[ ] I}
() (2)

= Xy {l l} {__l}::o
T Z 2 m (0 0 F[L ST
Zm (XI('>>2:C,.—_ constant
TR e G0 [ ]

'—‘«@?)) ‘j—{:}zzk(xf")?':zk( )

= m

Q

1

= ¢y -‘; = c, CJ‘
X @y X = m(‘m“> i =tk 85 11§
(X,( >> = constant

"x“”[ﬂ?? = *(m>§ "}[ _!]{-l}
:4,;(}(}”) X "}{ }=G1‘(X¢(2)>

261(( ) ( ):czw:
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(o) E?Iuafi'ions of metion:

Assume: 6,, 8, are small.

Moment eauGl.‘Lru‘um ‘g;aua,h‘ons

of the Twe masses about

Pand & : 7

ml* 6, + mgfe, + K alz(s,—e,):o
(1)

mz 62-[-?!‘!?162-—"(4 (6'| 92_)-—0
(2%

(b) Natural freguencies and

mode shapes:

Assume: Havrmonic motion with G (82-8,)
0,(t) = @ cos (wt-¢); i=1,2 | ’
Wl‘nere @ and ®, are (3> I 1
a.mfal.lf:ucaes of 8 and &2 fs“nzal % fe
res}oecflvelj, & is the i 1‘ * 1/

ha,{'ura.l fre?/u.ehcj,o-hcl 525 m? m?
is the ’ol—na..ge a-hal.e.

Using Eg-(3), Egs. (1) and (2) can
be expressed i matrix form as

Y AN 5l T Tt R PO ) S M1
Frev-enuj Q_U.«.aﬁa-n

Free boaﬁj J;'a,ara,m

—aszmﬂz+mj£+ kd*® -—Ko\z o
AT -w”mﬂ.l+mgﬂ+ d®
g* 22 %d"N _ (5)
_Qs ( ( + - 1? = &
Selution of EZ (5') 31\/&5’
d
wt= 2, wgz%Jr %—; (6)

. Wa¥

92U
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By substituting for w,* and C&" into Es. (4), we obtain

()% o Q] i)
N L L T

Thus the motion of the masses in the Twe modes is given Ej
I ) i
--?( (‘k) - {9; C‘t) } - ®(|> { i } cos (Q9|'t o= 56;) (7)
() i
6, " (t) .

— v
9(2) (‘f:) = {Ql( (t) - @(:.) {-i‘ } LoS(@zt + ¢2_> (8)
8> (£

(¢) Free vibration response:

Us|n3 [inear SuPETPOSFé:‘on of natural 'm@c[es) the Ffree vibration
r‘espcnse of H-.e gyg{:em iS given Ej

e ()= ¢

V() + ep 3@ ()
By choosing ¢ =

(9)

cq =1, with ne loss of aenero.[ii:g , Egs.
(1) to (9) éea,at to

e,(t) = @ " cos (1o,t +ép) + @ cos (5,1 + ¢2)
8,(t) =

where @,

(10)

@ cos (bt +¢)) - fz cos (wyt + £2) Q)]
(|)

56,;@.(7') and @, are constants t be determined
Lrom the initial conditions. When ©,(0)= a, o,(c)=0,

é,(o)-; 0 ond é (e)=o0, Egs-(10) and (1) yield
)

o= @ ° s P +®()Cas¢2 ~

B = @1(') cos @, — 9;2') cos &, a2
6 = = @) sio *?51--—' 9, ®(,2') Sin @ o §

0 = -8, ®) sin ¢ + (“91®Ez} Sin g5 J

Egs- (12) econ be solved for @®, > %, @'(z.) and ¢2 t obf'a,l'n
0 ()= o cos Z2ZN L o5 Yot Wy
,t)= ov ¢in ckz—ai'- -

!
« Sin M t /r (lg)

2
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(d) conditions for beafcfnj:

2 % d* mgﬂ 14
W"Ien ——;f? <= _j_, or * << zd"’- > (
the fwe frequency components in Egs. (13), namely,
Sy 03 4 W, + 9 b . i c'
___.2 an ——— » can e a./(ﬁarax\ma e ab

C( z

S e B W)
2

~ K
2wm

(s>

%;J

and

P w2+w; f _1;____%_ Ge)

TI“'S ;mP".es 'H’\a-“'b H;e 'mofions og 'H-e Peanu,[u_mg avre
3i\/8‘n by
0,(t) @ o cos.t. cos 2,

a7
/

eth) ~ a Sin Sf2,t . sin .S'sz:

This metion, Egs- (17, denotes bea:\:t'na ernamenon-

5-22
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@ watl’l J‘ti: «b; kb1= 2 t{:’ J-IZ J;, J‘2=23; ’k{;s =0 a.ncf m.f‘__- m.t,_:c)

Egs-(s-zo) give ve
796, + 3Kt 0, —2%4 8, =o0

2 6,-2kco +2% 8 =o0
For harmonic solution, g,(t) = @, wf (wt+¢) 5 i=12,

CEt T 3k ek ® | _{°
-2 k{- (—2(.913;1-2"‘-&) ®z - =]
Freguency eymi"&:n &8
%
-8 T +3 K ~ 2% 4 3 .
W@ Jo t : : =7_;;L(}5—83:,’f<{.09 +2 %k =0
- piey 28 7 + 2Ky
(2= 3 k
w'=(2773) a @ = 05176 [ Xt w,= 19319 J =
% Y
5-23
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Q) z

‘r__®z__3;(ﬁ|+5‘k-t-
- w7
| 21‘-&
(2)
r,= @, _ - % (‘szz + 3 k¢
®$z) Z'kt
<=
o:366!
First mode secand medl
@ Ezuai:ion of motion of mass m: mx = -k, (x-r8) ---(&))
52#01:0“ mot_a'n c f a!er o -
G’E' o% H Ln ; ' z % (Y@-— x)r - (El)
mass m, and mass momcwf: of L 6 =-kroe-k
inertia  J, = ¢ myr?

For %)= X cos(9t+4) and 6(1)=® cos(Wt+¢), Egs-(E1)
and (E,) 9give the Freguency %ua,f:foh

2 - Y
—m@@ + k?. kz‘ - O
2 2 2 z
-k, T —L om0 @ + K T+ kT
. 2, Kz )+ #g 2 K ‘Kz
s 594' =0 | 5 * { ) ) =

2 1
w.z,wz=ﬁ3+w$ﬁ(&+z—ﬁ+zk">—3j'—f—z
2m ™, 4 m mg me ™ My
For J;= Jo, I3 =2 %, g = Kep= Kyey= *t)a"‘d Mgy =My, =0, Eﬁs"
8l (5. 20) give

ZJ;'Q.,L-- ke 8, + 2k 9, = ©

For harmonic motion, these eguations give

— ST 4 Ly - %3 ®, E
= Ky —20 G+ 2kt @, o

from which the {-hgcbuencj egua:l:«on can be obtained a2

LJ- CIB4 kt CB + 3 K{- =0 : Foest mede
z — i
&53', (81 = -'.%(g + ﬁ) a-t
o
f _ , 3
L W)= 0.79623 __J*;_ ; @, = 1153817 _3_01
@(‘) 9 94
he 2. = = 8 Jp + t |+ 366073 Second mode
' ke
b 5
n = ‘9:5.) = -y %+ 2+ —0:36603 c:'s?ss
@L‘z) ‘kt 3-—0'2 7
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EBS.(S-ZD) 9l‘V€ J_oéf'*’ek‘t 8, — 51:.&.62:0

5 I é‘z_st.te, + S5ky 87 = O

These ezua.{'s'cns can be EKF’"E“EJ af, for harnmonic S ;o

-t o 6 ke = dy @) (o
— 5Ky —5w6*T, + 5 ke || @, -
Frepuenc ei,m‘t‘an 2
v z; 4 o o Kk = o
ke .
2, wl= X —"———LJIE)—o-Msst*-,G.QSM—;—
Aa B2 € I (z * 2 - Jo o
(=}
8, = 0:38177 f*t . W, = 2.61803 ‘_ﬁi‘
| = =
e, 2 :
o= —=2 = @ TPt CRt _ 14708
@,U)- B e
i A
Y, = ;‘9;2 ~ % + 6K = _ o.1708
2
Second mode

"}.T-i 08

(:) Using %(£) amd 9(t):
For translatory motion:
mx = - k(x=28)-¢ (x-£,8)

= kz(""'gze) - Co(% +1y é).--- E)
For votational wmotion

aJ:o-u.i' cC.G: "

o = e-1,6)4 &3
J;s:/kl(x x’e)zl+c'(x , ) ' 7 7 L ///////k)r
— &y (x+£,0) I — Co(% +0,8) k2 —-- (E2)
Eps- (E,) and (Eq_) can be rewritten as
m o “;(' | Cy+Cz Ii"clgl*'cziZ {.‘;' K+ ke l'.""':lfl"'kzl'z * -{-Cj-}
A aanel ) A e A e 1SS 8 LR S
S 1 ==ty ; : e
o 1 %j(e LA T Ef—+CZQ:— e ke lz 8 +k. 1 |(o o
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(i) Using %(t) amd o(£):
For frwrvs'(ni”cﬂ—g molion:
m“}:-—k,(y— RTG) -—Cr(:"fw-—ﬂjé)-k?_(:{-ﬂ' EZe)_cz(;w,E e)_mee

For votational wnotion: - (&)
%9" JICE Ee)ﬂ rey(y- QS)Q—kz(yi-ﬂz_E)i?_—-Cz(B«—ﬂle)i—EME‘J—
Egs: (E3) amd (By) cam te nedtidfe. as - (54
m !me ;}. C)tce Ir —Cr9r+csz I 1"‘.‘
B e Bt T e e = o = =
me | 3 (6 oy vty ) 42| (@
&+ K2 E—kﬁ’+kﬂg— y o
I ity AR bt ey I et SR
—f‘;f,/+4<z£z Lkl el ] (e o

m, ll 6.‘ = _W,Q Sin 9,+1<(2197_-'Y9|>£ i 6
My 0y 8, = —wyly Aine, — k(1,0,- 10D L, o5 €,

or .o
m ¥ 6, + 0,(WMA+48 )=« L8, 6, =0

w, R;’ .9-1 T 92(”7.21+“-2:)—‘k£,91 =0

For farumenic ‘rn.dtrDT 1, 9 ('L’)- @ A (wt+¢)

“'-’zmagll"f'“fiu-e-kﬂ,z | = f B ®,

-x LK S e Wy e RE::H@z

Freguency ev.m.ifon 3

ot (mmy R202) = o [my 42 (W+ kAE) + m 2 (Wa kot e de )]
+Lw w8 + Wl xR fwih ;] =0 i (B )

Roots of thic e?);_sut_c-n give The nadunad {Wg w'q,..d 6,
Ampl tude roliss ane %:.v:zm L:}

(
Y, = @7.0 - ""-9| m 5+ W+ kgrz
o® 2,8,
@) 2 2 2
2= ®1(z) -, o m A e swher B where W, =mg, Wy=m2 7.
®, e £, K,
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Egu.a.'l:(ons of metion:
4ml*8 = - kle 2 - «(le+x)2L

"m:;'c::—-k:c.—k(£9+=t) a
e 4ml*6 + 2x1%0 « klx =0 r-é
x

mxX 4+ 2«kx 4+ «feo = 0o g
For harmonic wotion, these e&u.a.‘[’:for;s‘ give

—am P w? 2% Y ® o
% L —met 2k X -{o }

Frezuentj egu.a-h'cm is q_,mz 5% — 15 i @+ 3R =0
2_ kg5 i3
<= w(z®F)

0-349¢ £ , 21514 -

V= 0-5904 (X, w, = l.46cs8 [E

()] - B 1 2
' awmlTe 2l

nE oo - S = -0.6056 {
) I 2
X —4m {7 (9 2k £

= —5 = 2 7 = 66056 1
®@* - x4

Mode shapes are — (1) e B 0"
X = 1xgWr= -ceosel

—(2) a&®

S 21 R P L
X geoSéﬂ

| - s

@

Eguations of motion :
m ("Zt - g) = = ki

3&6 e -_-_kte— kx €
e mx+kx —meod =o

(,-me*) e + kKyo+kex =0
For 4armonic motion, we get the 3Creguency epuation as

—-m(ﬁ+1< me ©” I
ke —(Z-me*) o’ + «y
or (;— me)m03+ (J“k+mk{)c3 + kK =0

Roots of this epuation give the ratural freguencies of the system.
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Speeol becomes unfavorable when 2T
@ it is related +o E as e P — —

w2 s
;.1:.,? v L g - Lo le— 1= 15 m="

n 27T
=% a.m'oie 5.7 gives

W = 5.8593 ra.ct/sec (bou.ncfng)

3, = 9.4341 ra.a!/sec (Pi'f:ch-‘ng)

. wo= Lo _ 15 (5-8593)
["" =

{3.9880 m/s (Bou.ncing)

2% 2Tv
Vo= Lewz 1S (3-4—34—!) = 22.5222 ‘rn/s (P:‘fcfm‘ng)
27 Tpmw 270
A
5.45
*q Y(t) kich\- +)
t
Tﬂ‘ ™ "
1 Torm
'k x!(t) 'k(xz—x-[)
o
=l T L A Y-
28
Equations of motion: (5 ¥
my ¥ 4+ (kg +RK)x; —kxe =kg¥ Free body diagrams
Mo 3&2-—1(:{1 +k12=0 Of ma,SSES

Since velocity of crane in z-direction = 30 ft /min = 0.5 ft/sec, 7 = time to complete
27 2T

Base motion for m; (girder motion due to unevenness of rails):
y(t) =Ysin wt
where Y = 2 in and w = 0.31416 rad/sec.

Road surface varies sinusoidally with amplitude, Y = 0.05 m and wavelength, d = 10

m. If v = velocity of automobile (m/sec), time to travel one wave length = 7 = d/v

2w _27v
sec. 7= 10/vsec, w = _— rad/sec.

v = 50 km/hr = (50(109)/60(60) = 138889  m/sec

Jo =m r% = 1000 (0.9)* = 810 kg—m”.

Equations of motion:
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'#:F (jr) = 9round or Ea,Se disfola,c_cmeh-{;
of Front (rear) wheels, cﬂow_nwa.rds

For motion along x:

m¥ +x (ki +k)+0(k € —ke &)=k vt Tk 71 (1)
For motion along &:
JoO+x(Crle —€ke) +0(k: €3 +ke €)=k ba 7 —ke &1 7 (2)
where the ground (base) motions can be expressed as
s8] =Y din w0t =005 éin, 20" & m (3)
v:(t) =Y sin (w t — ¢) = 0.05 sin {217:: t—gﬂ;—-{-ﬁ)—] m (4)

For given data, Eqgs. (1) and (2) take the form:
1000 % -+ 40 (10%) x + 15000 0 = 900 sin 8.7267 & -+ 1100 sin (8.7267 ¢ — 1.5708) (5)
810 4 + 15000 x + 67500 ¢ = 1650 sin (8.7267 t — 1.5708) — 900 sin 8.7267 t (6)

Natural frequencies are given by:
k k X 0
i m 0 n 11 12 1 _ (1)
0 My k21 k22 X2 0

200 500 2
where m; = mass of pulley = T Ib—sec? /in ; m, = mass of motor = T Ib—sec?® /in

X; = amplitude of pulley, X; = amplitude of motor,
) T (o4
— (2

e (90°%)
Frequency equation becomes:

= 32.3210 Ib/in

5-29
PRELIMINARY VERSION 12/14/2010

00\ ||||\l| f'u'\l\" =chilagll il




© 2011 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This publication is protected by Copyright and written permission
should be obtained from the publisher prior to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any

means, electronic, mechanical, photocopying, recording, or likewise. For information regarding permission(s), write to: Rights and Permissions
Department, Pearson Education, Inc., Upper Saddle River, NJ 07458.

(—«? my +kiy) ki —0
k12 (_ 0)2 my + kgg)
or

(m; my) w* — (kg mp + koo my) W + (kg1 keg — ki) =0 (2)

From known data, Eq. (2) can be expressed as:

0.6698 w! — 11563.2894 «? + 7.3108 (10%) =0 (3)
Roots of Eq. (3):
«* = 657.26642, 16606.5300

or

w, = 25.6372 rad fsec, w, = 128.8663 rad/sec

P
e

mement of inertia (Jp)

kz S S LJ Ky

T T

y, (&) ¥ (+)
1. Model the bicyecle and the rider as a two d.o.f system as shown in figure.

9. Find the equivalent stiffness (k;) and damping coefficient (i) of the front wheel in
the vertical direction.

3. Find the equivalent stiffness (k;) and damping coefficient (cg), if applicable, of the
rear wheel in the vertical direction.

4. Deseribe the road roughness under the wheels as y;(t) and ya(t)-
5. Derive the equations of motion of the system subjected to base excitation.

6. Solve the resulting system of equations to find the steady state response.

(=)

Choose unknown coordinates as x(t) and 6(t). Equations of motion:
m¥=—k(x—¢6/2)—2k(x+¢0/3)+F()
Jo 6=k (x—€6/2) (€/2) —2k (x +¢€6/3) (£/3) + F(t) (£/3)
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mollgl [3x ke x| _[F() }
[0 Jo 'g+kt’/6 17 k €% /36| (¢ £F(t)/3

and F(t) = Fo sin W t.

m ¢2

where Jg =

(b)

Elastic or static coupling.

k. <—

(Mem)2

Z

Free [:aclfj

diagrom

Equations of motion with coordinates x(t) and 6(t):

For motion along x:

Mi=—kx—cx—(mé/2)fcos 6 —m% + (m£/2) a sin 6 + F(t) (1)
For rotation about O:
J 04+ me/2)0(¢R)+m% (€ cos 6/2) = —m g (£/2) sin 6 + M;(t) (2)

. 1
Using J, = Tl mé%, cosf=~ 1 and sin §~6 and neglecting the nonlinear term

involving § in Eq. (1), Egs. (1) and (2) can be rewritten in matrix form as:

(M+m) m¢/f2 [ e o||x|] |k o x| _ JF(t)
mee To+mer/a) 15 Tlo o o[ T lo meer| o] T M)

53t
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K, %, ~—t—>

I

Free I::oclclj chcz..-a ro-m

N = normal reaction between cylinder and trailer, F = friction force, Ry, Ry =
reactions between trailer and ground.

Equation of motion for linear motion of cylinder:

YF=m%X, or m¥ =—F —ky (x5 —%1) , (1)
Equation of motion for rotational motion of cylinder:
EM0=JO'é or J0.9.=Fr (2)
X3 —X
“where Jg =--21--1:D.r2 and 6= 2 - !

Equation of motion for linear motion of trailer:

NZWF=Mx; or MiEl:—klx_l—l—kg (xg —x%1) +F (3)
Eq. (2) gives
Jo b |

F =

T T

(3 m ) [ﬂ] - § O (4)

2
E
Substitution of Eq. (4) into Egs. (1) and (3) yields the equations of motion as:

A I s i
TmX2—mel—‘k2X1+k2X2=0 (5)
(M+%‘)551“'I;iiz+xl (k1 +ko) —ky x, =0 (8)

lr &
(@) Natural freguencies of the system: z A [y |w,=i00 000 6

From Pr‘o’:,em 5.5,

/3 ;
k2= 6 Xlo !—b/ﬂ"\

z %, + ko k
— \ 2 2

2m) 2ma 1 my | W= 140000 b
1
¢‘/_l (rte, ﬁz_)z__ kK
4 m' Tﬂq_ mlh?_ - Jklz 3)(106 _ﬂ’/fn
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2 & E
“w_ 910 §xio
= e e
stloq 2o Jcrc:l'f
5 1
‘?Kro é X lo 2 faxlo‘z
lqno loxroq - l"‘Oxrog

, = 663408 rcwf/sec

Wy = 208, 8557 rr:u:l/sec

(b);[n;{:m,l. ccnd itions of the system:

Let YV, = initial Velocsz of anvil and frame just af ter
the u'mpo-c.f of i-'u.P
Frorn conservation of momentum Pn‘nc(‘b’e,

momentum ojc “—u_P ‘p]us momentum of anvil Jusf [:ej:ore :'mPa-c.l’.'

.

= mo-n—.en{’um of T‘:U-P PIU.S’ mamen{_um c_‘F a.nw" ju.S‘]: a.zf’l'er ththa..c.t

1€ th-P vt“r T Mgl (O) = m{:u.): Yo + ma,nvff. Vg (E‘)
Where Vv, = Vefoc({'y of rebound of {'u.F after meCLCf
A,Soz
Coefficient of restitution (€) =(rel"i"ve velocity affer FmPMt_)
rela;h‘re, VE‘OCH:y j;efgrc l.mFa-cf
e e = ,q}?.' Uy (E)
-—‘—"-—'Ufu-.b or a0, = Y, - e vﬁuP 2

From Egs- (£)) and (&),

'Uz_. Tnfup ’V-{-_-uf, (1+€)

(E3)

Tn{'“(’ t Manvel
FOT 31‘ven Aa—fﬂd )

v, = 5000 (150) (14 0:5)
le5 ocoo

= 12-857( in [sec

[}

+ Imitial conditions dxe:
11(033 o, }.(.I (O):O

X(0) = 0, %,(0) = 128571 in/sec
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(-C> D“spiacemenfs of anvil and ?ouncgaﬁ:t‘oh block:

We can use rvesulEs of section 5.3 with *3=o0.

2
r = XEEI) _ —mM &) 4+ &+ kg - % (qlr-of-o‘?é) + ‘?xlog
1 —
XE) K 6 x 105
= 142342
Y = X;Ez) _ —m,C‘S‘;' + k,+ kg - %(‘43620-676) i 9Xtog
XEZ) ‘f‘z € x 106
= = 1341
RESPOHSe of the SgS“f‘:em can be C,ompu{:&ot uSt'nj EZB- (G-IS):
) [ ' '
Xy = —= (_”): = ('2'857'> = - 0.08(83% in
-0 W, —2:3(83 \ €6.340%
(2) r x . 8571
5 = (i) =_1 ('7‘3——-—->= —0.62599 in
=% \ Uiz —2.3¢493 \ 20§ 8557
?S = 'tan-‘ {7“-2(03 } =
(I —6—“" 2

=¥ ¢ .
¢2= fan {-—- 7‘20(03}—_—_-—7%
Response fS 3{"‘3“ Lj EZS'.(S.- ’5) .
w0 (E) = X?) cos (&9,'1.'+ &) + )(.(2') cos (Uﬂzf-i'sﬂz)
T .
= —0:08183 cos (66-3408 t +3;§)—o-ozg=f? cos (2088557 ¢ —== ) frs
I

2%, (E)= 1 x$D cos (wt 4 20) + 1, xB) cos (et + £2)

= —o-1010 cos (66.3408¢ + -"’E)-{-o-oﬁqa’ cos (z08-8557 t - ) in-

(0) Natural freguencies:
| (E,)

Egua..i:{ons O} mofu‘on: my X, + kl xy - 1(, x—z = F[(t>
my 9".2 + (&t kz) ®, — k, X = 0 (EZ)
Freguenc.j ezua,{:l'on:
— @ my + K — k)
PR = 2
oo 'k. —T'ﬂzw -+ 'kl-i- ‘k.?_
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or 4 ® *, + ~k7_ * Ko
- = w? 2 F = o
i M K ) - ™y My
2 1
C@i ; = k EE <+ L P 2l ) + + 1!7_)2__ ,*q
2 Zmy 2m, T V7 ™y ™ M2

- B
Here my= 2x0 k5, M, = 2-5 :<|o5 kg, k= (50 KIDs N/m
and Kp= 75 x10° N/m.

2 7
&9‘ = l_So__xE_ = e ﬁf_la_ e i IS0 x 106 225 ;moG Z ISOx‘TS'anL
i 5 - i+ -ZF( = + =] - —
& &l i 2% 10 2:5 % 10 5x(o
= 150, (500 (ra.ol/sf,_c):’-
YW= 1202474 radfsec 5 W,= 38.729% rad /sec

Assuming 3en0 imidiad condilions, the Lafvfa.u_ Tramsggvms o (E) emd
"“lfgz % (A) + k¢ X (5) - %K X, (5) = F,(A)
s A %2 (A) + (k,+ k2) *,(5) _ %, X, (%) = ©
e (m A4 k) X (8) -k X)) = R
—%, % (%) + (m, 8% 4 &+ %2) Z,(8) =0
{ (my A2 4+ &, + *2) } F (£) —-——(Ea)
iy g 4 g% (kiR + My R+ KR
* =
HO I e v }Re &)
mimy BT 4 g2 (ki kg 4+ My R)) kK _
Foxr +the forc.'nj -Funcﬁ::m given, F (%)
— = =T34
FN= F = sl

2iw-e (FR)}-® "

For the given datw, Eps. (E3) to (Es) become

%, (%)

I

5 2 [
e 2.5 x0 A 225 % 10 —
%, (5) = = - R (%)
(51(0 ,3++ 325'7:10” 2% + wzso x.[o'z)
2
AT 4+ Y00 —
- R - ()
2% 10° /‘54 + 330 ><lc:6 A% + 45 x10°
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€

|50 % (© —

7-5-:'.(’{‘) = 0 .4 ] 2 Fi (4)
Exio- AT + 825 x10' £ 4+ U250 x (0

30 F () P (=3
ui
0t 5% + 65 x10° A% + 225 %0

—0:58 ,
‘lﬁf'\.l.ﬁl F!()S): 2x|og['/%—e (g-;‘:)] S (Eg)
The inverse ‘!':ra,nrf-orms oF (Es) Q_,\,\_& (E_,') M 7('(-&) T | x,_(t).
Ezu.a.ffons of motion for free vibration are (j:rOm Egs{sw)a.nd(s.z));

m':i"" (ci+c2) il*’(“t*’ ) %) - Cay — Ky = O } (EI)
mziz + (cot Cs)';‘?.‘i‘ (kq+ k3)x, - ¢, ;Cl ~KaR) = 0O
ASS’umt‘nj the solution tcus
A-
x(t)= T; € ;5 {=1,2

E;;.(Eﬂ cam be rewritten as

m, A5 (¢ ) A + (R + %) — (4 + H2) z) (o
— (24 + %) my 84 (cprC3) A+ (Rat k) ( F2) (o
For @ non-trivial solution of Eps- (e2), (Ei)

™ 854 (c|+c,_),s’+ * )+ ke — (c, 5+ ‘kz)

—(can+ %) g 8% (cat €3) 24 Fax %3
e
84 (mama) + 47 [mi(can enye ma ereea) ] 4 5° [ Coar 3

+ (ci+e)(Ca+€3) + my (R + K2) — ey ] + A [(CH'CQ("Z"' *3)

+ (c?."- CB) (kl+ k?.) —2C, 1(2] + [(k,"f‘ kg_)(‘kz'f k?) — kz?- ] =0 (ESD
This e@mﬁfﬁn can b CJ-FVLM&(D[ as

% 3 2
L A 4+ a, B+, 4 +aa3/3+a;+=o <E4*)

where a,, @, ) @y Cam @M&J by  Comgooring
E’Zg-(Et‘)M\d (Ea).
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If A, A2, 583 and By one Hz voots of Eg- (E4), The
3€nero_,[ So'ufcmn of' The st"f’em tan be e,&freﬁeo' as

)y st £ 4 t
*(t) = C" e’ _{_f’(?-) e < e/s3t+ f() “

1 J € } (E5>
t 4 43t 4.k
) = f‘) J' ~+ ?::z) e 2 = fg_(a) e 4 ?:ZE#) e

where the comslarts f,’l(‘) ; o=, ehe be M
from the four initial conditions of the system, na.melj,
x(0)s %z2(o), %,(°) amd '7.(2(0)' The vatios of a_mplifudes
£ @ am be difsimiced from Egs. (E) as

) z
—_ - 3
4 x: .
i=1,2,3,4 (Ee)

L{ any root 4 has a PoSC'Hve real part , =(t) amd =, (&)
will increase with time. zf ol 4

have negative real Pa—ffs'
@S

Ai = =Y+ i Wy
then +he So,ml::o*n 5, iK% (1:) can be exdaressecl as
(#) .-r t ifwt 4 (j)__r-{:
x}(t) Z: E eL ¢ Z & (
§=1 =1
f fwo roots A amnd Ay arxe c.:mr:fex Con}uja:feg as
A"-‘-_(r“.{-i'&f') amﬂ‘ Az:—-—(Yl—A:U,))

%, (t) cam be exdpresse_a( ak

2= o el cor it 1 T )s.-nw—.i:}'

l Sin f }

= A
+e | { (z)c,asw'tﬁ-,.

(3) st ) Ayt
* % e & ,()eq

Sfmfla.r cxpres.‘i’ions Can be den‘veq’ for i,y (f)
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Known cla,'l:a:; ™y, = Yo = |0 ks, = Ky = 2000 N/\m, #3= 2 N/n-r
€,z 100 N-S/en, €,=C3=1 N-S/m
“(0)_¢2m, xzfo)_o‘m) x(a)._xz(a)_o

'E%S.(Eg) and E4 og the colutron a§ Pro blewm 5.54 3'\/8

We = Mmy = |00
e, = (6(2) + 10 (101) = (o030
@, = 1o (2002) + lo1 (2) + to (4060) - = €022}

Qg = o1 (2002) + z(z,uooo)_p_(;)(g_ooo) = 206202
@y = 4000 (zo02) - 4 xtef = 4 008 00O
amd
4 N = 0§ 00O = O &
100 A +(030 A + 60221 A + 206202 X + /0
USl‘n.j PRoGRAmM 10 , the roots of Ep.(E) can be found as

2i,2= — 14714 * i 8.8272 (E2)
B34 = —3.678¢ + i 22:066¥% (E3)
Thus the solution is given EJ
4 (5)y A3t 2t
xH= = T et L (4)
& =1 ’ *2(®) ?E;‘ © (B4, Es)

Where C’l(a) 2 4 =123, 4, can be found from the initial
COhdl"L'lb'nS', G.YLA -L—he T‘DJ‘EL'OS og O-MJ:If‘Ludef { C(})} com be
obtained from Eg.(EG) in problem §5.4¢: -

Tf,(j) _ Cy ﬁ,’;; + ko £5 + 2ogo
KZ(” m, Xj +(c,+c,_) 43; * ok + kg ) lo xf-f-loi A4 + 4000 5
£=102,3,4 (€c)

For 7 =1, A= — 14T + £ €-8272 and (Eg) 9r°ve.s1-

&) = EO) ‘gz(') = 0:6207 — { 0.1239 (E7)
For =2, B3= —.47l4 —< 9272 and (E¢) gives

oy = ff”/gf’h 0:6207 + < 0:i239 (Ep)
For =3, #3= -3.67%6 + i 220669 and (&) vields

X3= &) e’ = _1.33508 —io0.7758 (€s)
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For =k, fy=—3.6756 — 220665 and () yields
Ay = G.m/fz(") = — 38908 + [ 0/ 7758 (Eio)
Thus the Solwf:(on of Eg/s (E‘D p— (Eg) can be rewritten og
% t
% () = Z‘ o( ‘C(;) v k)= Z 0( E (En,Enz>
§= =
Since the pairs (dy> ®2), (A3, oy, (£15 A2) amd (%3, Ay) ane

ot gy il Bsiesuienns Sl
) . o } Ei3)

and  (£y) and (Ejp) can Beh .Si'mpiff,'ea( Sfurther. However,

we proceed directly with (E;) axd (Ei2) ormd wze the

initial conditions to evaluate the constants 5(43 ;=234

p!
x(o)— L ﬁ() + o, 7;2()1“"(3 Z'c’z()*"(‘r Ez(ir ]

= ol
%, (0) = &+ e + 5P 4

= o-|

Y Q) -3 Y (e
x'(0)= ’slq’l E‘l + /gz ‘(2 f?(__ )+ /gBo{s rz(?)_*_ ’glf’g‘r Z:(Q) o ( f"!)

. (2)
xz(O)z A f;_:)_f-/?g_ Ge 4 fp c()

+ 4, C.(‘f) — & ]
Once ‘@2_(” , 5:'—'!,2.,3,1-.‘ are JdFownined From EZS'(EH"),
e d.‘sFla,cemEn{:s of rmesses X () amd =,(t)
obtaimed using Ezs- (E;) and (E;,).

CD.MIDE

, it can be rewritten as

c+d< N i J
- iBosan | (otd ezl
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.
o.a: E_(Glgf_ﬂzizs-éétl- rad /sec m, ‘I‘
F(t) = me Qsz' cos ot %, % Ft('tj

(e )(6)025 eew) Cos 125 Ge4t o

= 12R-604Y tos 25664t b 1L F2 ()
™= 800/386.4 = 2.0704 - s/, %, €a
m, = 2000/35’6-4 = 5.1760 B-5n &4
%, = 2000 t/in, *,= loco /in » C2= 200 bo —s/iy = 122- 6044,
Fﬂ.o = ¢

E@a.a.m‘m?» of molion ane [SLLLS‘EL{'U.{TE R, = Ky , C=Cq, M= Mg,

k= K, =0, mp=m, K= F, *3=0,¢c3=0in &. 9 ]:
[’Zz ST R T ek
[,,,, ol S PO P LY oy S L B

C.mnapa,rmj (EZ) with '53 (5:27), we find That
M= my, Mp=0, My, =My, =0, ¢, =0, C;3= C25 K=K Kiz=0 amd

S~

\._/

‘kzzz kl'f' kQ_-
AP’;I{CQ‘{:FOY‘I of Eg. (5.31) leads to

. s o
Zu(‘("g)-‘- —W M +i C+ k= =M@+ R
. - R -
Z'?_(ACJ)S —3 ™o, 4+ L8 Ciz+ "k'z_ = - ¥
. z . 3
Z32(£9) =~ m,, + i ¢py + Koy = —my @ S0 Cp K+ Ty

Response of the system can be expressed as
s _ it _ '
with XJ given bj = (5.3'-3):

X, (o) = Z22(6@) Fo = Z5(4w) Ko

s wt (real part)

Zp (i) Z,, (iws) — Zz2 (i)
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z
(—mzﬁﬁ + 0w Cy + k1+*kz> Fio

(—m,w:‘+ k') (=mq Q31+ LW C, + Kkt k?.) = kll
{— 5176 (i25- GGH)Z +£(:2_s.654)(2.oc) + 3000 } 122 6044

{[ 2:0704 (125:664) + 2000][-5176 (125. 664 + (125 ssu)(zrw)
+3000] — 2510 L

<_ 40:0042 — g:0(919% 4') X io—" n

Xz(ica) = - Ziz("w) o + Zu ("w) F?.o _ + Fo
Zy(ces) 'Z,_,_(éw) - Z,?._,__(L'w) Z, (<) zu(fw)—z,i(f"ﬁ’)
_ 2000 (122-6044)

q
- - ( r9221 +0- 2‘?‘*391“0 i
Cz.q.fzvz - 7.7143-4.)(.9

= K - 1126 (Gat’) _ et
X. £3 kf: kbe:.m

Egucuf:n’ans ojf motion -

. T T

m %, + Ryx) + ‘kz(ﬂ'q—?(z):—*':;(f): F, C,osasf} ( ) %1‘ x,(¥) F(t)
E'

2
My, + Kp(xp—%) =0
ma _‘L
ASSumfn9 Aarmonic response
xch)

XJ:({T>: X}: cos t 7 ;':;,7_
Egs-(E)) yield

(kl— ma &32) Fo

X|=

('kl'f'kz— TH.GBZ')(k,_—m,_ca"') —_ ‘k,?_-
kz Fo

X, =
z (‘k‘+ ‘kz_—-m'wi)(kz-—- rnzc,jz'>— k:

For mo Sfea,ofj state vibration of the beam , X, =0
and hence the condition to be satisfied is

Kz _ 032
Er
Ev;.ajf:!'h" oJC motion :
| %+ (ki k) X = K%y = F(t) = F sinwt e (&)
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We use F, Eiwt (u[tk ;.:J-—i) for F (%) and consider on(j
the (maginary part at the end.

(Wt
Let Xj(f’): X:’L- e 5 F=L2

Egs. (E/) and (E.) become

. lest (Wt ‘ot
*mrwlxieﬁt-*' (ki+ k2) X, e -k, X € = £ a
z it ; .
-y (3 Xz e + ‘kz Xz et wt _ "‘2 x‘ emst - o
e . - = ———-—- (€
[2Ge)]X = F E5)
W e {5) B- {2 )
X = Xg ? 2 on - o] ’
[ ] ZH(A.GS) Z‘-:.(’:GS)
Z(iw) | = . ’
( ) ZZ'CL‘QB) ZZ?.(;'("B)
Z,(10) = — e O+ K+ K, Z,(w)= Z,(i®)= -k,,
Zyp (i) = -m, 8 + Ky,
Eps.(5:35) give | )
X, (i) = CMe” + k)
(—m'wz"" k,+k-z_)(—‘mg_wl+ 442) —‘k;-
xl(;_og) = Kz Fo

(“ '"":69"-+— <+ kz) (_mzua"-;- kz) — 'kzz

Pnce Rosinot = Im (Rei®t), wity=Im(X, e 8 ) x; st

x (V) = (= ma 0"+ *2)fo .
2 P Sin C.B‘f:
("mi(‘s + R+ K (-m, W0 k,_) - ‘k;
%, R
x,(t) = 2 ° sin ot

(= ™1 B+ 4+ 3 (cmy 9t 4 € — k2

Ezunj{.:fons of wotion: t'}(f)z
mx = -4 (X -%) -k, (% - x2) o Yo cos O

""7_;('7_ = - 3 (7(2-—1|> ™y 1
or m, i', + (% + Ka) X, = K% = K Y, oS 75 (E,) 2 e
Max, + Kp X — K, %, = o ---(Ea) my
AS there is mno damping , the masies wvibrale elfan x, (£)

mav"\aﬂ- or fgogﬁ%W.MWﬁ
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X}(t) = X Cafﬁ.?t 3 j,: 1:2 -—-(E;)

g
Egs- (E) and (Ey) neduce G

(- @+ Kt ) X = ko Xy = #, Yo
-y X + (—@Lmz-{* ‘kz) XZ: ]

- = [ kT
e [z(ic.s)] X = F where X = g’;'z} 5 ={Ff }:{o },

20

Z, CLC&) = _wl'mi + K+ K2, 'Zrz(’“ﬁ) I(':('s): - Kz,

Z Z(i(‘s) =—(,32'm1+ <y o
Egs- (5.35) and (E3) give

xict) — (# ('Bzmi.' F ‘kl) kl YO Cog (at'

z . X
Cm, O + 4+ k1) (C My 3T+ Ke) - Ky

'x_zU:) = Ky ¥e o 5 ot

Cm @ 4 K+ k) (w0 4 ko) = kg
T
Eau.a..h’ons of motion: :k,= %y = 500 N/m

m, ;t, + (¢ +<2) x, +(kt k2) X,

|
=W, = 4 kg i Ic,

C'.‘.:Cz_—_c-z 200

Lot
—Cyx, —kyxy = B =F &

N-5/m g

Iﬁm: E cos Wt

. 2
W=1 vad/s x‘()ﬁ_%lcz

"kzx| ==

¥

J

|

|

|

o . . !
Wy Kz + g % + Ry 5= Ty %y '!
|

|

1

|

I

it .
Let ')tj )= XJ' [ v p=he } %, ()
Epuations of motion become
[:—w’-m,-a-ius (ci+¢2) + &+ kz:] X, — (iwcy+ ‘kz) X, = F
_(iGSCg_'f«Z) X -+ E—(_Bz'r'ﬂz-'—iﬁsf.'z-f- 1:2] X =0

For 9“{8'!’1 deta (E) amd CEZ) become
Ee]% -
where 2,(i@) = 400 i + 999

Z,(i@) = Z3,(¢®) = -2004 — 500

L2

Z,, ({@) = 200 1 + 439

— F,
- _ Xy E = { fo
A= {Xz} ’ © Fw}

Solution of (E3) is , using Egs-(5.35),
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_ (200i+479) F _ (2004 +439) Fo
(400 +399) (200 < + 4939) — (-2004 —500)* (1994004 +208501)

(200 & +499) G{?? 400 i + 20850() To
(199400 i + 208 501) (- (79400 ¢ +208501)
= (172915 x5t - 69444 x5t IVF (&)
(200 < + 500) B _ (2c0it500) P
(406 i+ 999) (200 i +499) — (-2004-506)"  (149400i+ 208501)

x:_:

(2004 +500)(-199400i + 208501) Fo
(199400< +208501) (- 199400 ( + 209501)

= (17-3165 xig% - 69684 xid* <) K ---- (Es)
Final solution is given by the real parts as '
() = Re(x,eiwt ) = Re (X, f Ot +iX, An ot)
= Re [(17- 2915 xi6 ¥ = ¢ 9444 wzti) B ot
+((7295 2164 & + 6444 it ) Fo %m0 ]
= 172905 xi6 ! Fo of Ot + 944k x0T Fo Ainm 0t —-- (B
x,(£) = Re (xp8°“%) = Re (X, et ot + 2 X, 4 Got)
=Re [(17-3165x6" - 6-9684 x0T i) Fo o8 ot
+ (17- 3165 xioli 469684 xig?) B sm st ]

= 17.3165 x5 * Fo cf Wt + 6-9684 e F, 4w ot —-"(ET)
g;upllm molion : LWt

. O‘& ™y xg +(k¢+ kz) Ky — ko®Ky = FIO cp (St — RC (ﬁo )
4 ot

™, Xy + (kg + Ky) Xy = kyxy= Fyy ©f wt=Re(Fp € )

ASSuming (-!7) = XJ e"wt ; $ =02  alengwith 5 ()= 5 ..c.srt,}__' z,

the eguahons of motion can be exFreSSed as

C—c@ ™) + "l*’kz) X, — k22X, = Fp
—kZX| -+ (— (ﬁ"m._._-{-kz-‘\— k;) Xz_.—_' EO
- . _’
e [z(ie)]X = & (&)
where Z, (@) = — W M + K+ Ky, Z,(lw) = 2,8 = —%,;,
Z,, (d09) = & my 4 ko ks,
— Xy —‘; = {Ffo
X = ; o =
{ Xz} on
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Department, Pegﬁa@%qqtioggm(gp‘aeréggﬁle River, héﬁ'}g%ggeci , using E&S ) (5 -3 5) , as
(—&911’"2+ ket 1'433 Fo + ¥z P20 (Ez)
X, = =
‘ (—" ™+ &+ ko) (- O s + kot K3) — K

z
kg Eo * (" W ™+ 'kl‘f'kz) Fso

x2 z 2 2 -t (E;)
(FW mit &+ K) (m@ Mt ket K3) - K

Since X, and X, are rveal (S(hce there is no damping), the
:FI‘HG-L solution is given bg,

() = X, ot ot

x, () = X, o8 wt
howe x| amd X, ane Fiven by (E) omd (Es).

From the solution of problem 5.58, we have
‘.x'(_‘:) _ ~ m,_c‘a"—e— Kz) B sin 9t

(-m %+ %, + #2) (- m, %+ ) = k2
x, (£) = *y Vo _ sin oot
(~m @t &+ k) (M WO+ K1) — K
For the dalz F(t) =50 #inaTt , fo=50 N, = 4T vad /2,

™= L] K'?) m, = 5 K? ) -kr_-_ oo o N/m qu k’_= 2000 N/T“J

= z 50
x‘({:): ( 5xig T —I—ZOOO) o 4“-‘&
(—to x16 W* + 2000 +2000)(~5x 6 e L 2000) —(zooo)=L
= 0:009773 4in 4TCE meters
2000(50) , ‘
Iz(‘t) = Atn 4T0

(—toxt6 T*+ 8000 + 2c00) (= 5 x16 T* 4 2000)— (zoooY
= 0-016148 Ain 4Tt meters
4, = total stiffness = 800 N/
ko= total stiffness = oo N/m
™ = 50 kg, wmy= 50 9
Y=o02m, W= T vad/s

Eva.n.tahﬂ of mdlion :

|
I
I
|
!
I
I
1
[
l
U
1
[

i i _
mix, = - k& (=) = ko (% - %2) | l;}'(-&):me't
MpX, = — kg (x2= %)
i-e. Mm%+ (ke R) K~ KX = kY = kY Aot
mz';az_'f' kpXz = kp,x; =0
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ASSuming  x.(t) = X;_ Aie 3t 3 =, 2, WE 3“”{-
(= &+ &+ K2) X, — Kk, X, = %, T
—ky X) + (-mpwty Ky) Xy = ©

For 9iven dota. , thege e’ﬁ)““’I“’”’g tare the o
(- 50T 4 1400) X, - 6co X, = (800)(o:2)

-600 X} + (-50T?% +¢go0) x, = ©

Solution of fhese e_D.L,aJIc-nx Fves X,==-0-06469m, X =-03643Tm
X,(£) =-0-06469 Kim Tt m ; x,(t) =-0:3643%F SinTTEt m.

Evmi?z:-ndd[,-mo’cbn:

™ ;" +(ki+K) Ky - k. Xy = F 3y —-LED
'mz';,_-t- (‘kz-(—'kg) Kyg — Ky ®) = O p (Ez)

Laplace DBiamsgvme of (8, amd (E,D one He

m DA T 08) =5 %) = %, () T+ (ky+ %2) T, (A) = Kk, Zp() = F (8)

m, (5" %, (5)-s x,00) - X, J+ (kor k)X, (A) -k, % (£) =0
Rearsnomeing these ev.ni.'an:, we gek

(4 A" &+ k1) X, (%) = &y Ko (B) = F(2) 44w, (o) ey X0 o (€s3)
-k X (8) + (mp A%+ tyt k3) T, ()= Ay %,(0) + my %, () --- (E,)
When 4 =+#%;= %3 = k amd m=wm; =m, (E3) amd (E;) give
m2* v24) X, (8) —% % (5) = F(A) 4+ 2 mx,(c) £ m (o) —-- (Ex)
-k X(8) + (maT424) T, (8) = gm %,(9) 4+ m =,(0) <= (B}

Shudion of Egs- (Es) amd (Eg) gives

_ (ms*12%) {F(5) +m %,(0)- A+ %)} + $m x,(0)- A+ m x,(0) }
'Kl(f's.).—_

Qmﬁ't‘-_‘_zk-)(m&z_i_zt) _ k?_
E('s) k{ﬁ(-“)"‘m Z,(o)-/g+DE,(O)m}_’.(mJ?q'-zk){mxz@),3+m ‘xz['a)}
! -

(MA%+ 1R (mst 4 24c) — it

These evuz-tc'r‘«! ,!:-eo::-m.z, '.FBY‘ x, (o) = xz(o)‘; i,(o):iz(o):o,
Fi{t)i= 5 w(£) ., F,(J)z%,m-_-i omd &= (00,

= 5 = 5 (4% + 200) _ 5 (4% + 200) —_(&9)
A [(@#*+ 200)* = 0000 ] A (£%+ 300) (£% +100)

— 5 =

F = o(3) .__too e

[(3*+200)" —10000] 4 (5*+ 300) (£*+00)
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33 exrressmj

() = 5 (47 200) S AL AAtAs L ALBE As
% © £(£%+300) (5% +100) A A% +100 A%+ 300
%,(£) = 5c0 _ _?_ + B2 8+ B3 B‘,zz +Bs
A(£*+1300) (A% +100) AF+ (00 A%+ 300
we can find A, Ag,..-, B Ba,... (pondEl Fraclions mded).
Tt'li‘ /Zﬁ‘.ﬂ-ﬂ'«g ﬁ _ /g) 1 B 2 _ £ —-—(53)
s 304 40 (A*+100) 120 (£%+ 300)
_ 1 A A o (E )
By e R SR !
x,_(zﬂ T 604 40 (x’+foo) 1zo (£*+300) °
Inverse Laup‘a-ce trans forms of (Ey) amd (Eio) 9ive
i
x'(‘t) = (:5"6' - -4_{6 s ot - -(.Z; cof {OJ? t) 'LL({,)
'xz(f)=(-s-‘g—+'—o A ok +—;-c98 ?oﬁ'{-) wi€)
ki B b nsbd b x (t) = L i nd 2 ly= g rii

one T slelic »:L_bz&cifcnumatdwnﬁf s N satic fowe
appliad & mags my- 6= © vad/s and = 00F rad/z
Mm&g{,%ﬂun&m wufi»_huda.aci"fz x,__-fmz)ga—-m7_+_‘:._.ai_
WOE'“DG“ ™, x,;._k(xl_x,_)

(m'l)ga 2 = —k (2= %)

e. ml£l+ kx, — & %, =0 ---- (ED
(m,_-i— __) Xy + k Xg — Kk X, = O —--- (Ey)
fssuming  x, (k)= X; of (Wt+ $) 5 i=t2, Egs (E) emd (B2 com

le Sullen s

(-m,c.sz-J—k) X, — k X, = ©

-k X, + (—(,Sz'{rnz-i-_‘z_;i}-;-k) Xq =0

Fregpemey e,v,«.a.m'n

Emo +4¢)(-—a9 my - & fé_ + %) - & =o
or w® (mm2 + "" )_cal(m«+m+<+*'j-°)=°

r#

m kK + My, K + m, J. 1/2
(_.3'=O B 9, = {( L £ r:. )/(m,'mz_-!- ‘:zo>}
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Eppivalent mass of each x(t) «——] ( ":’.Cf)\;——i
*(x,— %3y
cgfinden for Tramslatdry ' a
moton , referred to point A, i e

% 77 s s & P P e
My = A _ METL mr A A
- z

re = %T = (m')ﬂgz (m’-)ea
E'v‘aﬁ:hd o’grmp'{:ah (ml)ef’ .x', + & () —x2) =0

6"2-)69, X, — & (x- %) =0

- () &0 + % -«
-k - ("ﬂz)&g + &
or (\m,)ez sz)eﬂ ot — C:Bl [ (mi)ez‘k"' (‘mz)ez ‘k]:

W =0, W3, = (T“')g& e+ (T"L)ez, & _ F—E
(T"‘)e@ Q"‘?—)e& %

@ For hanmonic wmdion x: () = X; Ca'i(wt+¢) g b= R
given eppalions fad - Payt b) X, + & ¥a

Lz Xy + (—CBZCLZ-{-C?.)Xz:O

Freguency ev...a.'bm 8 ]— Wa + b, Cy — 5

132 ——wza.:zﬁ— C?_

= 0

or (.\94(%“'?_) —GSZ(OJIC1+B,O-'2)+(b,cz—C,52):~_o

Condition for degenera«c'j 8z b€y =& b, =0

.qu—ma{rmﬂ J-'.é'l—l-’kte‘-‘ktezzo

J. .6.,_-;- ‘ktez— kt 8 =0
For ()= ®@; cS(dt+ ¢); i=12,

@ 4k - ke 8, O}
-y ~SH+ke || 8 [ o

Prepency egpalBn & - ofray _ @ K Tke) =0

Jy Ja
Am‘,lrtuc{e ratios: ) "
T‘,L: _®.;..z_ S © J-' £3 Ak'b =1
e’ ke
(2)
= @2 _ -(ASZ- J-, + k'{: _ P
G(l) ky 7
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General solution is given by ev,,.QEows similar 1o Egs: (5.15). With
6,(0).- 62(0) =0; we obtain  from ef).a.o.tc'nﬁ armdan B EZ; (5 18)

a) 1 T -
® = i, a(o)-e(o)}=_< 2 T o) 3065
' Y2-0, o z ;T'+J-7_>[ :I?. ! 2z ]
= {9191(0)4-3'2 92(‘3)}
T+ %
i , T 6,
@&2) S F—":{“ﬁ 8,(e) + Qz(c’)} = *(a_+a.z)[ + ez(e)j
e
= - 2' 60+ 3 92“’)}
J, + J2
¢I=¢2_:
@) w @)
Ga(‘b)-: @(:) B Ot + 911~ ol 092{:‘ = @& + ®, s Wt

(.
o= o - Lo oot

= f
when %4y =0, the sj_d:ern becomes identical to e Ajdzim. o}
auwb&ns_eg wilk &y = Ky o Novmal modes one given Ly

) a» — (1) & 2) i ()
_— (7 1 . - t -
®)={'ﬁ,}={}®, , ® {m} ;,)}@,
@ i ®; A

Wc}motchmbermma—!

Gt-i- (ea-—-ez) )
8 - f;,*—;(eweo = ceeo (ED)
Subtracting (g;) From (E,) 9gives
(6)— &) + (e:- @ (%4— %) =0 ---- (&3)
Defining & = -0, , (€3) cam Be Wrlfen o
é':'-{" kt+ kt)Q( =0 % o i = )
TMM@MH?&W% for which Hg nadtoweld }m_:v.u.nogu
% (T + %2) ey
J(Tg'?—+-3% = \J'&J_Ia_lz :—__wzofFNBIEm54-5
:
N N
- BT
X
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Since the length of shaft 1 is small and its diameter large, it will be very rigid and hence

the turbine and gear 1 are assumed to be rigidly connected. This helps in modeling the
system as a two d.o.f. system.

J gear2

2
oy = Jinrbine + Jgeart + — 3000 + 500 + (1000/2.25) = 3944.4444 kg—m

(80 (10°)) [—3% (0~14)]
o = | GL _ — 7.854 (10°) N/m
" ¢ shaft2

1
2
Joz = 'Tgenerator = 2000 kg—m

System is a semi-definite system. Its natural frequencies are given by (see Eq. (5.40)):

(.U1=0

kig (Jo1 +Jo2) _ —\/ (78.54 (10%)) (5944.4444) _ o, 3973 rad fsec
W = T (3944.4444) (2000)

Natural frequencies are given by Eq. (5.40): m
k (m; + my) _.\/?k(m—%—M) "
@ =0 = —mm VT mM s

Assumption: Balloon is a point mass.

M

ke&= 12 % cosz4—5°

=6k

@ SFe.e.A of shaft =Gooo rpm = €900 (2T) - g28.32 rad/sec

6o
Torsional stiffness (Spﬁ‘nj constant) of the hollow steel shagt:

£, = TG (dof —d") (s xif) (241"

32 [ 32 (15)
= 1-1290125 K!OG .ub'-'l.ﬂ/ra__d

Natural freguencies of the system, given by an egpation
similar to Eg. (5-40):

-4 A

u =0, ¢, = ki (J|+J=)}’-_ { 11290125 x 10° (lf-f-z)} 2
| * i T 4(2)
= 92019529 rau:ﬂ/mc
Second mode S‘{-na-lpe is 9given !‘—"j
2 2

e = .?j_i = k'&Z" J; &9, _ 1:12 90125 xf06~H(920-l‘?"529)
‘ o TP 11290126 x 106
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or o= - 2:0 (Ei)
Torau.e t'ra.‘nsmul.‘fea Before turb;ne S sL‘oPFe,J (T)
_ 63000 (hp) _ 63000 (100) B T

speed in rpm €0ac
Tn view of the foct that @s,=0 Corresponds fo The same
&ngu‘ﬂ-\' motions of the Twe mass moments of imertia, , we
hove constont a.nju!a,r Jt'spla..c_ernewn':s and constant
angular velocities so that the free vibration can be
expressed as
6,= ¢, +Cot + C3 cos c.9?_£ + Cy Sin 092.1&
Ba= ¢, + ot + €3 & cos Cdz'[: + Cy Sin Cﬁz't
Where ¢;,¢,, ¢3 and ¢y are determined by the initial
conditions.
he totad initiak amgw\a-r an'slala.cemen'l: between furbine

and 3enerm’cor 1S 3iven \oj

c’b = i = = {01z =8 = 0100023 \"a.c“; ®1’“@2. (EZ)
o &y 111290125 %106

The initiad amgula.r a[.'stola«menfs ok 1he (nstant when
turbine is SuclclEnLj S'L'OFFE-C' can be found Ly Salvmj
Egs. (B omd (E2):

@, = - 2 @,

1@, = 0000973 oY @, = ©'0003]| r‘a.,cl
The it ko om-?vib-’\ velocities ("5}3&9—45) ok the instant
when turbine is S":oFPed ore given ij
®, = @ =628.32 rad fsec
Ustng the conditions

6,(t=0)= ® = o0-0003], az(f::o)-_: @,= -0:00062,

é'(fzo): @,:628-32, slsz;.—_o): @22628-32,

the constants ¢,, Co., C3 ond Cy can be determined.
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@ Efua.fubns of motion :
Tot Cupo— &4p(6,- 8) + Ky 61— Key(8,-9) = °©

T8, + €tp (8 -8) + Kep(€2- 8) = ©

=
[;ﬁ ’ :Hé.l}*_[%ﬁhcﬂ' _celj){é‘ +}ikél*kf:z ‘f‘{:z]{ﬁ}_{()}
N . -
) 2 119, =y Ceq 8, — e Ky 6, 5
st
Let o;(t) = K™ i (&) (8
EV‘(EI) y{eLo{;
X
Ji A% ° (Cei+Se)®  — Fpyp @ . (ky,+ Kt2) —HFia ! ést
+
2 a;.’gz —Cer A Stz 4 - Keo Ko Xa
= { } -~ (£9)
el 5 ¢ o
Tke Cka.ra._cterfs'{'fc eaua:}:;on becomes:
J|;g7-+ (Cgt ‘”—L—QZ‘F ket ke, — gy & £ kt,,_) .
z
—(ci-z’g'*ktz) T, A+ C s+ Ky
€.
OJO/SLf—i' o, /334'9'2/‘32_-{-@3,8—4—0;4 =0 "'(EAL)
where
Gy = 7,
@ = 5 e + FH (CoF Ce2)
3
Q= ) Kep + Cea (Ctt Cez) + Tp(Key + Keg) — ez
Qg = Ky (Gt L) + Cop (Kot Kea) —2 Cp ke

O = Ky (ke + Keo) — kG,
For the stability of the system, the conditions derived in section

5.8 are a.,‘apl«.‘ca.,b[e:
@, >0 s = Dala @ B, Y

2 2 o
@2, Az — O Gy — @, g3 F

5.52

PRELIMINARY VERSION 1%{'%4/2010

n-nalneer




© 2011 Pearson Education, Inc., Upper Saddle River, NJ.-All rights reserved. This publication is protected by Copyright and written permission
should be obtained from the publisher prior to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any

means, electronic, mechanical, photocopying, recording, or likewise. For information regarding permission(s), write to: Rights and Permissions
Department, Pearson Education, Inc., Upper Saddle River, NJ 07458.

I,

Free bocl_y dl‘a,grc;.m of bar

2% = F 5mx

e— —— ==

T '5;:13, T
3m3 3mg
Free l:oAj cii‘a.,ca raom of trailer

m(si—f;_'é)=kee+£r (1)
Jo‘é—m(sa—f;lé)_‘;-=—kee(f)+mg._sme (2)
Equation of motion of trailer:
5m¥=—F—2kx or F=—2kx—5mxX (3)
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By setting the determinant of the c

m{iﬁ—%@]—k9€+2kx+5mi=0
% s mg¢6
Joﬁ—%{(x—-g-ﬁ)—i—kﬂfg 3
where Jp =%m€2

Equations (5) and (8) can be expressed in matrix form as:

mft

—

2

fz

6 m - 9k —k¢
o
m¢ i

7
2

12

0

l

Assuming a solution of the form:

x(t) =X e and 6t) = 0 et

Eq. (8) can be expressed as:

m € s?

+k€1

(6 ms® +2k) —[
m £ s m £2 g
| 2 3

which, upon expansion, gives:

o

A comparison of Eq. (12) with Eq. (5.43) gives:

T 2 .2
=—m" ¢
%0 =7

5-54

(kfz—%mgf)

¢ _
B # ___mz_ 2k k¢
g2 ny 2 + o _{mgt’ -—k€2]
2 3

m? 52]34+{%7—mkfz—3m2gflsz+[—mkg€+2k2 6’2]=0

8

go-fh

oefficient matrix in Eq. (10) equal to zero, we obtain:

(11)
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Conditions for the stability of the system:

All coefficients a; must be positive:

15
18 mg
as >0 or kz_f—_f_
mg
ag >0 or szT
2.

a) a9 a3 > ag 2} + a4 a}
This is not applicable since both sides of the inequality are zero.

aad - I

Thus the condition for stability is: k 2 =7
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: Fy (£)
Ezua.{'l'ons of wmotion are (EZ" (5:1) and (5-2)) e

500
2m X, + 3k Xg— 2% %, = F(t)

g
m X, —2k X +3k Xz =0 e

_Jz0 © _3e =¥ | Teooo ,Jroao]
Hence [rn]‘a‘ [z: :]"[o Io]v Ek]‘l:-zg 3k]' ’

-4000 €000
—_ (F(®
F= {o }

* . o = 0
Frezuencj ezuwl:tbn (s l_ W [m] +(x] \ = W'=%00W + 0000
Hence W, = 11:3949 ra.ol/x s W= 27-7517 m_cf/S
and ‘t’l = 05514 2 s Ty=. 02264 A

we select At =002 8 and use central difference method for
aumerical solution (see chapter || For details).

The main program which calls CDIFF, the subroutine EXTFUN
and the output are given below [¢DiFF is in Program 15.F ]

- I+ L
- - S o S8 am e S TS T [ T - -
-—
o C S ES S SN SE—Emm =
-

PRIIGRAM
MAIN PROGRAM WHICH CALLS CDIFF

- -
=4 —— =

— 3 - T ¥
T T T T i

T ===

= 3 e e ===

4

——

- TA
10 LINES CONTAIN PROBLEM=DEPENDENT DA
¢ FDLLUwggih M(2.2).K(2.2).MC(2,2),MK(2.2),MCI(2.2).MMC;§u§)(2) o
DIMENSION C(2,2),%1(2),XDI(2),XDD1(2),XM1(2),F(2), '

XMK(2),XMI(2),XM2(2],XPI(Z),ZA(Z),ZB(Z),ZC(?),LA(2)'LB(2.2):
S(Z),X(50,2),XD(50,2),XDD(SO,Z)
DATA N,NSIEP,HSTEPl,DELT/2,49,50,0.02/

DATA XI1/0.0,0.0/

DATA XD1/0.0,0.0/

DATA M/20.0,0.0,0,0,10,0/

DATA C/0,0,0,0,0,0,0.,0/

DATA K/6000,0,=4000,0,-4000,0,6000,0/

¢ =DEPEMDENT DATA
¢ En DECiiEBEg?FF (H,C,K,XI.XD[,XDDI,N,NSTEP.DELT,F,R.RR.XHI,XM2.XP1r
ﬁCuMK,MCT,XMK,MHC,XNI,ZA.ZB,ZC.LA,LB.S.X,XD,XDD,NSTLPI]

w N

2
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10

20

30

W n

FORMAT

WRITE (13,20) W, NSTEP,DELT
FORMAT (12H GIVEM DATA:,/,3H N=,15,4X,7H NSTEP=,I5,4X,6H DELT=,

E15.8,/)

WRITE (13,30)

FORMAT (10H SOLUTICN:,//,S5H STEP,3X,5H TIMF,3X,7H X(I,1),3X,
84 XD(¢I,1),2X,94 XDD(CT1,1),4%,7H X(1,2),3X,8H XD(I,2),2X,

9H XND(I,
1=

no 40,

2),7)
1,NSTEPY

IIME=REAL(I-1)*DELT
WRITE (13,50) I,TIME,X(1,1),XD(I,1),X0DCI,1),X(1,2),XD(L,2),XCD(

[,2)

STOP

C SUBROUTINE EXTFUN

C THIS SUBROUTINE 1S PROBLEM=DEPENDENT

SUBRUUTINE EXTFUN (F,TIME,N)
DIMENSION F(N)

F(1)=0.0
F(2)=0.0
IF (TIME
RETURN
END

.LEs

0.5} F(1)=500,0

SOLUTION BY CENTRAL DIFFERENCE. METHQOD

(//,38H SOLUTION BY CENTRAL DIFFERENCE METHOD,/)

—— e o e S s S S D D S S S A S S GG S Sh SN UE S A S S D S e e S S e S S e e s e S S S e S S S S SR S S D S S e e S
i o A i o D B D S G e e D e G e S ED M o A e D S S T e S S S e S S e e S R S S R S e D e S e Mm T e e S G S On e S e S e e

GIVEN DATA:

N= 2 NSTEP= 49 DELT= 0,20000000E=01

SOLUTIONG

STEP TIME X(I,1) XD(I;i) XDn(1,1) X(1;2) xD(I1,2) ADD(I,2)
1 00,0000 0U.,0000E+00 0,0000E+00 0,2500E402 0,00n0F+00 0,.,0000E+00 0.0000E+00
2 0.,0200 0.,5000E=02 0.,0000E+400 0,2500E+402 0,0000E400 0,0000E+00 0,0000E+00
3 00,0400 0,1940E=01 0,.4850E+00 0,23%0FE+02 0,8000E=03 0,2000E=01 0,2000E+01
4 0,0600 0.,4154E=01 0.,9134E+00 0,1934E+02 0,4512F=02 0.112BE+00 0,7280E+01
5 0,0800 0G,6305E£=-01 0.,1241E+01 0,1344E+02 0,1379E=01 0,3247E+00 0.13%1F+02
6 00,1000 0,9938E=01 N.1446E+01 0,7043E+01 0,3080E=01 0.6572E+00 0,1935E+02
7 0,1200 0,1302E+00 0.1530E+01 0,1347E+01 0.,5632E=01 0,1063E+01 0,2127E+02
8 0.,14U0 0.16N00E+00 0,1515E+01 <« _2R10E+01 V,89917E=01 0,1459F+01 0,1831E+02
9 0,1600 0,1877E+00 0,1436E+01 =.,5164E+01 0.1262E+00 0,1747E+01 0,.1050r+02
10 0.,1900 0,2129E+#00 V,1323E401 -=,6059E+01 0.1630E+00 0,1846E+01 =,6577E+00
46 0.9000 0,2345E+00 =,1023E+01 =.,8737E+01 0,1991FE+00 =,5925E+00 =,2714F+02
47 0,9200 0,2101E+00 =,1165E+01 =,5533E+01 Q,1715E+400 =.1120F+01 =_2565E+02
48 UVe9400 0,1842E+00 =,1258E+01 =,3717E+01 0,1365E400 =,1566E+01 =.1BB9E+02
49 0.9600 0,1571E+00 =,1325E+01 <=,2966E+01 0,9H08E=01 =,1837F+01 =,8195K+401
50 0.,9800 0,1290E+0U =,1379FE+01 =,2515E+01 0.6131F=01 =,1B79E+01 0,3993F+01
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l-w"[m]+l:1=]'= ""‘91[0;2 :.z]*'[-a;ss -:Z],=®+'27062+8|°°=°

e e - e e

C PRUGRAM 6+F .
¢ MAIN PROGRAM FOR CALLING THE SUBRUUTINE QUART

C SOLUTION OF: A(1)*(x**4)+n(2)*(X**3)+a(3)*(x**2)+A(4)*x+A(5)=0
DIMENSIUN ACS),RK(4),RI(4)
¢ FOLLOWING LIME CONTATNS PROBLEM=DEPENDENT DATA
DATA h/l.0,0.0.-270.G.0.0,8100.0/
¢ END UF PROBLEM=DEPENDENT DAT? 5
i 2 0) (A(CD),T=
10 ;Eégithg;tB;H SGL%;IDN'UF 4 QUARTIC EQUATIDN,//{bH DATAS:,/,
74 A(1) =,E15.6,/,7H A(2) =,E15.6,/,7H A(3) =,E15.6,/,
74 a(d) =,E15.6,7,7H A(S5) =,E15.6,/)
CALL QUART (A,RR,FI)
1y d 6 0
20 ;g£:§T(%/:3H)PHDTS:,//,9H ROOT NO.,3%,10H REAL PART,SX,
2 15H IMAGINARY PART,/)
Do 30 I=1,4

[V

30 wRITE (26,40) 1,PR(L),R1(I)
40 FORAAT (I5,3X,E15.6,3X,E15.6)
STQP
EHD

SOLUTIOMN GF A QUARTIC EQUATIOWN

DATA:
A(Cl) = 0,100000E+01
AC2) = 0,000000E400
A(3) = =0,270000E+93
A(4) = 0.000000E+00
A(5) = N.810000E+N4
ROOTS:
ROOT NO. KREAL PART IMAGINARY PART
1 =0.,153500E+02 (),N00000E+D0O
2 -0.,586319E+01 0.000000E+00
3 D.586319E+01 0.000000E+00
4 0,153500E+02 0.000000E+00
) ..
(L) (—0-2 as; -1-36) x;.') - {8 X}" =0 ; =1,z(‘)
b ) —ozwt 436\ oy X
bJrL'hng x§ =( oza?s!-l-! )XJ = Y xd ,
Yy = {—o0-2 (5‘363‘9)1+36}/l3 = 16180334
= {_0-1(15-35)14-35}/;3 = -o0-6130278

Egs (518 give  x(V = 144722 , x®) = 055279, fi= F2 =0
p;‘s,,la.cements of masses my and ™, are given by E&s-(s-ls):
x,(£) = 1-44722 cos (5:86317t) + 0:55277 ¢« (15:35 )

%, (¥) = 2.34165 cos (5 96319t) — 0:34164 cos (1535 t)

5-58

PRELIMINARY VERSION 1%{'%4/2010

n-nalneer




© 2011 Pearson Education, Inc., Upper Saddle River, NJ..All rights reserved. This publication is proteéted by Copyright and written permission
should be obtained from the publisher prior to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any

means, electronic, mechanical, photocopying, recording, or likewise. For information regarding permission(s), write to: Rights and Permissions
Department, Pearson Education, Inc., Upper Saddle River, NJ 07458.

P L T P e
———mmEo==Z =SS S=SCSCSCSECSSSEESESESEsm-——

PROBLEM 5.92

eEte ke ER R

- e

DIMENSTINN C(2,2),FZ(2)
REAL K(2,2),%(2,2)
COMPLEX 7¢2,2),X02),40,RK, DEN
IwPUT DATA
DATA 4/0,1,U.0,1,0,0,1/
DATA £/1,9,0.0,0,9,0,0/
DATA K/40,0,=20.0,=20,0,20,.0/
NDATA FZ/1.0,2.9/
UHF=5,.0
C ExD UF L[NPUT DATA
po 10 1=1,2
po 10 J=1,2
A== (MR ®EF2)#M (T, J)+R(T,)
h=0MF*C(1,J)
10 v (1,J)=CHPLX(4,B8)
NEM=Z(1,1)%¥2(2,2)=2(1,2)%%(1,2)
AA=Z(2,2) *CHPLX(FZ(1),%.U)
BRA=Z(1,2)#CHPLX(FZ(2),0.0)
X(1)=(AA=BB)/DEH
AA=Z(1,1)*CMPLX(FZ(2),0.0)
BB=2(L,2)¥CHMPLX(FZ(1),0.0)
X(2)=(AA=HE)/DEN
PRINT 20, X(1),X(2) _
20 FURPAAT (//,2X,254 SOLUTIIN NF PROBLE- 5.49,//,2X,
2 7H X(1) =,2E15.8,7,2%,7H X(2) =,?2E15,8,/)
PRINT 30, OMF
30 FORMAT (2X,6H OMF =,E15,8)
STOP
END

SOLUTION OF FROBLEM 5.92

M

X(1)

0,20095894K+00=0,68620138E=01
X(2)

0.3439531NE+00=0,7R423016€=01

nou

OMF = 0,50000000FE+01
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Free vibration respense of the system showwn in Fig, 524
*y= 5006, m;=2, m= 1,

*,= 1000,
9‘;(°)= 1, Holo) = Qs g'c‘ (e)= -1, a'cz(a)

i

3 4+

wl Wl = '+k£ Kusz ey )"_ K k2 1%
2 e 2wy 4

2 o i
- I5006 % 500 o {_L (1506 + 50e\"_ =& KIDS 2
4 2 4 2 { 2
= 250; {000
= I5.8114 vad/s 5 W= 316228 rad /s 0
(t) '
= "2 _ ke = i = 2
) 2
X —wm, 8, + Ky =1 (250) &=
. Xg“-) _ 2y 500
¥4 mo 8, + fg s (Iooo)-ﬁ-goo

0= % st e e 1 o Gt t )
@)= r X, Ak 4+ xD s @t 442y ()

Irn":fa.l condilfcns g«'ﬂi&q:
w,()= | = x\" s (1581t t+ B + X ’ cos (31-6228 t+¢2)

%,(e)= 0= 2 X5 cof (158114 £ #1) - xf *) cos (316228 ¢ ?2)

2, ()=~1 = -, Kf‘)an (15818t +4) _ ¢, xfz) sin (3162281 +9))
xX,(e)=0 = _r, (9, xi')s;n (15-811y t+ &) =Py xfz’g;n (31:6228 £ +4,)
oy (E‘f)
x(? <5 g + x(Pos B, = (Es)
2x{? cos ¢y - x® 5 g, = o (€
—15.80y 27 sin gy — 31-6228 X{*) sin g, = - | €4)
~31-6228 %" Sing, + 31-6228 X sing, = o (€g)
Solutien of Egs. (Es) ama (Eg):
Vs gy = 3 (E9)
X{®) f ¢, = ’;’ (€10)
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Solution of Egs. (E7) omd (E3):
XE')SI‘n ¢ = 602108 (E“)

X|(2) Sin ¢2 = 0‘02‘08 (E'z)

EZs-(Es)M‘A(E!D 'jfe\"l‘ x?)— '0.334 $,=o0.0631¢ rad

Egs: (Eio) omd (E(2) yield: x\¥ = 0.c67, $,= 00316 rad

RGSPonse:
%, (t) = 6-334 cos(15-81l4t +0:06316)

+ 0667 cos (31.6228 t+0:03161) (Ei3)
2, (€)= 0-66G o5 ((5.8114 ¢ +0-oé3l6>
~0:667 cos (316228 + 4 0-03161) (E1y)

‘F(Oh‘.'t'nj of E&S-(EH) ond (EW):

15 T T T T T T

1F J
_. 05§
T ol | i

0.5 J . ‘ . [-

OFr 1

x2(t)

-0.5 i

T

-t | |

1.5 ' : : ' . :
0 1 2 3 4 5 5] 7 8 9 10
¥, Ex5 93.m .
for i = 1: Bil
t{i} = 10 * (i-1)/500;
2l {1} = 0.334 ¥ gos(15.8114*E(1) + ©.06318)...
+ 0.667 * cos(31.6228*t (1) + 0.03161);
¥2{4) = 0,668 * pus(l5.811l4*k(1} + 0.D631lE) .
- 0.667 * cos(31.6228*t (i) + 0.03161);
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end

subplot (211) ;
plotit,xl):
xlabel(’'t’);
ylabel ('x1(t)’)
subplot (212) ;
pleoti(t,x2);
xlabel ('t");
ylabel ('x2(t) ')

For the initial conditions
z:,(o): 1, wy(e)=2, 7;-,(0): | and 7‘:2 ()= -2,

Egs: (E3) of Solution of Problem 593 yield

(R (2

(
?cz (O.): Z = 2 X|‘)Cas ¢[ - X‘(i) Ges ¢2’ (Ez>
% @)= (= —15:804 xVsing, — 316228 x{Psim g, ()

®y(0)z ~2= ~31-6228 x{"” sing, +31.6228 x PDsing, (Ex)

Egs- ED amd (E2) 9ive :

x, ¢ cesd; = 1, x* cos@yzo (Es)
Egs: (£3) and (Ey) yield

X?l)si\n #,= o0-062108, x‘(Z) Sing,=—o0042l6 (E¢)
Egpalions (Eg) amd (E¢) can be used ¢ obfain

("
X, = 1600222, ¢ = 002108 rad

X\(z); 0‘0“2‘6) ¢2= :r-'; Y'G.-J
Rf‘!SPonSE of the system:

®,(+)= 1000222 CoS (is.etig t + 6:02108)

+o.04216 cos (31 62281 +3§) E7)
7y (£) = 2.000 44y cos ((5.g1yt + 0-02108)
— 004216 cos (31.6228 £ + T (Egd

Plotting of Egs: (E7) and (Eg):

562
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% Ex5_94.m
for 4 = 1: 501
Efd) = 10 * {32~1)/500;
x1(i) = 1.000222 * cos(15.8114*t(i) + 0.02108)...
£ 0:.04216 * gos(31.6228%{i) + pi/t2];
®x2{1) = 2.000444 * cog{l15.B114*t(1) + 0.02108) ., .
-+0.04216 * cos(31.6228*t (1) + pi/2});
end
subplot (211) ;
plot(t,x1);
xlabel('t’);
vlabel ('x1(t)")
subplot (212) ;
plotit,x2};
xlabel(’'t’);
ylabel ('x2(t) ')

2 T T T T T T

x1(t)
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% Ex5£951n
>>A = le6*[25 -5; -5 5]

A =
25000000 -5000000
-5000000 5000000
>>B = [10000 0; 0 5000]
B =
10000 0
0 5000
>>[V, D] = eig(A, B)
N =
0.8719 0.2703
-0.4896 0.9628
D =
1.0e+003 *
2.7808 0
0 0.7192
Diffevential e&uaifons;
2§,+2o£,_5i2+§ox|—i012=2$fn3'f: (E1)
to ;2—-5 Ry + 5 *2 -~ 10 4+ 10 Xy = 5§ cCos st (Ez)
'y., :72:‘&,

53: ?q: il
Ez).uaﬁaws (g,) arnd (Ey) can be rewritten as

2 g'2+2o?2—syq+§o Yy — 1o 73= 2 sin 3%

;034—5'3!71-534——!0?,-{-1@}'3 = &5 cos S5t

oy
4 E 72
1t ;: — —i; ¥y 4245 yq-zsy,«-s?;«ps-‘n 3t (Eg)
4
7y : 0:5dg —0: 5y + Y, —d3 + 05 coF 5t
or g: = §¢ (Eq)
't h — - \
wi y - %;,2 , 7(0) o o .l
- |
Y3 f
74 ©
=64
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=

and § s givem by the right hand side of Eg. (€3).

Selution of Ep. (E,) using MATLAB:
% Ex5 96.m

% This program will use the function dfun35 96.m . they should
% be in the same folder

tspan = [0: 0.4: 20];

y0 = [1; 0; -1; 01;

[t,v] = ode23('dfun5 96’, tspan, y0);

disp ('’ E Z11{E) xdl(t) ®2:(t) xd2(t) ') ;

disp([t ¥1);
subplot(211);
plot(t,y(:,1));:
xlabel('t");
vlabel ('x1(t)’);
subplot(212) ;
plot it vi{::3))
xlabel(“t’);
yvlabel ('x2(t)");

% dfun5_96.m

function £ = dfun'5 96 (t,v)

f = zeros(4,1);

(1) = y(2);

£(2) = -10*y(2) + 2.5*y(4) = 25*y(1) + 5*y (3} + sin(3*t);
£(3) = y(4);

f(4) = 0.5*y(2) - 0.5*y(4) + y(l) - y(3) + 0.5*cos(5*t};

1 T T T T T

o
i
I

0-5 T T 1 T T T T T

0_

g

05} ]

o 2 4 8 8 10 12 14 1 18 20

{
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Results of Ex5_96

Ak Ak kA AR A AKX T AT XTI RFAARIAF I I A AT AT AT x* %

>>Ex!5_96

o %1 (&) xdl(t) %2 E) xd2(t)

0 1.0000 0 -1.0000 0
0.4000 0.3177 -1.4828 -0.8995 03571
0.8000 -0.0076 -0.3482 -0.7604 03375
1.2000 -0.0763 -0.0594 -0.5974 0.5230
1.6000 -0.0741 0.0612 -0.3445 0.6835
2.0000 -0.0356 0.1222 ~-0.1033 0.4529
2.4000 0.0214 0.1625 0.0716 0.4371

18.8000 -0.0268 0.0072 0.0066 -0.0481
19.2000 0.0010 0.1087 0.0186 0.0720
19.6000 0.0331 0.0247 0.0233 -0.0721
20.0000 0.0178 -0.0827 -0.0117 -0.0458

Eﬁ'-‘-a:l:rons: 2m™ ’".l‘i’a""‘l-i"""‘z:ﬁ (£

m’k‘z-—zk%:-‘—kag_ = O

e €, = -300 %, + 200 Mg + -2'—0 F,o(ED

Xo= 400 %) — Goo Ky

Lek 71 ® N z ze't.oaJ
— e N - = h"li f
¢ - ;2 o i and }(o) - o conditions
; K-; 0 assumed
_% wa
Then Q-U.A.O.HM t be SQ\VCA oYE:
— yz
f_“j_ = —306 J, + 200 313+ ELB Fl(f>
4t gq (E‘>
F(t), N
wilh  F, (1) Akownlfn the figure: !
500
£ (Sec)
2 0:5 -

MATLAB Solution of Eg. (Ei):
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$ Ex5 97.m

% This program will use the function dfuns 97 .m, they should
% be in the same folder

tspan = [0: 0.01: 5];

0 = [9: 0F B Q];

[t,y] = ode23(’'dfun!5 97\', tspan, y0);
subplot (211);

plot{t,y(:,1)):

xlabel ('t");

yvlabel (‘x1(t)"’);

subplot (212) ;

plot(t,¥{:,;3)):

xlabel ('t');

yvlabel ('x2 (L) ‘);

$ dfun5_97.m
function £ = dfunb_97 (t,v)
F1 = 500 * stepfun(t, 0.0) - 500 * stepfun(t, 0.5);

f = zeros(4,1);

(1) = v(2);

£(2) = -300*y (1) + 200*y(3) + F1/20;
£(3) = y(4);

f(4) = 400*y (1) - 600*y(3);

x2(t)
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<.

Fr83uancy e%ua.:t:‘on, Eg - (5.9):

mymy 07~ §(ki+ %2) mp + (Kot k3D ™ } cs®
+ § (ot #2) (Rt 3) — %z } =0

With m,=my=0:2, %, =

Esg. (ED becomes

<o = |8

Cro 4 C&L’ — lo*8 0.92' + 324 =0

or wq—-z’?o (..sz—f 8loo =o

Selution of E5. (E.) using MATLAB:

% Ex5_98.m
>>roots([1 0 -270 0 8100])
ans =

(E\)

anmd Kiz=o,

(E2)

15
= B,
5

35001820805078
35001820805078

.86318522754564

-5.86318522754564

i

@ My Mg 5':'1 Cu
Mz Maq 529_ ¥ Ciz

P | 4 R0 Y &

e

i:wf . . El)
Fg' (t): Fjoe t 3 } - )’2 5 &:J-\ (Ez> (
% () = Xj s s j= e (E3)
Ezs'-(S'-S'S)?
Z,2(10) Fipg = Z,, (¢9) Feo
Xl(iw) = B ) (Eg‘._)
Z, () zzz(“@)-'z,,_(‘w)
~Z2 () F Zy(+&) Fao
X, (t6) = B L) By + 2l 2 : (s
Zy(bw) z,,tw) - Z, (<68)
where N : ‘ . L
zT‘f (4.(.&9):—(.1.9 mrs+¢a9 Cpre 'krs A r; A )(EG>
D_._.——G;i—:-?-‘—l: mn:h"zz: O-1|, 1"11,2:'0) C”T—"— I‘c) Clz: sz::O)
=40, ky,=20, g ==-206, Fp= 15 Fpp= 2,
W= 5
Henge Zp(ee8) = 375 + 54, Z,(iw)= —20
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and Z,, (4= 7.5
Selution using MATLAB:
(Real amd Imaginonyg panli of =, (4 and x; (£
given by Eg. (E3))

% EX5_99.I11!
mll = 0.1;
m22 = 0.1;
ml2 = 03
T 16— IR &
cl2 = 03
c22 = 03
a1 = 405
k22 = 207
k12 = -20;
P10 = 1;
F20 = 2;
w = 5;
z11l = complex((-w™2*mll + k11), w*cll);
z12 = complex( (-w"2*ml2 + k12), w*cl2);
z22 = complex((-w*2*m22 + k22), w*c22);
X1 = (222*F10 - zl12*F20)/(zll*z22 - =z12*z12)
X2 = (-z12*F10 + z1l1*F20)/(z1l1*z22 - z12*z12)
for i = 1: 101
E{dy = B*{i=1)./1003
x1(i) = X1 * exp(complex(0, w*t(i)));
x2 (1) = X2 * exp(complex (0, w*t(i)));
end

subplot(231) ;

ploti{t, reallxl])):

xlabel ('t');

title('Real part of x1(t)');
subplot (232) ;

plot(t, imag(xl));
xlabel(’t’);
title(’Imaginary part of x1(t)’);
subplot (233) ;

plot(real(xl), imag(xl));
title('xl: x-real y-imag’);
subplot (234) ;

plot(t, real(x2));
3label('t’);

title(’Real part of x2(t)"):;
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subplot (235) ;

prlot(t, imag(x2));

xlabel(’'t?);

title(’Imaginary part of x2(t)’);
subplot (236} ; '

plot (real(x2), imag(x2));
title(’'x2: x-real y-imag’);

Real part of x1(t) Imaginary part of x1(t) x1: x-real y-imag
0.4 0.4 0.4
0.2 0.2 ' 0.2
0 0 - 0
-0.2 /| -0.2 0.2
-0.4 -0.4 -0.4
0 5 0 5 -05 0 0.5
1 i
Real part of x2(t) Imaginary part of x2(t) x2: x-real y-imag
0.4 - 0.4 0.4
0.2 0.2 0.2
0 of 0
-0.2 -0.2 -0.2
-0.4 -0.4 -0.4
0 5] 0 5 -0.5 0 0.5
t t

Roots of the eguation -

2
x‘f_azpc3+ztflfx — 20 %X -~ (200 =0

USl'nj MATLAB:

o Ex5_100.m

>>roots([1 -32 244 -20 -1200])
ans =
20.00000000000001
11.15980239097340
2.77656274263302
-1.93636513360642
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The system shown in Feg. A 7

coan be drawn in egus‘va,lent

form as thown in Fig. B @
where both pulleys have the

same T‘a.rollu.s, ri s

DrI.VEr_, J‘ i
The e?/LAchlenf mass Fu'g. A
moment of inertia of
PHUCJ 2 can be compu{-ed —_ e
in different speed ratios
s :
% %
Fi'g. B
, g
L =& (SPeed ra.i-.‘o)
=
150 250
= g 350) 5 92(350)
430 750)?
350) (’é‘s’b’
or
g, = 0-i837 3, ; o-5102 T, ; 16531 % ; 4.5918
Stiffness of the belt (on each side) is given by
AE
K& ==y

where A = cross—sectional area of belt, = Young's medulus

and {= length of the belt. Length of the belt (distance
PiP. in Fig.A) isgiven by

2 d 2 Ji
= I:‘f'c - (p-4) ]
In this E‘,p’.a,m‘ale, c=5m, DP=1{m, d= 0.25 m a~d hence

5 Pal el azsT T° = 45759 5

to r
e k= _2-—%3_5)9_ = 2.0087 x 109 A N/m

Epuation of motion :

J-;91+k.&(9|+92)=0 = aié.'-f- ktel(1+ —j:—" = 0O

2
Jéga_'_ kt(&r-f'gz):o # a-z_é.?_—f- k&92(§+1> = o
. 9
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—
f /
T I

where -g% = 24 rl‘-"' (s‘ee solution of pro blem 5.68).

2
Here 7= o Kg—mz and T,= 0.2 kg-m>. In order ;for the
natural freguency S, t» be away From the sFeaol:
150, 250,350, 450 amd 750 rpm {or, 5,708, 26:180,
36.652, 47.124 *nd 78.540 rad/sec} ,

W, < 15-708 rad fsec
S, = 78.540 ‘r‘a—O‘/Sec

Since W, nvolves A (through k,&), it can be determined

from the above fne&ua.lt‘h‘es.

™\ Velocity of tup before impact is given by:

L ftup V- =My gh or v=V2g h =V2(9.81) (2) = 6.2642 m /sec

2
(a) Impact is inelastic:

Conservation of momentum leads to:

Mityp Viup + Manvil (0) = (mtup +F ma.nvil) Yo

oy o (1000) (6:2642) _ ) u0 e
° ™ "(1000 + 5000)

(b) Natural frequencies:

D) _k1+k2 4 kg " l__ k1+k2+k2 . k1k2
w5 = 2 m, 2 mg 4 mq my m; My

Thus the nafural frequency requirement can be stated as:

wi

2 o

i =

_

- 1 k]_ + ko kg _ -;I; k]_ +k2 + kg ‘ _ kl k2 > (52)
(2™ | 50000 10000 4 | 725000 ' 5000 125 (10%)
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(¢) Free vibration response:

Initial conditions:
%1 (0) = %5(0) = %;(0) = 0, %,(0) = vy = 1.0440 m/sec

Maximum forces in the springs:

Fi=kx Ima.x (2)
Fy = k2 (x2 i Xl) l max (3)
For a helical spring, the shear stress (7) under an axial force F is given by:
8FD
. 2D +d o e
where k; = shear stress correction factor = D’ D = mean coil diameter, and d

= wire diameter.

Ref: J. E. Shigley and C. R. Mischke, "Mechanical Engineering Design," 5th Ed.,
MeGraw-Hill, New York, 1989.

Since stress is to be less than the yield stress witth a factor of safety of 1.5, we have

Tyield
iy R 5
L—="1 5 (5)
Tyield
I L 6
2="15 . (6)

where 7; and 7, denote the shear stresses induced in the springs k; and kj, respectively,
and Ty;elq is the shear stress corresponding to the yield stress of the material.

r_ my |=5000 kg

k2

l_ ™y |= 25000 kﬁ

¥y
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apter 6
Multidegree of Freedom Systems

Equations of motion:

m ¥ =—kx —5k(x —x)—kx — x;) + Fy(t)
my %p = —k (xp —%;1) —k (%2 —x3) + Fy(t)
mg i&g ='—5k(X3 —'Xl) —-k(x3 —Xz) —kx;:, +F3(t)

or
()
m o o ||| 7 < -5 (x| [Fal®)
0 my 0 ‘iéz -+ k |1 2 =1} Xapr = Fz(t)
i -5 -1 7 Fa(t
0 o m3 f{s X3 a(t)
X ™y %3
_____ _'I':| X, s o
—= F(®) — ()
e Sk (W —23) S (23 - %)<
4 %, +—f M1 ( ( My le— K X3
‘ * ('xl"xz) k(z‘g-—zz)" .'
a——V x](t) ,ﬂ——" X3z (t)
_____ st s B
—= /R (t)
k(xz-xO-l——- mz e & (’2(2__7(;)

ﬁ-—» %, (t)

Equations of moﬁon:
J05=—2k{£ ]" [gé—s{l]" 3% (66) €+ M

4 1l 4 4

2mi1=—2klx1—-§-9]—c F.E]_—-Ze —k(Xl—X2)+F1
| mx, =—k (X2 —x1) +F2
2
where Jg=-§(2m)6’2=§-mfz

These equations can be stated in matrix form as:
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I3 1 & _cf

—?:-mt’z o 0 16 a 0|6
0 om o7 -% ¢ o
LO 0 m X2 0 0] X2

[ 25 k &2 o] \

X b =4F

Tk gy =% 1% i

2k ok |

0 '
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|
l*r!
2 x'?.*'m‘;.z

e (ty=%,) c(%p- *4)

[
|1

Equation of motion for rotation about B:

o . |5¢€ . .
JG 8—2]:[11(; [T] =kX3 (5&)*—']:?3 (5€)+k(XA—'X2) (25)+C(XA—X2) (23)
(1)
Equation of motion for rotation about D:
o w ot : :
Jg 0 +2mxXg [*2—] =—kx; (5&)+F1 (56) —k (xa —x) (3€) —c (34 —%2) (3¢)
(2)

Equation of motion of mass 5m in vertical direction:

SmiEg:—k(Xz—XA)—C(I-(g'—}.[A)-F‘Fz (3)
Noting that
1 5 X) —X3 x) + X3
=— (2 56 ="mé? ; f=——"""" . =
o= MG = Tme =2 x =2y
and XA=X1—2€9=€X1+-§X3
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Egs. (1) to (3) can be rewritten as:

m ., 2 v 29 6

— — — —k
= Xy + 36mx3-|— 254kx3+ 225 X
2 . . ;

— S e ——cXy =F 4
skx2+25cx1+25cx3 z 2 3 (4)
2 . m .. 34 3
E-mxl—i—;g-x;;—i——zg kxl—-—%—kxz
6 : . .

o e — i —CcX: =F 5
+25 kX3+25 cC X 5 CX2+25 C X3 1 ()

s 2
Smxz—%kxl +kx2—-5-kx3

7 i 2
——i—cxl +cx2~—-—5—cx3=F2 (6)

Equations of motion:

Mass M: M§1=—kX1+T_2k(X1—X3—I'€)+F1 (1)
Massm: mX3=—3kxz+2k(x; —x3—r0)+F; (2)
Mass 3m: 3mXx; =F; — T (3)
Rotation of pulley:
J0.9.=T(3r)+r(2k)(x1—x3—r9) (4)

Noting that

X9 —X
9=,2T3_
3r
and
’X X 4 ' Zo ‘
S | 1 m ! 2
Xy — X3 —r0=%; —X2s —r | — o= " x. — = x, — i
R o i AR T ahe,
I
Eq. (4) can be used to find the tension T as: ik Xy T
Jo 2 8 2 2
- S e s} — 5
T-—[gr2](3{2 Xl) 9 kxl+gkX2+3kX3 ()
Using the expression of T, Egs. (1) to (3) can be rewritten as
Jo Jo .. 41 8 8
—_— %X - — — kxy ——kxs —=kxz3=Ft (8)
[M+9r2]x1 o 2t KM T gk Ty A 1(t)
Jo Jo | .. 8 2 2
5 Nl Y} 2 2 % xgK = Fy(t 7
"gr2x1+[3m+gr2]x2 gkx1+gkx2+3 X3 2() ()
. 8 2 B "
ID.X3*"-3—kX1+-§-kX2 +5kX3—-F3(t) (
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. 1,.. 6
Ml Cos C-L)* Il9| zef} =

\
k,. D4 (6 B} —9) ny
kh(az'gz% ¢35 \71 7 7% Ky (04— 0
2 2
ng ny
Izeq = Ig e I3 '——] H 13&(1 =I4 + 15 —]
D3 Dg

Equations of motion:
I]_ ‘9.1 + ktl (91 o 92) =-‘M1 cos wt

By =% —65) =0

n% o o
L +1Is —=| 6 +ku (62 —61) +kig — (
n3 H3 D3

2

n? |. n n n
L +1Is "—;' b3 + kg (63 — 0 —) +kig — (63 — — ;) =0

ng n3 ng I5

Dy

Is Oy + ks (B4 — 03 —) =0
o5
Mi3=_C2(}-{3_619—)-{1)-—1{2(}{3-—-€1 9_}{1)
—cy (ks + & B — %) —ky (x5 + € 8 x3)
'JG‘9.=_CZ (x3 — & b—x) 6 +ke (xa — €10 —x%) 6
—cy (x3 + €2 0 —%3) €y —ky (X3 + &2 0 — %) & (2)
m;y i’i]_ = —Cy (Xl —}.£3 +£1 49)—1(2 (X]_ X +€1 9)
—ey 3 —k x5 +Fy (3)
my Xp = — ¢ (Xg — Xz — €2 0) — kg (xg —x3 — & ) n
4

'—'k1X2 —C }‘{2 +F2

Egs. (1) to (4) can be rewritten as

M3}'{3 +202§:{3'—(‘12§-(1'—'C23‘(2 +2k2 X3
+9(k232~*k251)-—k2x1—k2X2=0 (5)
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!

cp %y Yo%y
‘kl’x[ ’ki xy

JG.B.—l-(Cz f% —l"Cg f%)é+(—C2 fl +Cg fg)fﬁg +02 3%'}.{1 —02232 ).{2
+(—ky €y +ky €)Xz + ko €1 % —kp €3 X5 + (ke €1 +ky €3)0=0 (6)

my X; + (e1 +cg) X3 —¢g X3 +cg €y b4 (ky +ka)xg

—ky X3 +ky €y 6 =F (7)
Iﬂziz +(01 +C2)}.£2"'02).I3—‘02€26
4+ (ky +ky)xp — kg xg —ky &5 0 =F, (8)
6-5

PRELIMINARY VERSION 12/14/2010

IVIELII.IVIUinIIIEIIgiIIEEI .NEL




© 2011 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This publication is protected by Copyright and written permission
should be obtained from the publisher prior to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any

means, electronic, mechanical, photocopying, recording, or likewise. For information regarding permission(s), write to: Rights and Permissions
Department, Pearson Education, Inc., Upper Saddle River, NJ 07458.

R — =
'k“ k?.l 1"!1
(i) Setx; = 1, xp =X3 = 0:

Equilibrium of forces:

kll—k—Sk—'k=0 or kll =7k;k21 =—-k = k31 =—-5k

i—r-‘?-’-|=c ‘—>x2=1 5—7’:3:0
m, r___a, K my —— K m3
—> k%
—h_)’km_ 1‘?.1 32
6-6
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(i) Setxp = 1,%; =%3 = 0O

Equilibrium of forces:
klg =—k H k22 —k—k=0 or k22 =2k;k32 =—k

Hxl::o | l_i,,xz:-_a }__?x;ﬂ

—> 5k
my 2 my b—s 4 <— M3 e— K
—> — % == ¥ag
,kn 23

(iii) Set x3 = 1, %3 =%y = O:

Equilibrium of forces:
ky3 =—5k ; keg=—k ; kaz =7k

7 -1 -5
kl]=|-1 2 -1
-5 -1 7
C
! A ¢
2% (&) P F v ¥ oo
4 ‘k9| 8=0 2% 1(92 e

m T

(....——-
3
I
~
Jk—a2—> 4 7
*
P
3 > A<

g x,= %,=0
(i) Give f=1,% =%, = O
Equilibrium equations:
kg =3k & +2k (¢/4) =%k32 5 ki =—% ; kop =0
(ii) Givex; = 1,0 =x5 = O:
Equilibrium equations:
kpy =—2k(€/4)=—-152£ ; kip=2k+k=3k; kyy =—k
6-7
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(iii) Give Xy = 1, g = Xy = 0:

Equilibrium equations:

kep =0 ; kyp =—k ; ko =k

:
251;62 ke
2
[k1=—% 3k o
—k k
0

l l, (i) Givex; = 1, %, =x3 = O:

5m l
Static equilibrium equations:
5 %,=0
EM]?,:O or k31 (5()—-—1((25)—-0 or kgl—-—égk34
3.Xk _ 34
EMI):O or k11(5€) k(St’)———(St’)—O or k113—25k

S F =0 at mass 5m or koy +—k-—0 or kg = Ek

< Y4 ﬁl

e 2/ >

°°°Tl A“é‘ k—l_

= LXK
k= k33
(i) Givexz = 1,%; =%, = O: \If
j/ Ern
Static equilibrium equations:
1(,1% 11,‘,-:0

2k
S Ms =0 or ki (56) === (26) ~k(56) =0 or k33=,§%k
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2k 6
EMD=0 or k13 (5'!?)'——5—(33)=0 or k13=-2—52-k
2
S F =0 at mass 5m or k23+gk=0 or k23=—§k

< o} ——>-\
. LLF:- 2§ _it'KA” —-l\anzo

B ! D
3z
¥ %
(iil) Givexz = 1,%; =%y = O l 5N l
Static equilibrium equations: fag e |
p 2
ZMB-_—O or k32(5€)+k(2€)=0 or k32=——§—k
EMD=0 or k12(55)+k(3€)=0 or k12=—g'k
Y F =0 at mass Sm or koo —k =0 or kyy =k
34, 6|
253 5 252
g, % =
25 25 |

o, =

'X-|={
®n
v_l_
4 2% (%,- *¥3-1@)
2%¢(%-%3- 78 = 2% (-7)
4
=24 (—'5-) 3m l—l—
‘kzl x=0
zg::o ,k,“ x3:° i
X9 — X3 0 — 4 _ 1 _
Here 0 = s Xy —Xg —Tl=—1x — —Xp —X3
3r 3
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(i) Givex; = 1, %9 =%x3 = 0O:

Y F =0 for mass M: kli—k+T——83—k=0 (1)
3 F =0 for mass m: k31+-§§15-=0 (2)
S F =0 for mass 3m: kg =T (3)
"M, =0 forpulley: T (37)+2k %]r=0 or T=—§-§£ (4)
Egs. (1) to (4) yield:
8k 8k 41
kyy =——= ks =——, knu=—-k
(ii) Givexy = 1, % =x3 = O
EF=0forma.ss‘M: k12—|~T—I—%=O (5)
) F =0 for mass 3m: kzz—']ll;=0 (6)
S F =0 for mass m: k32—~2T=0 (7)
¥ My =0 for pulley: T(3r)+r(-—-—2?k—)=0 (8)

Solution of Egs. (5) to (8) yields:

(iii) Give x3 = 1, %; =%, = O:

NWF=0formassM: kj3+T—(—2k)=0 (9)

Y F =0 formass 3m: kg3 — T =0 (10)
LZF=0formassm: kg3 —2k—3k=0 (11)
> My =0forpulley: T(3r)+r(—2k)=0 (12)

Solution of Egs. (9) to (12) gives:

2k 8k -
ksg =5k, kyg=—— kig=——= e
a1 _ 8 s8]
9 9 3
8 2 2
K=kl=9 5 3
_8 2
| 3 3
6-10
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4<
4 4
64- a

32
%
" Koyt ) L %, o ¥22
(i o it [
v\ (“)
‘lk'ﬂ % na =
| vl
ny 43
g 84=0
Keo
[ f [
% m./ ( \L \ \. 2. %, . nu gz K4
t fe . [ £3 . 4
B=1 kg3 t3\ e 5 1
‘ 'k|3 4‘23 |
e,=° 9?_:: I X A
] 3
YA %—%— —6—
G;:o
* o I8
(Ii () 4y | ko4 24 €3 g
= 6,=0
. @g=0 y
| ]
i \
\

(i) Set Bl = 1, 62 =(93 =94 = ()
Equilibrium equations give:

ky; =ki, koi =— ki, ks =ky =0
(ii) Set 52 = 1, 91 283 = 94 = 0:

Equilibrium equations yield:

Ny 2 noy
Ky = —kety kop =k + kg [-n—s] , kap =—kiy [53—] kyp =0
(ifi) Set 65 = 1, 0, = 6y = 04 = O
Equilibrium equations provide:
6-11
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2
o 2 N
kyz =0, ko3 = — ki {E] , kaz =ki +kiz [E] , kgg =—kia [n ]

5

(iV) Set 94 = 1, 91 =92 = 63 = (s
Equilibrium equations give:

Dg

ny
kis =kos =0, kazg = — ki3 y ki = ki3

Thus the stiffness matrix is:

« z3=o0 %33 K3= |
3N
1 e 1L

e=0
r— =t = 3 1 Y o |
1 « ! 0
®y & "kg_ kg
‘kn l = *ay Ky=0 'kn T x,=0 *i3 T %,=0
m T T L T T ik T T T
L (i) (i)
” x;:o
A% ;i T e eail
= *’----'--T ]
ky
Ko 1=0 k22 l

T _ f T = T"z:l
fon Y _fr=0 2 T x,=0 !
g [ .-
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(i) Setx1 = 1y Xg =X3=6= 0:

Equilibrium equations:
ki =k; +kg, kay =—kg, kg =ks &1, koy =0
(ii) SEth == 1, X1 =Xy =8=0:
Equilibrium equations:
ks =2kg, kiz =—kg, kog=—ky, kg =—ko &1 +k2 &
(iﬁ) Set 6 == 1, X = Xg =Xz = 0:
Equilibrium equations:

kep =k (€2 +€3), kos =ko (€2 —€1) , Ky =ky €1, kop =— ks &3

(iv) Set xg = 1, %3 =X3 =f=0:

Equilibrium equations:

kyg =0, kgg =—ky, kpp =—ky &2, koo =ky +ky

(kl + kg) 0 - k2 ko 6’1 "
0 (ky +kg) —ko —ky O3
] = —k, — ko 2 ky ky (€2 — €1)
ky &1 —ky by ky (€2 —€1) ky(€} +€3)
L i
(i) Give Fy = 1, M = O:
Same force of Fy = 1 is induced everywhere along the rope. Since k; and kj are in
series,
1 1 1
ke WK
fOrce _ yefiection at m due Fy of 1 = —i?
= = deflection at m =—
= keq ‘ * k; ko
Linear deflection of k; under F; = 1 is kL’ angular deflection ¢ due to linear
1
displacement of LI Bdes
ky
: : T 1
apy = linear deflection of ky = ag r = _l; ;oAgy = fos
6-13
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(i) Give My = 1, F; = O:

Extension of k; = ag r, spring force = k; (ag r).

1
EM& =0 or M9=[k1 age l'] r=1 or ag == X 5
1 T

1
kll'

Displacement of m = ayy =agp r =

[k +k, 1 -‘

(i) Givex = 1,0 = 0:

Equilibrium equations give:

kn_k2=0 or kn=k2 ) kh+k2r=0 or k9x=“k21'
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(ii) Give 0 = 1, x = 0:

Equilibrium equations yield:

kx3+rk2=0 or kx9=—k2r
kg — 2 kg — 12 ky =0 or kg =r* (k; + ko)

ks —kyr
| = {—— kot (ky + ko)

| @.'9 . {+ @)k
Fr.:i # l
== I
(i) Give Fy = 1, My = 0: e @b
Extension of spring AB = agy €.
Total extension of spring CD = (age € + axx)-
Compression of spring DE = ax.
WF=0 or anx k+tagfk+agk=1or 2agk+apkf=1 (1)

"My =0 or ape k€ +(apr k€ +ar k) =0 or 2ap kl+agk=0
Solution of Egs. (1) and (2):

(ii) Give MG o= ]-9 Fx —
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Extension of spring AB = ay; ¢.
Total extension of springs CD and DE = ap €.

k., of series springs CD and DE = %

SIMo =0 or (ag k&) €+ (keqagy €) £ =1 or a5y = 31{252 (3)
S2F =0 or kay +kagp{+kay=0 or aﬁ:_?'k% (4)
2 __ 1
3k 3k ¢
[a']_ 1 2
3k¢ 3k

(i) Givex = 1,6 =0:

TWF =0 or kyx —k—k=0 or ky =2k
"My =0 or k;y —k€=0 or key =k ¢

(ii) Give 0 = 1, x = O:

S2F =0 or kyy —k&=0 or ky=k¢
S'My =0 or kg —k € () —k€(€)=0 or kg =2k

2k k¢
K=lke sre

@ Kinetic energy of the system can be expressed as:

= 1 (2m) (¢ & + = (2m) (€8 +5 mx

2=%@mgwéf+%qnﬁ

which can be expressed in matrix form as
6-16
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1 .,. : = S
Flexibility influence coefficients! -
@ Spring constants of ﬁt P - 2
cln'f;f&l‘&n‘t gections a:F C/ :
the shaft (%) are MI; L | L

(GT) | ;=42,3,4
K, = 7 5
where (67);= forsional
r'.f}‘.’-'if":y y Ti= Poia.r moment
Of [ner‘l:l'a., a_yu.l f-;= ler\s'u-.
A tion < of ,!La,f!: ' .
¥ e: nsidey disc 4. shaft to the left of disc hc»sa o 8Pr; sg -
b 3 ( sc 1 a
: the vight jide of disc
constant of K4 while i::\:e thaft b e vy !
cgu-ivalt’.n{: Apring constant of Koy = é (-}_j

bt

o
; hown in
ly unrit forgue to disct (my=1) es S
:jr;:es “‘2’:5 left and ru‘gh‘l: ends of the shaft are

Mg = %es Su s Mgy = %, 8y

Fig. ( A) , reactive

Since Mg+ Myp= My =14, we get

e on-{ 4 () 2}
Mgy = %8y = L%Z(%:>/{%i(-t)} 3 m”.

M i
Nso, i _ 1
€3 ~ Q3 144 k!.‘ﬂ-{ E: (T-)}
=1 x

4 n
M 1N o —
AR - EER)
Consider disc 2. Sheft to fre fest side of disc 2 Las om eﬂuivaﬂmi
of ke and The sheft t b Tl‘j\'\* Aside has on

\l

e =042‘

2]

Apring con stant
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eaulva-’enl: ,s’:rmg Cons‘tamf of Kez with

4-1( ) , fe s 2-3( )

If we agply o unit torgue £ dise 2 (m,=1), reactive torgues of
the fegt and right ends of shaft ave

mh = 6, kKea > m\"l = 6, Kes with mﬂz

ey, - {EGHE G/, )

_‘_mrz:.i

m 4 o ]
05, = %32 = -;:f = :e‘:-z*z., = {Z::'. ‘:f" / {% (L;)}
G, = Oyp = m——:f = ;(ezzk = Zj: g‘)}/[ -:i: ‘*-ki;— }]
ex’ =3

Consider disc 3. APPly unit torgue to disc 3 (M3=1) to obtain
M13= ‘ke"_ 033 , M,”: ‘k4 933 s mr3+ M£3= M,: 1

where

i

i=1

b= o= {2,081 5 () 1]

Hence

i=1
813= @3 = s - % 5_
ky Ry {% ;L_)}

923 = @13 = Mlg =

2B w{EZ@HHEE)

FL bl-{* et Qg Q2 Q13
exibili matrix if @] =

4 L ] Qagy Qeaaz @23

Q3 @3y @33

Note: Tn this ProHem, it S vuch easier to derive the stiffness
{n§lu€nce coeffrcients, k;,, compa.recl to ;. Hence o+
L?nVe,r‘fl'nj the matrix [4«].

Stiffness influence coefficients:

Letw\?ulﬂhwo‘g&pgciﬂe LU*\-‘;EE(Q|=1)°-’“-3
o’E :;QM 2 amd 3 be 3o ot thoum im Fj (B) If e torzue mpp(r‘ecl
£ dige 4 4 M, amd te neaclions one mhwﬂ_ﬂ m,, we hane

)
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ﬂn_: k,0y =%, , My, = Ky Oy = K2
m“.‘: mh+m,,; pn = K+ kg

kg =~ My =— ky (v reactive torpue s opposite to M, in direction)
%5,= My =0 (v disc 2 is Fixed, mo reactive torgue is felt of disc ?)

]

Let  displacement of disc 2 =4 and  displacements of discs 1 and 3
be zere.

Kyy = Kot k3,  Kppz —Kas k= - ks

Similarly we can obtain
K33 = K3+ kg i3 =@ 43 = — K3

4y Kiz 3

Ko K22 Kzs

k3 Kan %33

Epuations of wmotion of the system:

ml 6+ [«15 = M

Sh'ﬂ:ﬁess matrix s [k] =

where El'nj = qi' ; Z = matrix O§ maSS ‘mOmen{'S‘ 0.‘F-
© e nertias of the discs
0 o A3
. 8,(t) - My, (£) ety & P
e = 8, () } omd =M (8) )T external = 0}
e.(t) toyoues o
3( m&! ) %erd to diges
‘ﬁmmll mn_o
C‘ /2
.
o A y
m,y_a. ~ My ’ Fig- (8)

Y Shilcs nflEnEe cocifiErents: g

6.24) ~TT TR bﬂhﬂﬂ,-g-.,,ﬂw—{jﬁ/\m-ﬂwﬁ
Let x,=1, %= 3 =o0. k
Forces re&m‘rea! ok 1,2,3 are
Fi= %+ %2= ki 3 Fa=— k2= K2y 3 B=o= %5

Let xX=1, X, =%3 =0.
Forces re.zu..‘red ok 1,2,3 ane

Fiz—%2= %23 Faz %o+ k3= K2z ; Fe=— ®2 = %32
Let =3=1(, xy=%,=0-"
Forces rezu..'resl ot 1,2, 3 are
F;=O"'—"k,3 H Fz:—"kg':‘k-z_-s H F3= 1(3+ -kl*z K33
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(‘tl-'l' 'k?.) - Ky o
Ek] = — %, (kz-l' k?) — k3
o —*k3 (k3+ k4)

Flexibility _influence coeffrcients:

Procedure and results ave similar to those of problem 6-1.

From Atrength of materials, the 4 lF
ae§’ec{7l.°n of 'fhg Co_h'ti'l&ver Lea_m ﬂA 3 ¢

shown s given by l:—_—a,_—.k——g.b ——a-‘
Fx?

1!7(7-)!5“ AB GET Ceean) - B b
w(x)ll-m BC GFsai (o +3%) —- ()

3
Mpply Fi=t, R=Fazo: o= (Fot,==le=t i (B))= L/3ET)
Q,, = (F=1,x=zl, a=1 i (€2)) = s 13/ (ce 1)
oy, = (F=4, %= 30, a=0 in E)) = 413/(351)
S'-mila'rlﬂ amfij F=1, F=F=0 t 3Jlf Gos 5 5 830 R amd
F3=1, Fi=FR=o0 ts 32)'— Qgg, @3, Ppgr Result &
[ 4/3 5/6 4/3
Ll= 2z | % 85 14/s
4/ 14/3 9
EW o{; mation : .

] w4+ k1@ =0 [3[m] W+ W =0

St
™, - o . Wy
will Emj=[o ™y o—xcw-ﬂl w={w1}.
o ™3

o} T3
Deflection of « fixed - Fixed beam is ; erF y x
1 2 ’4‘? B
’y(x)( = f._j’_.f—i —x(30.+b)+3m[,}_,_ &) 1‘_@ R L
inAB GETL e .

¥, Fe () 9 (hea)+abl}--E) ¥
e GET L
_ _E =0:
APPlga,Tz '(’F,F?, ?:R, =3, x =4, L=4in (‘e.))=39£VCG+51>
a, = (F=La=L b=30, x=2L, L=4l i~ (E2)) = f_/g(eei)
@y = (Fzho={ b=34,2=34, L=42 i~ (E2))= 13 1/0?151)
Similarly opply F=1, F=Fi=0 % gk 04y, 05, 2 and
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Fy=1, Fi= Fz=o0 {m gz’.' Q 33, ®i13> P3¢ Result s
93 %4 1/6 13/192
] = ¢ Y i3 e
sz 1 /64

= =
El_e_x_;é l:.!'i{:y = _I“ :‘:‘t_l’t’_x_ _:_ %2 m;—-—’— 3
= AEHEC{{O“’ of LL] :Fb\" o unit [ocw' m, k3 .-.

r_‘“;I“_‘xi
h‘lza.hd g 931'.7 Aourne dq‘srla..c.ement (CLS

rigic‘ l::c&y mof‘fon) as there ave

no offer forces or constraints-

By, = Orgy = —E‘—'- I we apply unit load to m,, epuivalent stiffness

1 &, + Kz
i$ SIVE\"I b_‘_'[ _é'——-= ._i_ -+ _“.i'_-. . Qiyg = —é.__ = __‘_i-—— .
kez *, 2 ez &, Kz

Mass wm; follows deflection of m,. -

If we G—fd:lj u.ni{: I.GO-C! te ms, efu—ilva.a[enf gf.‘ffnCS's oj'- JFY;H?X 5
‘en 1 P

JINE LJ . = T{';-i—- Jk'"-'i- t- Qa3 = «egzt_(_-’%z_{,.i—g.

Stiffress matrix :

Let x=1, %p,=%3 =0~ Forces rezuireal at (,2,3 are

Qgn = [« 2

Fl:' ‘Cr""*z: -{("} Fz.—- -k’_ - k’ZI 5 F;:O: k;‘-

L-E-t Xg9=1[, = X3 =0-"

Forces I'EZML::" ok 1,2,3 axe
Fie—tke= kg, = K+ %3 = Kap, = —k3 = Ke3.

Let =3=4, X= Xy =01+ Forces re.zu.irecl ok (,2,3 oxe
Fizo = k3, Fa= - k3= 4,4, F3= %3 = %33 -

(k,+ %2) -ty
(x1=] _—«, (Kot *3)
o —ks3

Assume smell deflections;
hence fension in APn‘nj(P)
remains constant.

Let Fi=t(, FRob=F=0
at ghowm im Fig.(A).
Vevrtical :Fon:;e Eq_,‘_ﬂm(_g_ st'veS'

F::i: EJL i )P
1 ( RI )P+(£z+£3+14
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: bk
Cuy, = i i
P(T:*— Lot £3+24) ‘
. F«g. () .L .
From relations of triangles, »
@ n Qvg adl B
L.+ %+ Le 23+ L4 L, + %+ iq L4

= L3+ Q‘f ) o Ly, = )Q,“
(17_-(— L3+ U4 xz.'i' 2-5“‘

When F, =1, AI=F=0, vertical force balance gives (F.'S.(B))
2= >

i
= &= * & Q9 i 1
F= (X.+ 2:-.) T+ 1, ?{2”;14— 13”4}

L ) @
2= (Qa'i' Qz) e t(;-i' 4) B
when F3=1, Fi=Fa=0 (F;a . (e)) vertical force balance gives

From -l:rsa.nsle velations

A3 ©33Np . gl =
R I T c 33 = 1 '
F3 (R-i'gz-l-gg ( F(1i+£g+13+ » )
Erom triangle relaJ:'»onSJ g+ L 3 _ )w“
(x“'gf-*'L v (2 + 2.+ 1-

et mm Lr+w_6'
w,

7‘}7&- m ™ ], ?:{w’_}_
[] [ Tc:'l'a (>R

Let i, %2 and %3 ule.no-l:e the d.‘spia,c.ements of top middle and
bottom masses. EULaJt.—a'r% o‘& motion ant

m K, =- &k Xg- 1‘(*:-*23—‘5#(2‘—'&3)

am x, =-2% T2 - % (%z- %) = &(*2= X3)

m 5£3 = - % %3 — ak(‘x;—?‘-n')_. t(*a—xz)

X 3% %y o)
5 -k
b b ° ° o b «© Ka (= (O
I (o] 2w o Koy 4+ |=-*% 4 -k - .
) 0 wm (%3 ) -2k ~% 5%

Let o wove to o/ wth 8 small.
Then F1=4¢8 ot (9_4_,5’)
F,= « 8§ b (135"‘53

F= 8 wb (6—-45°)
Fo=x8 o (135°—@)
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Fcrcza-l-?f\g & 45

F= F <t (e—45") + F &k (125°~8) + F; s (6-45°) + Fp cos (135 _e>

=248 [ ot (e-45°) + s (135 —e) ]
= 2% 8 o -
o Stiffness Fn?‘uence caef—?"cfeht' of ju.nc.{-l'on Po‘m‘: in arbitrary
divrection= FE/8 = 2%

Stiffness wmatrix i 9iven by &, (e.e)'- )
[ F] . - O
[k tez) =%r, ° °
; (o]

- %3 \(‘k;+‘k?) -3 o
\

k1= ° -k3 (st ky) % - 0 o
" o ° o o+ . 7 (%nx Kne)
All elomends except those on the three &J_ﬂ.%c'n.aj-! ane 3o Hem—cf- [+]

# o bomd malnix. T $oct, £ B8 o m_wwﬁm.

@ We use the expression of kinetic energy to derive the mass matrix. Let the generalized

coordinates be x;, X and x3. The kinetic energy of the system is.
1 .2 1 .2 1 2

T=—§-m1x +—2—m2x2+—2—m3f(3
This can be expressed in matrix form as
X
1. . i |
T=5 (k1 X %3) [m] %

X3

with the mass matrix given by

We use the expression of kinetic energy to derive the mass matrix. Using the generalized

coordinates 6, x; and x,, the kinetic energy of the system can be expressed as:

1 <2 1 o2 1 a2
= g 1 ]
T 2.109 +2(m)x1+2mx2

where Jy = Jg + (2m) (g—)2 = % m ¢%. T can be expressed in matrix form as:
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4 % mé: 0 0
1 5 = . . . _ B
T= ) (6 % Xp) [m] X1y with the mass matrix [m] = 5 5w 0
% 0 0 m

/

We derive the mass matrix from the kinetic energy expression. Using the coordinates %1
¥, and X3, the kinetic energy of the system can be expressed as (see figure in the solution

of Problem 6.3):

.2 .2 1 .2
T=—;—JG9 +%(2m)xc+§-(5m)x2 (1)
1 25
Using Jg = — (2m) (5 ¢) = — m ¢* (2)
12 6 |
P ] +X3 Xy — X3
e O ) 3
Xa ) ’ 5 ¢ ( )
Eq. (1) can be rewritten as:
_ o
1 = X3 1 3.(1 + X3 1 e
= — — (2m) | == | +'— (bm) X3
1 2m 1 2m 1 4
=— — — —_— — 2% x3) +— (5m) x 4
Y +2 3 X3+23m( ) X3) ( )2 (4)
Equation (4) can be expressed in malrix form as
% E N 1
1 .8 . : A 3 3
T= " (% X X3) [m] 1%a ¢ with the mass matrix [m] =m |0 5 40
5(3 -:-[_ -2_
3 " 3
The kinetic energy of the system can be expressed, in terms of the coordinates x;, X, and
X3z as:
1 .2 1 -2 1 .2 1 .2
T"—"EMXI-I-E-JQQ +-—2—(3m)x2+5-mx3 (1)
X — X s
Using the relation 6 = —5 Eq. (1) can be rewritten as
Jo 1| Jo .2 1 Jo . 1 .2
= — e 3 - — 2% %)+ —mx 2
T 2M+ T i) + o {9r2+ m| X, 291_2( 1%2) + 5 3 (2)
By expressing T in matrix form as
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. i T
S| JQ JQ
1 o . M+ 5 — 0
T== (k; Xs Xs)[m|{Xs[ the mass matrix 9r 9r
. m| = J J
X3 [ ] _ (')2 { 02 +3m 0
/ 9r 9 T m
L0 0

The kinetic energy of the system can be expressed as

2 2
RN QUL R COLTY RSN SO SD IR -8 (S B,

This can be expressed in matrix form as

b,

6

i, . s . 2

= _ 8, 6, 8
T 2.(91 2 U3 4)[33'11 By
b

-

and the mass mafrix can be identified as

I, © 0 0.‘
nj
0 L +1; . 0 0
n3
[m] =
nj
de 0 L +Is —| O
ns
0 0 0 Iy
s B
- (B |
o : — G ————— bym
L
G,_-’-O fLZI('z';'!-)
----rbn""
NN b ()
l—-e(
'l A\
< | B
TTQ‘T '((&“ 1797_ i 7797_
Frg. 1 Fig.2
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Let x(t) and §(t) indicate the coordinates to define the linear and angular positions of the
trailer (M) and the pendulum (m), respectively. To derive the inverse inertia influence
coefficients, first we apply a unit linear impulse at point @ (along x(t)) and write the
impulse-momentum relations as (see Fig. 1):

Linear impulse-momentum relation along x:
. ¢
x=1=by (M+m)+by (=)

Angular impulse-momentum relation along &:

2 é {:2
§=0=by (_n12_)_|_b21(m3 ) (2)
Solution of Eqs. (1) and (2) gives:
4 6
= oee————e——— R e e T 3
bus 4M+m_’b21 4ME+m¢ (3)

Next we apply a unit angular impulse at point ¢ (along 6(t)) and write the impulse-
momentum relations as (see Fig. 2):

Linear impulse-momentum relation along x:

; ' mf
x=0=b; (M +m) +bp (=) (4)
Angular impulse-momentum about O along 6:
. £ (2
b=1=by (5) + bz (—5—) (5)

Solution of Egs. (4) and (5) gives:
6 12 (M 4 m)

AME +mé 2 4Mm e +m? e

Thus the inverse mass matrix is given by

big =

(6)

: ] [ : ] 1
AM+m T |aMl+m e
(7)
12 (M + m)
[4Mm52+m252]

Tf—xe shear buildi‘n_g can be modeled ad Jhown below :
L

b] = fm) ™" =

6
L—[4M€+m€

L ANAN—] —T—'W_ = Fy
™y —ﬂ my —-‘-2_].' my i, 7114 —
‘ . I ‘
A — M

Cy N B — —--—)n-z

Fig. (A) L % 3 *
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kz(xa" %) -k;(x_a-xz *4("'9_ x3)
+* % T g ol <= ve — e PR S - e E, (t
| . :"--ﬁ —>FE(E) :fj‘_z_-—r AT s Ry |Te X4 ,‘*( )
CI ‘X.l & =3 e = — G Sm == . - - - ——
FiG.(B) ¢, (%o~ ;‘0 C3(=3— %) Coy(Eq- %3)

.y
(Egua.'{'fans of motion (from free body diagrams in Frg. B):

™ K+ € Ry + K K — ¢y (= %) — 4 (Rp= %) = F(t)

mZ;‘:z + Cz(’zz‘*‘:l) + #p (= %) — 53(;‘3—;‘:) ~ky(n3z—%2) = 5 E)
Mg X3 + €3 (R3-%,) + K3 (X3 —72) = € (Fy—%3) — Ky (x4 =73) = D)
My Xy 4 Cy(%y-Rg) + Ry (g% = B (€Y -eee- (g,)

(b) La.,sranjeas e,gucz;f:a'ons avye

g e

Where T = K/'netic energy , ,:o‘i:enfaa.«l energy , L
Rayleigh’s dissipation {unc.\‘:toh » Ry = 4#" 3enera-ll_3€4 force
ﬂJ‘lGl 29: — ;‘H‘- BEher‘Q-Iljed caoratnnai‘e.

- " .2
T:—fi{m, x,-l—mzar.,_ —= ik 13 +"'ﬂqaf-,+}

"'E § x4 & ('xz- x.) + %3 (xg—7¢2.> + Ky (24— "3) }
£ e & ra(h "‘f) + €3 (Fa-*2) + ¢ (R4 -%3) }
62;:= Fy 5 F=02,3,4
Using g, =%; 5 j =123 4 Hhe application of Eps (E2)
yeelds H-ze egu.a;h‘onr of motion given in (Er).
Coordinates of the bob are (x+ Leste, [ 4ine)
T = kinekic energy = kinetic energy of slider
+ kinetic enmergy of beb
'm( ) +-'~M[{-J—(x+1cﬂ56)j- +{dé(isme)}-]

A1
FA
=dm ik s gmriegml 8 *(iv'e + A% 6) 20- wﬂ)f .l

~im(exl sne 6)
.2
=m°‘+z"‘19-—mzeﬂrk“e 2’7117’-2.4"12"’“‘219 ‘.Fl'-':'rz%'rna.aue
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= PO‘EEH‘EI'&J energy = 5:0‘1‘2&#:{@‘ ener9gy of &pring + l,a-}—e.,{.;{:r_\ energy
[=}
=4 «x" + mgl (1-ch o) of
(Nc-te- Potential energy of slider need not be considered if x=o

Carrespon:ls to static eﬁu.[brtum Pos:hon)

Since cos B = 1—19 ; V= Ji"k'x- +Jimsgez

As there are no external forces, Lagrange's egua,{-fOnS become

4 (91‘_)__ 3T av

dt > 2% +a 7 j: 152
oh 1 % Yy
Here 2, =x and 7, =
oT 2T _ 3 d 2T = Fo v _
3?'0'3—;;"'7“’""’& 3% ) =imi, 3f=k=
AT T - 54 2V _ [
S?o_""”ga‘e" ’J-I:( ) mL e, 2= mgle

La.cara.nag's eaua.i‘:‘o'ns l:e.cpme

q_m;c 4+ ke =0 ; "ml e+m3ﬂe—o¢h £6+36—o

(1) With xqomd x, a3 codrdinadss :

Since X,z x=L,0 amd %= x+1L,0,
'x: (7( q‘l"' xl ) G.h,d 6 = xt—il )

¢, + A2 L+ 2 ’ .
= %m'{cz+"z‘f38 -J-m(*"(:“;';z’“') + + % %,_4-_2?)
.g{-,-;o, :;: =2;|+£zz (2 22 % +24,% %, )+ ?-9.1-91) (%= 2 %),
£GE)- Gy (KR i gl (e 0
A :Ifz(j.uz) et B e £2x>+2(ﬂj+iz>i(wz#m>
;F(axz)'(z,dz) (4 % + 1t x>+ (Ra = %)

(r*'?-)

.3_V='kx —3——\-/—=er
37(| Rl B %3 2 T2

Lagra:ns&’-f e.guai't‘ons 5 Ez.(é-ﬁH}, give

£y %+ 00y %) + —2— . X —%,) + kx, = o
(i.+lz)( ) (4 +0:F : (%= %2

623
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.(-l—-‘?i-?-(lf;z*' X L2 ;I) + (f-i_g)z (;lz— x,) + k%2 =0
1tz 1t L2

. =
AL ;'(.m,ﬂ:: + Jo)-{- Xy (m L, - J;)+ x,(R,-;-,Ez) %, = ©

oy L
%, (2= %) + Xy (w LE+ ) 4 % (Li+4s) *2=©

V=
- 1 °T x d (9T VY= w3V _ - %, (z+ A2 0
—a-——-O. —_— = mx ,c!.'t(a;ﬂ> Tﬂx-,,az-‘kl(x 1;9)'1' 2( z)
oT

ox
2T -0, 2T - g6, L 2LY= 30, 2Y = (x-20)+ 8, (x+24,9
2e 20 dt \ 26

Laghanges eppations gue
m ;f.- -+ kl(z_ R|9) + ‘kz(‘x'f- 2,_6) =0

a;.e. -—k|£|(x—2,9)+kz_f.2(x+ thG):G

T2 =z . ¢ .2
Ty X + 4+ m, X +7M3 X3

< ~
0

z 2
= b4, X TRy (Ro- %) + FHa (x3-%2) + 7 Ky 3

(8

2L = o, a?-:mi;(ivé-—'a'-t'-):ml;t:.) Y -k.x,—ic.,_(-x,_-—xu)
a“" 3:1 dt 3, e
2T -0 ’ ar. - mz‘:(g_ » -i— gl.: ): ALPY ‘;1:2_ - %:-— = kz(xz_x,)—-kg(xg—xz.)
3:1_ Bx,. Gl‘k BX-‘-_ 2

. ‘ ee V _ x
"3'_1:-20’ 'B—-L:m; 131"4— —B—T"): ™3 I;,-—-—?z ‘-‘-"‘(3(13 Xz)+k4 3
L az-g dt 2x3 3

La.,grn.nse's egu.a,{:rons give
my ‘;p + x) (‘kl'f' k!.) - &y %; = O
My Xy — 4% + Xp(Kot+KRy)— K3 X3 =0

'rn3.x.3-—"k3'x.z+ Xg(‘kg-i- ’k4_) = ©0

' Using 6, 6, amd 63 as generalized coordinates, awe find
. « . z
T= -lz— m,; (Q.é,)l + "f_“mg_(flél + 2, 92)2 + J.; mg(ﬂieﬁ' 2,0, + SZ393) —“(EI)

Let reference position covrrespond to @)= 6,=83=0"

Vertical wovement of my 48 )
2..(|_Cd5 GI)'_". ,Q‘ {i-' (I—Ezf—- ) }:_ L?. ,Q'e'f
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b z
verticel movement of m.= _71:2, e, + ";_1:.97.
vertical wmovement of m3 = Ly e?-_,,_s_ Rze & L,Qa 93
z MG T2 2

V= mn?fn 9,’- . m"j’(ﬂ|91:-+ gzez) 1. mstgf (1‘9‘:'.:,. ,Q,_e::+ 2; g;‘)_--(Ez)

31:0, —3—1 = m QT‘é,-\- my Ly (irén—h{z éz) + m3 2, (Elel + 8,6, + 13 93),
M‘ o0 .o

1 ( ) (m+my+ M3) gf"é| + ('“"2.+'”3) 2.8, 0, + M3 2,4, ez,

t 69;

Y = (m+ ™2+ ™) gﬂ 8)

% LS Y R B
T —o, 9L = mzlz(g\et‘*ﬂzez)+“‘321(!'e'+ 162+ 42 6;),
36'1 aeﬂ. . 5 . .
d (BT N = (myt+™3) 4,2, 01 + (Met™d) Lz 02 + my L4365 ,
dt aéz)

v _ ngﬂ.,_ez + ““;32292 = (m,_-i-mg) 9 fze,_

202

) - 2T = myd; (l,é,'{- 2,6,+ 13 éz) s

= Q>
€3 263

e - - SV -
ﬁ:’(gi)= mz {3 (ﬂ 9,{-12_6,_-1—2363),___5; *mggﬂge?
L.a..ara...njes e.aua.'hons 3|V€ the ezp.aj-u_c‘ﬁd O’ﬁ- mpt:a-r\
(“'H‘ m:_'i""'?.) a{| (m,_+ Yng)ﬂ 24 ™y % 13 '9’
6'"1 & ’13) L2, (‘“z*’ m;)ﬂ;'_ g 1,25 9,
% ifa s ms L2 13 m3 43 ®s
(¢ mat m3)g g, | ° ) T o
N 2 (Ma+ "‘3)‘397. o 8, y= \ ©
g o m; 943 | @3 ° /(&)

(w)Le\': general%uf coordinates be 9 =x and P =9

;D.s'g[a.cemen{- of mas M & x+ lo. . .
Kinetic emergy of airplane & T =% M, itz fEm e+ 6)"}
Potential energy . V= 2(3 %, @ £

Lagrange's eguations are 4 (23T y 3T L 3V _ o, ., ;=12
e b dt(rgt 29, +3=g,; @

e 3T

ber %};—'O’ax Mx+zﬂ(x+16) -a-a—— o
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3T -0, 2L - 2M2 (x+£8), 2X - 2%, Q=& =0
36 Y °@

Hence Laagm,nge,'s egua,h'ons become
Mo§+2m(§+1§)=o }

E)
2M£(§+fé‘)+szte = o

(b) If x(t)= X cos (wWt+¢) and @(t)= @ cos(wt+¢£),

the eguai‘fon.f of motion become

W

(—Mowl-zmw?’)X ~—2MLw @ =o ) &)
2
- ?.M,Qas?‘ X -szzcaz'@ +2 %k, @ =o j
which yrelds the frepguency eguation :
Myws™ + 2me” 2miw®

=0
aml ot 2m i w®-2 ke

wztzmomf_z&gz_zmo‘kt—4ﬂ1‘ktj =0

T-DF CJZZO s w1= (?.mo ke + 4 Mky )
zM,m L®

Mode Sl\a.]aes'i Eg- (E2) gives
@ _ 2m f w®
X

—2MmPPe* + 2 Ky

For ¢, =0 (»3\ _ B _ > ®= o
z ZHky

s —s

X
This corresponcfs to n‘gfcl Eocly translation
in = (verffcal) direction.
& ng_(zmaké+4m kt>
-_)Z_ \C-"z = z Mo 27

g
-2mf (—’-mo ke + 4M *£> + 2k,
Z My m L*

=_(m°+L
2my 1)

(C> For w, > 4T rad/sec,

M, M
(z 2 {'+f f) > (e T
2mm,f

FOY 6492 s

(e3)
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When M, = {000 %9 , M= 500 %9 and A= ¢m, ineguality
(E3) becomes
2000 kg + 2000 ki

(i 10‘) (36)

e 'k{_ > l42]|2 xmé N—?ﬂ/r'a.d.

Generalized coordinates: x; X3, X3!
1 .2 1 2 1

. .2
T=—2-m1x1 +-§-m2x2+5-m3x3

1 1
=%kx% +T]‘);-k(X2 “—Xl)z +%k(’1(3—12)2 +—2-kX% +-2—(5k) (X3 ""Xl)z

2
le

Qi=Fi H i=1,2,3

aT ; . av
—-.—=]I.I.ixi H 1=1g2:3 _—=7kX1—kX2—5kX3
81(; axl

oT . av_ _ _ _
_‘;i_t[?a;]=mixi;i=1,2,3 gy kx; +2kxp —kxs

1

av

aT : = =—5kx; —kus +7Tkx
—8;;=0 ;i=1,2,3 O3 1 2 3

Lagrange’s equations yield the equations of motion:

m1§1+7kx1—1-:x2—-5kx3=F1(t.)
m2§2 —kx1 +2kX2 ""‘kX3=F2(t)
m3553—5kx1-—kx2+7kx3=F3(t)

Generalized coordinates: 8, x;, Xs:

+2 1 .2 1 .2
T=—;—J09 -|-—2-(2]IL)X1+"2—ID.X2

1 2 _ 2 2
where Jy = E(Zm)f =+ m €°.

Qs =My(t) 5 Q1 =Fy(t) ; Q2 =Fa(t)

QT.?:JOQ;—C?—.I‘—=2ID.J'{1 ;"._=mi{2
o8 0%y Oxq
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d 8T s 4 | 9T . 4 |9T "
L l=l= P =2 s — | | =mX
dt [3{9] B R [85:1] R T [a::z e

aT oT
_— = —=03;i=1,2
55~V By !

p 4 OR
Rl Bcm-bD s =0
a6 4 4 8%, 4 8%y
N _ 1B relo-Lrex
06 8
oav 1
8x1 2k + X X9
av
?a"x'—-z—-_—'—kxl—*‘k}(z

Lagrange’s equations, Egs. (6.118), yield the equations of motion as:

1
——m€29+_—C£29—ZC€X1+——k€29———k€¥.1 =M{-‘(t)
—'—C€B+CX1‘—-—k£9+3kxl—kX2——F2() -

1]1}[2 -‘kX]_ +kx2 —-Fz(‘b)

2 m ¥4

Generalized coordinates: x; ; i=1, 2, 3:

. 2
T=%JG &+ ; (2m)x(;+ (5m) x,
: .'2 . TR ,
1 25 2 X7 —X3 X3 X3 .
z[ﬁm][ =7 +2(m) z(m)xz

where the subscript G denotes the mass center of the bar with
X — X3 Xy + X3
5 ¢

V=—;—kx% +%—kx§+}§k(XA—x2)2
1 1 1 3x; +2x3 9
9 3X1+2X3
since xp =%; — =5 (x; —x3) = -

¢ i 1
R=1cia—h) =3¢

2
3% +2x3 ]
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Qi(t) =Fi(t) ; i=1,23

OT _|25mé || 1 ||%—%a| (o) L [¥1+%s
as:l_[ s ][5"]{ 5¢ ]+(m)2[ ’

i[£]=[M][ L ](.}‘:1—-3&3)-1-%(351 + X3)

dt | 0% 6 25 £2

T TR - N L.
E‘},{z——(5m)xz I [6‘:{2] (5m) X,

oT _ 25méZ || 1 ||% —%;
oy 6 5¢ 5¢

T 25 m £* L 1 3 e
£ (22 o 2o

o
+(2m)§{3‘1:_"3

B%3 6 a5 &
%—:0 1 i=1,2,3
i
3 3x; +2x 1 3x; +2x
R _3, ! 5 s £=kx1+ik 1 %, iy
aR 2 3&1 +25{3 . a‘v 3X1 +2X3
= B % E .
Ox3 5 | 5 2 2
. . 3xy +2x
ﬁi:-—c 3_"1_'{'_2&_;{-2 %=kx3+zk : : —x2]
Application of Lagrange’s equations gives the equations of motion as:
s . 1 _. .9 . 3 . 6 . 3., 3 Dk g = F[E
Smiig——%ci:l —i—cf{z—-gcfcg—-5—kx1+kX2—3—kX3=F2(t)
1 .. 8 6 . 2 . 4 . 6 _2 B e el
-gmx1+—3——mxs+-2~5-cx1—€cx2+25CX3+25kxl skx2+25 3 3()

1 .2 1 "2 1 .2 1 .2
T=—-2—MX1';-2—J09 —|——2—(3m)x2+—é—mx3

(2E) (x; —xg — O + T}z" (3K) x3

<

[
0o | =
'

L
+

X
Noting that § = [~—3-—~i , We can express
r

-]
|
>
i
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S 8T Jo (%, —%
oT : ol |kemx|, 4 |2 oy, -2 (B2 TR
Pt A T r_a_r_T i [3"‘1] SRR

. ; oT J o
AN 1 Xo — X3 s ,_d_ —| = ° 3 —X;)+3mzxy
T=J°{3—;H T IR ax] TR
a":s dt 3X3
v Lot o b
OV __ 1 k)& —=x —%)
2 3 3
3V..__ f_ — =%, —X3) +(3k) x
= (2k) (3 % Xy —X3) + (3K) x5

Application of Lagrange’s equations give the equations of motion:

' Jo Jo .. 41 8 8
22 4+ —kxy——kxy——kx =F,(t)
[M+9r2]x1 9r2x2 g 1T gt

Jo

92

J 2 2 2
X+ |Sm+ o]xz—-—z—kxl—}- kxg-i—?k?(a:Fz(t)
9

1115&:;—-—-%}:3{1 +%kx2 +5kx, =F3(t)

Generalized coordinates: 6 ;i=1,2, 3, 4:

6.48 , )
1 .9 1 Ny .9 1 _Ei 2 _]___ + 2
T=Eh€1+§ I_2+13-n"§- 92+E Iy 15 oI 93“'21564

2 2
1 1 D2 ! g, %
V=-§ku(92—-91)2+-é~kt2 93—92?3] +Ekt3[‘94 03 -

Q1 =M1 cos wt

2
. n .
2'I‘:"'=I1’91E—a’.—r=12'|'13"§' 02
891 662 n3
nj | . oT
893 s 594
2
a &t - d : 2
B e (R — ! —— = +I ] 6
rl E N I {892] Pt
2 oT
d aT Ny . d ..
dt | 90, L+ls n2| ® 7 dt [394] o
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ETN =—ky (62 —6;)
%=ku (6 —61) —kiz |05 — 02 z—z]z—:
g;i = ks 93_32E — ki |04 — 03 2—:]'3:—
g;z — ks 94-93_5

Equations of motion (from Lagrange’s equations):

I]_ .9.1 _ktl (92 —91) =M1 cos Wi

nZ|.. ny | ng
I2'1"13—2' by +ku (0 —01) —ku |0 =0 —| ==
n 0z | D3

5
2
N4 | : Ng Ny | Dy
Lo +1 —| 0 +kip |03 — 03 —| —kig |04 — 03 —|— =
4 SD—E] 3 t2 |V3 2n3 t3 |V4 3115 s

Iy 8y + kig

8, — b, E4_]=0

g

Egua:l::ons of motion for the fystem of Fig. 6.§(a) are:
x --- (E)

m X, 4+ kX + kz(z,_x,) =0

Wy %y — Ka2(xj— %2) + ki (x;-X3) =0 i (Ez)
m3 K3 — ks (®2— %3) =0 o = L)
Let 2,=%0, %= *a-% amd %= x3- % - Egx.(E,) b (£5) become
. ‘. "
m X+ K g - k2P, =0 F x4 ;’r%,-— %9,_=0 --—()
my %e + ko U - g ?,;‘=O=-*; 557_-}- %22— E'mlg’-;o .__-(55)
myx3 + k3%; =0 > X3 + _:h_s_ga = @ - == (B)
3
(E+) minus (Es) gives ;é _;, )... ,1:1. % + 4+ ko )2’ k’ ?fg:o--—(E;)

(E's) minus (EG) SiVES' (x;.— Zz)“ i % ?, ( a1 + 1:3_ ) =0 SR, (Eg)
(Ee), (E7) ond (Eg) can be exrressecl ag

.2.;,+Tt':—3|—%32 = &

5 .3 % k

-t (=t )t n t=o --- (B9)
3;"%32-%(%134—1(3)23:0

For %;=% and ™ =m (i=12,3), gs- ( Eq) reduce to

6-36
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2+

% :
se k - r— _
?/z - T“‘ 31 B 2 %1-— ™ %3 = (]
. o
™

33 —
For g.(t)= &; 8 (wt+ P ); i=1.2,3, (Eo) 9Jive
(—wz+i‘,,—,) —':;E o & ©
% B de - _
= W t2%) = &, | =
&
o -= o™+ %) 3 0
Freguency eau.ai'fon 3
z *
~o+ X - = °
< - 3 4 Y ke 6 4‘1‘
= -9 +2 - = = -50 JH+el
4
“ - w -+ z% .
; A
1.8 43_5057'_,--5@(—1 =0 w,we\"e x = 031‘

Roots of this epuation give

019306 , (9= 0-44504 \[X
oly = W= 247 \li:;

. = |- X
3= 3.24%0 > 93= 1-8025 ,[m‘
It can be #feen that tke ec'9e,nv'a.[ucs axe

d|:

[+5553 ?

--- (Em)

foome in both ’:rab\ern&

Egua:l:ions of motion (from problem ﬁ6.24) :

™, 0 o %, i+ ke — k2 ° %,
) o] n, o} ;'l + - k3 ®,+ g - %3 Xo
o] o my '1‘3 fo] — k3+ 1(4 x3

Fox harmonic wotion x;(¢) =
—cszm,+ K+ o -t (=] x4
- K - (8 'm2_+ y + K3 —-%3
o - k3 @ my k3R || X3

Freauencj ezuc.{-co n is

Z
—@ M 4 K+ Ry —-Kp ©
_kz "—092-“1?_‘{' 'kz"' 1(3 —kg
o - %3 _&91\""3+ 3+ #4_

X; B (wt+8) 5 =623, we get

"
o

e, (=@ mek Kkt kﬂ{(— W my 4 ket g) (-0 Mg+ st Ry ‘k;}

+ kg_{-‘ kz(—t_,az'm;-f— kz + ‘kq)} = 0

6=37
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e 9% (mymam;) - w? r_m'mz (k3+ *4) + mem2(k+ k2) +
2
+ mgy (k\-f- kz)(ka-‘— k?) — My 'k;- — Ty "kz ] e
5
[kt k) (ot ) (k3% %) + (it k) k3 + (Kat ko) &y J=o0

Ezua.{:;ms of metion: 3 .
™ =} =] =) ‘k|+ kg_ — kz © 1 _ ( )
[o n f ] "2- T~k #at Ky =3 *2 » =30 ---Ey

o o ma K3 0 -3 k3 x3 °

For tharmonic motion, we get

_(.511“'-‘-1"-\- ‘k?. —kg_ (o] X| o
N X = -={E
=% - my+ Kot ks  —K;3 z © (2)
o - K3 . —&9"m;+-k3 X3 o

This gives the freguency azua.:l'u'c:h (-for %, =%, Ky=12%, k3= 3%,
m=m, my = 2m Q.I\Cl ™3 = 3111)

- w43k —2% o
= ---(E
—-2% —2Wm45 k -34 Q (Es)
o -3k —3(3"111 4 3%k
€. (_ (,9’-m+ 3#)[(_?_&91.“1_‘_ 51:)(_.3(_3='m+ 3*)_ s‘kz] +
| 2% [—21((—363Lm+ 3k) | =9°
¢
hee  , 43 _i3«* 4+« -2 =0 where =&, -
This gives the roots
d|'= O.Haq?z 3 . QZ= 2.00002 ¥ o(?: 4"38600

&9,:0-337627‘}% . BS,= l*4l422] ’% ) W93 = 2-0974-278\‘—1_"_:1-

Mode AL“P’- n a.ﬂ’— mode :

Eg - (Ep) 9gives Xz(“ B _w;'m. +% )+ ke _ ,,_c.s; m 4+ 3%k
x](;') £ 33 2k
xz(i” —CJ;' my + ®3 -3 LSf‘mﬂ-%‘k
. " . 2
XB(:} ) xa(}) xi}) ) 3 (— W m+ 3k )
X(j) (&) (1) 2
I Xy %4 2(—3&9;'\1\-1-31'.)

6-38
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208 _ x(#) ) = x$“') (- W5+ 3%) 2 4)
Xg(',:) 3(— w?m"’%t)/[z(—gcsjm-i-%k)]
Thus --- (Es5)
o - \-0 IO
) x ) { 1qu30045 2O x"” 043919 (, @ xP{-0we3
1628659 -0:49978 20l 660

Mode A\ua—pes !

Frrst wode : ™3 Second wmode

0:693

. —

™y .
0.205% Tl’\ll"d mode

When %, =3k, K,z Kz= &, mMm=3m and Myz=m3=m, Eg.(Ez_) of
problem ¢.46 gives the freguency epuation

e B G0 G -t o
— % 7 Mm@+ 2k —% = ©
0 - & w4k
ire. (-3m@@* 4 45) [ (Fmtt2k) (-motr &) -t ]+ e[~ (-mE*+ 9]0
i-e. 10> -3+ 14X -3 =0 -~ (&)
where o= Mm@ /%. TRoots of (Ei) ane
oy = 0284515 » X,= |-26053 , X3 = 2:.78829

’—'1 I"k

Es.(Es-) of PI"OHErn 1 6.51 gives the ;H‘ mode /Sl'ta.Fe os

{-0
) 1 2
-)-(»(:P) _ xl(#) (—3m&9}+41<)/4<
(—am 09;+4k)/(—rnﬁ9;+ %)
Thus
[+O 1O 11Q
—_— -*(3) (3)
;’(i)z x?) 3146455 % X(z)z x(,l) 0:2184) s X=X y36497
4.397653 - 083833 2: 4408l

O'r{:l'\o_qona.h'{-lf of normal modes:

L-m']=m]:3$ i 2]

o ] |

6-39
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3:0
(1) . ('J _
& I_'m]x 4 o (o 3me4sT 4 397653) saueqss (om X =4
4397653
= 32.239531 mxs') 1 & R (0.176H9)
-‘(') i 0"76“?
X ==—=90554(5]
6774510
XOTm 3P =1 =2 (ro 021841 =-o0-33933)( 3° @
0-21841 m X =4
(2-) - -0-83833
3.7505 m X =1 or IR B W
= ! Xy L 516363)
—(2) g 0:516363
X" ™ Yo-nz7r79
—c-432383
—(3) : . 3«0 (3)
x ® [m) P -1 > (o -4-36487 2:44091) —4364g7 bm X =1
2. 4408
(3) (3) 4
28.00964 m X;7 =1 or _ L
i Xy = (018995)
(3] ) o-i8g935
X = Jm )-0-824742
0-46 171
It can be verified that SO,
20T [ ]_.(z) = (01761  0-554I51 0-774510) J o ooq - B
-0.432983
3O ] X = (0-17619 0:554151 0:7745l0) 056685
-0:824742 = 0
- ) o 4611t
— (3
?(1) [m3 X( =(o'5163€3 g 112779 -0 :.,«3?.393) g:«56685
— o+ SLGTG2 ©
0-4611%1

For £1= 0«2 M l,20.3 m 5 f;: o4 m, Tmy= { kg, M= z«_j am.c? may= 3%3,
@ EZ' (Eg) of Pro):fem 6.42 gives the eaua.{’fcns of motion

6 (or04) s(c-06)  3(008) é’, 6@®3)2) o o ey
. ) -
S(oros)  S(ot) () [§8p+ | © s@IED) o !
1(0:08)  1(o-12) 3(0r16)_|\8s o o 3(2:81)(0-4)] (€3
o
FO'I‘ {’lafmonic mo{hl‘o'ﬂ) (E\) bEC_Om_es = {3 }_.-— (E|>
oe2y 030 0124 @, H.772 © ° @, o
~6"o30 0.45 ©3¢ 1@z ] o 475 © @, p=40 == (Ea)
o-24 036 c-48 ®@, o o 772 @3 o
6-40
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This gives the freguency eguation

.,
W (0024
S r24) =772 csz(o-aa) z( 5
9" (0+30) Wo-45)-1y-N5 @ (00 36) -
z L]
w* (or24) w‘l—(a.as) w(0.43)_|1 T

he. (0-240% —1772) [ 45 ©0" - 14-715) (048"~ 117 72) — ©-36) w* ]
— o3 [0 u"-(a,ﬂi_gc,g’-_ 1-772) — (0-24) (0-36) wt ]
+ o024 *[(0:30)(c+36) ¥~ 024 0% (0-4507 - 14.715) ] =
he.  s5_ coo-8625 wt+ 54132506 ©* - 5900476 =0
Roots of this e,gua;l-.on arxe
W= (2:6335 , W= 3554364 rad/s
5> = 946106 c.sz= 9726849 o4 /4

= 493.6(9 » g= 22-2175 3% ra.a!/z-
(a’) Bj f‘BP{a,L'mjtg —— s P"OMé‘-m 6.26 » we obfa.m
. ) 1 13
4 ¢ 192
- i ok L
‘4 €% | = Y3
13 L 59_4-
192 ¢
3| 0-0021775 0.0026042 0-00i1057%
1 (=) -]
fml=m| o 1 o ]»‘ 1 =[][~]= 0.0026042 0:0052083  0-0026042
0 1

0-0010579 010026042 0:0021973

Fre%ue ney egu.oi:c‘n is

1 -[z3|=0  where A= &
i-e.

00021973 = « 00026042 0-00105T9
0.0026042 60052083 — « .00 26042 = o s o (Er)
0000572 00026042 000021973 — &
where o =_EI _ _EI . Ep.(E) gives
miiA mi®w

(o- OO?.I‘i'?a-o()[(o oos‘zoes—q')(a w00 21973 - w) (o- 001604-2-) ]
~ (000260 42) [0-0026042 (o 0021973—«) — (0+00 16579 ) (o oo2604-1)]
+ (0-0010577) [(o-00260 +z) ~ (o+00 10577) (0:0052083 = X)) 1=

-6
e o? - 0:%029 xi5 2 x* + 0:1303355 x15 ¥ « ~ 0.0035623 x5 =©

Reots are':

EL 3
&, = 61000 421453 > 9y = 48-71082 W(m—l)‘
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X3 = 00080 4172 ’ 3= (.15 (¢ Jm_)\

(b) m= (¢ kg, f:o-S_m, E=2.07 xrou N/m" s

o TC g4 L T (2ENE -8 4
1= 4 _6—4—(,00 = 1.9175 x5 ° m
ET  _ (zvo7x {a”)(l.?l‘fs xw—s-) _ 56.3505
wmg? o (‘,.;)3
a.93-_— 48 71082 (56-3505) = 2744 - 879 ra.C?/sec

6S, = 29.462329 (56-3505) = 1667 .2872 rad/sec
w, = I-I51Hé (56.3505) = 623.3734 rad /sec

€) In order t have the same natural freguencies, we need to

fove the same value of I.
(7) For sold circular fgros:—?ec-tc‘an of diameter 2:5 em,
I= |.9175 %10 ™m
W) For hollow circular section :

,eﬂt do": 5'&'
. 4 i
I = %(df—d,; ) =£—(ezs -9t

-8
= 26-703¢ 'E'4 = L7175 X o

+=0.5177 em> dy=2:5885cm, di=15531cm:

(”") For solid re:'l'a_nju’a.r section :

Let b=z2a.
-8
= 5 @) b= %—a—‘* = 1.9175 x 1o

o= |.3023 cm , b= 2.6046 cm-
.'IV) For hollow rectangular section :
Let b= 5t , by,= 3t
a=25t, a,= 05t

_ 3 3
’i[ab —a-ob,]

= -t [2.5(129) N O
4

-8
= 249167 £ = L7 x5 E m
t= 0.5267 cm, a=.3le7 un, b= 2633235 cm,

Q, = 0:2634 wm, L{,:. 5801 Cm-

=42
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We:‘gl—;ts:

weights are propor’cfonal % cross- sectional areas.

(i) For solid circwlar section:
A= l:.:ﬂ*: o= (25) 5= 4. 70875 em?
(1) For hollow circular section:
A= %"_(doz - at;') = %—r—[z.sass?’- !-5:3{"‘] = 3,3450 em®
('I“) For solid rectangular section:
A= ab = (1-3029)(2-&346): 2.3920 em>
?U) For tollow rectangular section:
A= ab- a,b, = (1-3167)(2- 6335) - (0.2634)(I-5901) = 3-0513 cm'
<. Least weight beam will have a hollow rectangular section.
~3 -6 -4 o
-1 -2 A-6
re. (-5)[0-6)? - (-2)(-a)]-(-D[-2(a-) - (- (-#) ]
) [~ -En(a-6)] =0

iee Ao 7N -77A-98 =o0

Roots give: M= 2-21398, N, = 4:16929, A3 = 10" 6I6%

From problem 624, for ki=* ; &= 1,2,3,4,
2. -1 g { (o} (o]

Ek]=1< -1 2 -1 ’ [mj: m o I
o -l 2

o
o
- 0

Ezua:f:{ons of wetion:

i o o %, 2 - 0 {x‘ {o}

m | o i o 2 T K | 2 = |4 > <)

Lo o 1 %<y o - 2 | x3 )
These become, for harmonic motion,

o

= g o

o

— A Y 2K - % o

= s (E|)

xl
= -mW 2k -t% Xa
o —-% —mt+ 2%k X3
Freguencj eguaﬁ:ion:
z‘ —
(—m&91'+11<)[(-mw2'+21c>2’_ kz'j + «L.-k.(—-\fn(ﬁ +2.1¢)] =0

2
u9
ie. (—O(-i-z) (d‘"’—qa(-i—z):o where «= mk ’

6-43

© 2011 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This publication is protected by Copyright and written permission
should be obtained from the publisher prior to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any

means, electronic, mechanical, photocopying, recordin r(iﬁ i —Hnfi ignvegarding permission(s), write to: Rights and Permissions
Department, Pearson Education, Inc., Upper Saddle RM% M@S!ﬁﬂlﬁ'ﬂ@iﬁé%@l\f&a



PRELIMINARY VERSION 12/14/2010

This gives o, = -3 = 0-585786, =2, A= 344214

3
691::0-765367‘7 }_:% § W, = I'-4-l4-2|4JF‘_-; ) 3= |-34-'7759 \Jm

€) gives (:—) (_m +M<> xf‘;’)

Cax®

or Ek+ (—Thwa',_',-z_k) __‘;]Xf-é‘) - % Xg(}) —_—

g .
or (9) {(— + z«) } X‘C#)
(3’)

+ (- rnﬁ9;'-+-21<) X(}) * X%‘}) =0

i i
s 2 (2) (}) -
e =9%2 = (3 Cm Wy +7.4<)/k
XBC}) Hehmis +2k) i ]/k
Mode shapes are:
1 i
: ‘ @ =® :
g(r)= 1-4!4’2!4]()(;) 5 -x’(z.)z (v} Xl 5 X - _.‘,4_'42|4 Xf )

i -4 4

From problem 624 5 o
6.57) e oE B - ’
4 _ ?m
0 L 2% — & , ml=1]°
'3 2% (= (o] 2m
6 s
Eaua.{:iohs of wotion For havrmonic motion : " .
o
2 — &
—2wm " + 2%k , y ) . "(El)
- 1 —3m W 4+ 2k -k
0 -* —am ik X3 o

Frepuency egua.‘l:ion: -
(-Bzm 7. (f¥e Mﬂ)[(-—sm 03"+2.“)(-2"‘ W8*+2%) - & ] + f‘["" (Fem " +2 )]

4‘ —3
i-e. (-mw + %) [am w5 xm®* +«" ] =0 ) .
e a+1) (3" - s +1) = where = ==

o, = 0:232408 5 W, = o 482087 \!:

’“
°<2: [« O » CBJ.-

3= (.434258 ’ 93 = (-197605 {

(R aves xéi) -2m C.S‘}? + 2K
x (4) 13
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:) i €3
(__3.“‘ L.S;+21<) x(’) - & x(.}>— %x‘
; (5
or (- mw +9.k)( z"“"g "‘"") x(’) ® XILH = k X3 )
2
or xl(’) - (_3m C‘&} + 11;,)(—2.11; CJ; +2.'k) - K
X|(J) sz
i.-e
. - (#) j 2
i mode= 3% o xP){ (emey a)/k
L 2 2 z
- 3m f-S'-i-zk") —?.rnwj +2k)—% } %
This leads to: {( 7 ( ) /

| e 3
;m= x"';>{ |.sa5:34} 2P xfz) {_, } ) xm= f) {—o 868516 }
|

For ,l,;:l amd ™; =wm (i:l,?-,'sf), Prablem 6.42 gives
= 2 mf? m* 2

am L =2 3mgl 0 o 1 .
2ml?® B b mi* -9:,_ + 0 '”"32 2 S, = B
my_" Vmﬂz mlz 53 0 =] ""SQ | e, c

For harmonic motion,

—3lw* +3¢ ~zLw® ~Lw? @, 8
-22 w? ity _fe* @, = o
_2 1 ~1a*y g 0, o

Dividing +hroughout by -g ond defining o = _‘-'-9_1_& , this gives

3 -3 2 o et ®,
2. 24-2 o ®, — == 1B}
c< « x=-4 Ch

Freguency eguation:

Gx-3)[(22-2) (a-1) = x> ] =2 [2& (x=1) - o<"]+a([z=¢ - x@x-2)]
=0
(-e- 8} _9x*+ 184 —6 =0

Roobs are

I

o= 0:4(5764 , @ = 0:644719% Jj%.

«,= 2.29431 W, = (-514698 (&1
oy = 6:29995 W= 92.507977 }/ﬂ

Mode shapes: (g gives @(3")_{.-2«;-{-60(5—3 }®(;‘) (” _2_2) @‘,ﬂ
= 1

o (45— 2) %2

2
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1 (#) 2 z
ﬁﬂ" mode = —@P(?): ®, ('?":(‘{"" 60(5:—-3)/(@’}' ~2%;)
(45-3)/(%3-2)
Hence
l-0 L () o
—afZ (2) —(3) 3
0y O 29224, ©® ) ® 035275, O =0 16450
® - : (L3 12 -2:.3978 0-7669
From problem 27 we find , §or wy=mz=m, ™M2=2m, k= kp = k and
3= 24, S - - m o o
x1= |-« i 2k, []1=]° ** °
o -2k 2% e = L
Ezua.m'::'ons of motion for harmonic’ motion
M+ 2% = o Xy 0
Y _.7_-,,..&97'_*_34: E—— X2 = = "'(E!)
o —24% - DR X3 °
Freauenc-j eguait‘on it
-8 mt 2R - % o
- e O e e -2k = R
(=} -2% - &91h1+?_k
&92
or Ex+2) (2 =7% +1) =0 with &= T2
o, = 0147219 , (4 = 0-3962%9 \ */m
&, = 2:0 ) W, = 1414214 K/ m
X3 = 3-3507F1 W3 = 11330514 | K/m
Eg. (B)) gives, feor Wy xz(é) ) w;'m + 2k
. XI(J:) k .
(&) z
A3 _ (2m 0};'4.31:) w0 28) — &
%,

2 4>
) lvo
‘ — (4 ¥
}ﬂ‘ mode = X(}) = XI() (—@jrﬂ—klk)/k

§(-2m 09;+ 3K) (Cm (O] 4 24) — kz}/(“z)

Thus o
(LX) (RX 2] 3 e
Y (2) —-(®__®
—0O) _ X?) - 856791\ , x( - X, 0"’- ’ X =X {.1.350781
X = i e 2:0
6-46
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@ For 'k|=3k: kﬂ,z 'k;“‘-‘-'k, = 4m, ™M, =2m d.f'n:; M3 =m™m, Ea.(E,_) O}
FY‘OHS"H 6.511 gives

—4m 0+ 4 & - % o X g
Z s
- % -2m@ 42k -k Xo 1= )° --- (E)
o -k i B R X3 o)

Frepuency egmﬁon :

(- 4m e +44) (Femer2 ) (- me*+ ) - 1 f-t (m +#)}=0

e o) (8™ —t6w +3) =0 with «= m e
i<
o o, = 0°2094 31 , G,= 0.457¢36 \} -k/m'
L= 1.0 ’ B2 = \|%/m
o3= 1790569 ; ;= 338121 \J%/m
Bz (E) gver ME) {—4*‘" @] + 4% ) ()
2 = % } [
(3) 2 _em W 4 4k (#)
X3 = [—l ¥ ('2"'“("% +2k)< 4 1‘}; )J X
)
’ (#) @) z
3% mode = % ¥ X (- 4m L8 + 4k)ﬁ<
5 {(_zm os;'-q- 2% ) (=4m &:f—;- 4%) -1:"}/1:2
T"\uS‘
ro Io N )
- (3 3
—x>(|)= x(l) 3-162276 \ , }P(z)—_- X(".'.) 00 s X()= X,( =3 162276
: 4.0 —{0 4-0
For mi=2m, my=m, m3z=3m and £: =4 for k2 i, Pr‘obfem 6.28 3;\165
4 ) L .
Qi = :.3_-— y QU :5—0. :-L-—,o,,='_cu = - —
PRIy T b tmTEens iR ewsiens g
1 _ 1 - E A i 3L
Qrp = 2 = L, 3273 Y2T 7 P g TN T
P(i—""z'T) P P(u+£) 4P
1 2 | 2 o o 6 2 3
[@:1:?(-'1; 2 4 2|, [MmI=mlo | 0 .y BRI PR
| 2 3 o o 3 4P 2. = 9

Ezua.h‘ons of motion:
I[m] ¥ +[1]1%X =0

Freauencg ezua.\‘:x'cn: l"" ] [m] s +[1] ) =0
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i-e. s 6 2 3 ) o o
__C& 1Fm 4 4 & + o | o - o
= 2 2 9 0 o |

with o= wzfm/@,;) , this eau.a_{:(or\ becomes

cel =1 2 3 X .
4 4a—| 6x |= % -88x + 19« -1 =0
2« 2 Fo— 1
Roots axe: J:F__‘
o« = 0:.079\2¢6 , 94 = 0:562587 T
o, = 0:209671» W,= 0915797 |-

2w
’ P
o(3=a.6'2.78’7?_ > . 93 = {-5%94767 -R_'r:
For (GJ)’:' cd , J;L'.= J; amd Ly = b Jor ol i, FroHern 6.23
L
gives

2 -1 o ‘ [ (o} ]
i= F|- oz - ml=%)e 0o
(o) -1 A o (s) |

Epuations of motion For harmonic oscillation:

3 GJ —‘ @ B! fuw
- E_EJ'_ " H 2 g—% = g% ®, y=<0 »--(E,)
- -5 ~#n+287 | le) Lo,
| \ ,_ |
pividing throughout by &T/p and cil{;trunﬂ = @ 33_’? o (Ef). G5
B
- o +2 -1 o @, 0
-1 ~od+2 -1 @1 = o -“-(Ez)
0 -1 —t+ 2 @s o
Freguen cy egua.tfon :
Tar B ° . xof 2y =0
-1 SE-PY = (- «+2) (7= 4= + )
° -1 —o+2
Roots axe:
& =2-12 = 0585786, K= 2 3 =242 = 3414214
oL 21 Jﬂ S3= (847759 /QI_
(3= 0:765367 —-2—'38 , W=i-414204 is 3 .
| 6-48
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Noh‘na that Eg.(E;)

is similar to Ep.(E)) of problem 6.56 , we

can use the Jsame rnodes}]a,Pes:

) [0

— — (7-) — (3 ()
gV = @, )rasa(, 7= 0 L 80 @ (-r4ans
1o = I+0
Eguations of motion
Al [ o c x, i - = X,
J_’_:.- o B o 5&1 -+ E-E—E -1 2 =i ®s =<0 .---(E,)
¢ o J %3 o - | %3 o
This gives, for harmonic motion,
-(_C.Szfﬁg_'_?-_fﬁ _ 2 AE 5 e fx|'1 ™
% [ 4
- E—’;—E (?_C.Br‘ff’\l 4-.;5) _L%E_ Tx,‘_r-_—wo L
oAk
| ¢ LF (FEsA2 . ) xa) Lo
= sl B
Dividfnﬂ ‘t'}‘lraujhouf _'-:!E- and Je{-mnnj o= o FA L (z)
" FAE
- ot =1 0
= o - (EB>
=1 —2+2 -
| o -1 — A o
Frezu.enc:j eguation :
— o+ -1 o
-1 cowszr = = 2xCxt)(x-2)=0
o - -l
Q(‘ =0 > &91 = O
W, = [&AE‘
G(z_-.- i > J’___A ,Q"
3= 2 P 83 = 16 AE
TS
?n‘ncipa.l modes: . ()
Eg. (€3) Jives xg") = (= « +1) X,
X-,(’;) - [—t + (2% +2) (- < +.)] ‘x 3)
. (e
: — (& (3)
§t mode: X2 x, =G+
LB
?.(-—"(J,-{-f) -
Thus
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I |
i G« = (2) (z) — (3) (€)) _
;( ) = x| ) | s X = X, o y R = X | J

l = |

For orfhonorma.le'ja.‘cr'cn , XOT X 21y i=1,2,3
o
e = {—"l } ’ -)-(‘.(2-) - O.vz{ : } o_ncl _§(3)= Qg { { }

Let new X

i { 2
| i
B AN NS (S B S
(=} fo] I t
o '
FOTRd = o2 (i | o[é, : o]{.}ﬂo«:ﬂ*@f"i
o o I |
T o 2 it o © = 2 o e
© o i z
| wodal matrix =[x = * )
Em]—monormo. modal matrix -[X' = _zl_. d i 2/
1 Y3

stiffness matrix: ,
6.65 =241+l =4 = ¥y » Fz_:“=’kz|1'{:=""’kn

Let xXy=4, Xy = X3 =0 .

Let x,=1, = x3=0 Fp=1t+ =2= kg Fi=—I= k., F3=0= k32
Lef xB:—._l, xl_—_'x_zzo. F3=1-|--]=2= ‘kg?, F|=—-l-.-. k[‘;? FZ'_'O= ‘kzg
. 4 2 =4 (b) Plot of A(*):
« k1= 2 o A (0"
=} 0 2 g
Mass matrix: :
7 ° o B
[(m]= 0 | o
(o) o i 4 r wz
(QJ) CL-CLT‘CLC"IEN'S‘*TI'C Po[anof-m‘a_[: o 1\_—/;,——'\3‘ ;- G
C26"+4) -1 = ul
-1 Ca*+2) O =0
= o (—691—!-‘2-) -3 F
e 2 ) ote) Cutta)=o | il
. A (C‘sl)= (C) Roots of eaua.{-foﬂ-.
5 S 2 -(.92+3)
2(- W18 +2)C = 4
Cdzz': % from the gra-Ph.
(J; = 3
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0:275494 6 063916279 | o =)
(=) ) A 2974 30| =lo 2
X )= { 03994672 X = 0:2974 , fm]=

o
6449056 2 SRS IES °oe
. 06916219
XD 1 R® 2 (0275496 03974672 0:44905€2) { | s gc00 b 0
—|{-0l6796&0

Let ")EC”) - { O-!z }
e |

Then

—_ 3

T 0 O, e
T 2@ 1, 7O I, X1 %20

These relations give

al+zoit3a; =1 - €D
02754946 < + 07999244 o, + (+347(686 w3 =0 —-- (E2)
06916979 oy + ©: 5948602 @, - |-0l67960 w3 = O -—= (E3)
From (€2) end (E3):
@, = - 2.9600002 3 — 4.39 w3 = —0-86 as, + (4700001 Q3
or a,= - 31176468 23 e (B

MA ali;“——Z'?OOOOOQ'(_Z"'?G4'69 Oaa)- 4-39 = =4-[5“7€3 aJ? )
--- (Es
€, (84) end (B5) give
af (17.232265 + 3717726+ 1) =1 > a3=1 01890445

Hence W,= F0.5896857 , o, =1t 07751722

a-785)1 7272
— (3)
X = {—0'59?6?57 }

o: 1891445 . " o
2 T el ~ -
B) = X [T XD ;. k1= [4* 5 o }
2 o} o 3
w, = (012754946 03994672 0.4490562) (o0.05509889
2-8926938 | = 2.3806248
2:6943374
2 . 2:9604671
/= (06716979 0:2974301 -0 1389320) %o.zmgoqs} P
-2.0335920
) = (07851722 ~0:586357 o'|39l445){-;:2§3;:g£} T
-1348671
A 5429274 >, ;= 1-67293679, W, = 3.330909%95 .
From solution of Problem 6.1, we find 1 0 0 " i =5
mj=mlo 1 of ; f=k|-1 2 -1
0o 0 1 -5 -1 7
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Frequency equation:

— 7 [m] + k|| =0

(—a+7) -1 =5
it (—a+2) -1 =0
-5 —1 (—a+7)

= Expansion of the frequency equation gives:

where @ =

(—a+2)(—a+7) —1p+1 —(—a+7)—5}—5{1+5(—a+2)}=0

(—cz-i-'?){
or &® ~16c®> +50a—24=0

Roots of this equation give:

| &
o = 0.58576 ; w = 0.7653 _
m

k

g = 4.41428 ; wp = 1.8478 -
p =12.0 ; —34641V—k—_
3. = . ’ (U3 i T

From the solution of Problem 6.2, we obtain:

6.68 ) W
2m¢é 0 0 06667 0 O
3 -
[m] = = |0 2
0 2m 0 0 0 1
0 0 m
L |
i
25 k £2 e
) i, 3125  —500 0
K=| k¢ 2 K| =00 3000 —1000
T T2 .2 - 0 1000 1000
—k k
0

Frequency equation:

— o [m] + [K]| =0
(3125 — 0.6667 o) ~ —500 0
or |—500 (—2 u? +3000)  —1000 =0
0 —1000 (1000 — o)
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‘or (3125 — 0.6667 w?) {(3000 — 2 ?) (1000 — u?) — 10002}

+ 500 {— 500 (1000 — w?) — o} =0

or —1.3334 uf + 9583.4 w* — 16.7083 (10%) «”? + 6.0 (10°) =0

Defining o = | ——
1000

], the above equation can be rewritten as

o —7.1872 o? + 12.5306 v — 4.4998 = 0

Roots of this equation are (using Program ):

oy = 0.484831 ; w; = 22.0189 rad /sec
ap = 1.95501 ; w, = 44.2155 rad /sec
Q3 = 4.74738 ; wz = 68.9012 rad /sec
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my 0 ] ™ -} o k, -k [} 4% e fo)
[ml=lo my o |=]0 2m o |, [K]=|_, (gek)-ke |=|-%¢ 24, -«
(=] o L)

™y ) I a =K, 1Y o -k %k
Epuations of wmotion for harmonic motion :
(_m &92+ k) _— o Xy o
- (-2m®+24) -¢ K2 f =30 (E-1)
o -t (—31--\ w?+ &) X3 o
Def.‘m‘ng of = ‘115_3_2 y (B:1) can be rewritlen as
(-x+1) -1 Y- X4 o :
-1 (—2e¢+ 2) -1 Xz A= 3 o (e-2)
o i (-3¢ + 1) X3 o

Frezue rcy egua:h'on is

2ol (3x*-Tx +3) =0
Roots are
%, = O : Wy = o
o, = 0256574l i Wy, = o-752158 V¥/n

3 = | 767592 3 ; = (.32950%8 \[k/m

Egs- (&:2) give (4 () - :
X7 = Cat) Xy, x;”=(__i_,> % ()
2RI

I

i @ i
(—a(;'+ I) X(

1
(—- °(a‘+| )
s oo |
30(J+

6-54

PRELIMINARY VERSION 12/14/2010




© 2011 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This publication is protected by Copyright and written permission
should be obtained from the publisher prior to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any
means, electronic, mechanical, photocopying, recording, or likewise. For information regarding permission(s), write to: Rights and Permissions
DepartmenjyBgargon Education, Inc., Upper Saddle River, NJ 07458. I

| ’ { (3) .
;([)_ i X(') 3 ';(2):.' 0434259 x(:") ,_; = [ -0 767592 K[I)
| -0.622384! 0:.178395
1 -1 ° | o ©
[**]:**'i 3 -2 |, [Fl= F |0 t o
0 =2 2 o o {
Witk o= BT He ezua-fubhs of wotiom for harmonic wotion
TRy
become o .
(—- oL +1) -1 (o] 1
-1 (—x+3) -2 ® = (° (e-1)
() -2 (- «+2) ®; o '
Frezuency egue.h'on s o (dz'-_éq‘ +6) -
Roges pxres % =0, o= 1-267949 , <3 = 4732051
=0, W, = 1-126032 \Jk{/‘g—o 5 W= 2-175328 \Ikt/a:,
Eg-(e-:t)‘ gives _
(3) - ®(:) @(” 2 gl
®2 = (_ i3 ' 3 (.-O(J'-f-z)
@ (.
-2 ; )

(__ 2"(}"!‘2
-°g+?-)

o (! —@ (" (3)
SO, {: }@f" , B =i-eoe3l @, B - _3.—:3205,}9.

\ -0:732050 2:732051

Norma.luse the ezgenvec_tors with respec’c to the inertia matrix as

m?
i

@E') = 0.57735/J—5-:

— 2 i
(r.)TCa'] ®(z)_ ®£z) Jo (1 —0-267749 - 0:732050) {_0_267949}

= @ﬁ’) 7 (1-607694)

®m - 0788675/{3;

— ()T _.(s) 2 i
8" []e = o & (1 = &7 2:732051) {—3-73205! }

(32 2.732051
® " Jo (22 392307)

@G) = 0211325/\1_1
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Modal matrix i3

[x1-=
o-57735 -0:577349 057735 |

From solution of Problem 6.57, the natural frequencies and mode shapes are given by:
k
w; = 0.482087 \/E- ; '\/_ ws = 1.197605 '\/_
m m

057735 0788675 0.211325

0.57735 _g.211325 —-0.788€7T6

1.0 1.0
7 11 535184 —10.868516
1.0 —1

Initial conditions:

XI(O) = X10; Xg(O) — 0, X3(0) =0, }'EI(D) =0 ; i= 1, 2, 3
Equations (6.98) and (6.99) yield:

Ay cos ¢ + A, cos ¢y + Az cos @3 = X9 (1)
1.5352 A; cos ¢; + 0.8685 Az cos ¢3 =0 (2)
A; cos ¢y — Ay cos ¢y — Ag cos 93 =0 (3)

k .
— 0.4821 VEAl sin ¢; — V-—k:Az sin ¢, — 1.1976 V-:-A.g sin ¢3 = ((4)
m m m

— 0.4821 \/T(l 5352) A, sin ¢; — 1.1976 ‘\/k_(o 8685) Az sin ¢35 =0 (5)

—0.4821 '\/k_( 0) A; sin ¢, — '\/_(—1 ) Aj sin ¢y — 1.1976 ‘\/_k_ (~1) Ag sin ¢

=0 (6)
Solution of Egs. (4) to (6):

$H=0;1=12,3
Solution of Egs. (1) to (3) gives:

Ay =05% ; Ay =0.3838x;5 ; Az = — 0.8838 x;9

Thus the free vibration solution of the system is given by:

k k
= = , =4
x1(t) = X;0 (0.5 cos 0.4821 '\/:t + 0.3838 cos —
k
— 0.8838 cos 1.1976 = 1)
%a(t) = x10 {0.7676 cos 0.4821 '\/;t — 0.7676 cos 1.1976 ‘\/_ }
x3(t) = %30 (0.5 cos 0.4821 \/_t — 0.3838 cos
k
+ 0.8838 cos 1.1976 — t)
m
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Saddle River, NJ 0O .
‘meﬁ‘rroam g(?lll\i?srioNxf o7f4i?rob1em 6.58, we find that:

g _ €
wy = 0.6448 ’\/-g; ; wp = 1.5147 '\/; ; wy = 2.5080 ‘\/_;

1.0 1.0 I
D _Jio0al . T —lossar | ¥ =1-1.6450
1.6312 —2.3978 0.7669

Equations (6.98) and (6.99) can be written, for the stated initial conditions, as:

A, cos ¢y + Ay cos ¢ + Ag cos ¢3 =0 (1)
1.2922 .A.]_ cos ¢1 + 0.3527 Az cos (}52 — 1.6450 A3 cos Q‘is =0 (2)
1.6312 A, cos ¢, — 2.3978 A, cos ¢ + 0.7689 Aj cos ¢5 = O3 (3)

— 0.6448 ’\/-%_Al sin ¢y — 1.5147 ‘\/-%_A2 sin ¢y

— 2.5080 '\/'%_A3 sin ¢3 =0 (4)

— 0.6448 ‘\/-%_(1.2922) A, sin ¢; — 1.5147 ‘\/%_ (0.3527) A, sin 6
‘ — 2.5080 '\/g?_(— 1.6450) Az sin ¢3 =0 (5)
—0.6448 V%-_(LBSIZ) A, sin ¢; — 1.5147 ‘\/-f,-_(- 2.3978) A, sin ¢,
— 2.5080 \/—E;-(O.-'TBBQ) Agsin g =0 (8)

Equations (4) to (6) yield:

6 =0;1=1,2,3
Equations (1) to (3) give

A.1 =0.1812 X30 .A.2 = — 0.2665 x35 ; A3 = 0.08524 x3p
Thus the free vibration solution can be expressed as (see Eq. (6.96)):

g g
%1(t) = x30 (0.1812 cos 0.6448 ‘\/;t — 0.2665 cos 1.5147 ‘\/_;t
+ 0.08524 cos 2.5080 V%:t) (7)

x2(t) = %30 (0.2341 cos 0.6448 ‘\/-%_t — 0.09399 cos 1.5147

— 0.1402 cos 2.5080 ‘\/%t)

x3(t) = %30 (0.2956 cos 0.6448 ‘\/-f:t + 0.6390 cos 1.5147

+0.06537 cos 2.5080 ‘\/-'f:t) (9)
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From solution of Problem 6.6}, we obtain
P E
w1=o.5626‘\/_1?— . wy = 0.9158 ;
{m m

. ¢ 5 ¢m
g Walm _ o onoe7t ; o= 20 . ogorer2
aI=T=O.O79126,Q’52—-——4P_— - y O = ip = Uu.
The mode shapes can be determined from the equations:
Ba—1)X; +2aXy, +3aX; =0 (1)

Let X;=1 (4)
Then Egs. (1) and (2) yield

X, =2—80 (5)

1'—10 a + 16 &7
. ®)
(8

Using the values of ¢y, oy and g, we obtain, from Egs. (4) to (6):

X3=

1 2) 3)
XM — {13670} ; 7 _los2es | X =1 3.0230
1.3014 ) —0.6253 0.5462
‘The stated initial conditions give, using Egs. (6.98) znd (6.99),
A cos ¢y + Ay cos ¢y + Az cos g3 =0 (7)
1.3670 A; cos ¢; + 0.3228 A, cos ¢y — 3.0230 Az cos @3 = Xz (8)
1.3014 A.]_ cos ¢1 — 0.6253 A.2 cos ¢2 4 0.5462 A3 cos ¢?3 =0 (9)

0.5626 \ / P A sindy 00158 \ / A i
fm fm

4+ 1.5848 \/ ?P—A3 sin ¢3 =0 (10)

A / A /P
0.5626 (1 3670) A; sin ¢; + 0.9158 gy (0.3226) A, sin ¢,

— 1.5848 \ / (3.0230) Az sin ¢3 =0 (11)

fm
0.5626 "\ / P (1.3014) A, sin ¢, — 0.9158 \/ P (0.6253) A, sin ¢
’ ¢m fm
+1.5848 % (0.5462) Ag sin ¢ =0 (12)

Equations (10) to (12) yield:

=0 ri=1228
Equations (7) to (9) give

Aj =0.1527 xgq ; Ag = 0.09847 x9p ; Az = — 0.2512 x99
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A / H
Xl(t) = ZXap (0.1527 cos 0.5626 m t 4+ 0. 09847 cos 0.9158

— 0.2512 cos 1.5848 "\ / — ) (1
87 0.5626 N t + 0.03177 cos 0.9158
%3 (t) = xg0 (0.2087 cos 0. 7 ¢
1

(13)

+ 0.7594 cos 1.5848 \ / -€P—
P
x3(t) = x99 (0.1987 cos 0.5626 \ / 7o t — 0.06157 cos 0.9158

— 0.1372 cos 1.5848 \ / t) (15)

4)

From solution of Problem 6.51, we obtain

L ‘ L = 2.0943 —-k—
Wy = 0.3376 'E ;s Ua = 1.4142 -E ; W3 = a. -

1 Ll , I
20 _ 11 aaz0! T =los | Y =1-0.603
1.6286 —0.5 0.2047

Initial conditions:
Xi(O) =0 ; i=1, 2,3 5{1(0) = }.ilo y 5{2(0) =}-{3(0) =0
Equations (6.98) and (6.99) can be expressed as:

A; cos ¢y + Ay cos @y + Az cos 3 =0 (1)
1. 4430 A‘l cos f,'b]_ 'I" 0.5 Ag cos (,ﬁz — 0.6930 Ag cos 953 = 0 (2)
1 6286 A—l CcO0Ss 451 — 0.5 A.z cos (i?z - 0.2047 A3 cOS8 ¢3 (3)

k
— 0.3376 ‘\/-—ij1 sin ¢, — 1.4142 ,\/_ .
m m
— 2.0943 VE'AE’ sin ¢53 = 5(10 (4)
m
k . k :
— 0.4872 — A, sin ¢; — 0.7071 — A, sin ¢
m m
+ 1.4513 \/E-Aa sin ¢ =0 (5)
k . k ;
— 0.5498 — A, sin ¢; + 0.7071 = A, sin ¢
m m

— 0.4287 ‘\/—k-—-_Ag sin ¢3 =0 (6)
m
Equations (1) to (3) give:

¢i=g' ;1=1,2,3
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T
Treating \/E-Ai sin ¢; (1 = 1, 2, 3) as unknowns and noting that all ¢ = o7 Egs.
m
(4) to (6) can be solved to obtain

A-l = — (0.2257 }‘{10 H A‘l = —0.2257

\/E

k

Az = —0.3143 3-{10 y A.z = — 0.3143 v%-—iclo
VE

= Ay =—0.2289 x50 ; Ag = — 0.2289 -

S

10

The free vibration solution of the system can be expressed, using Eq. (6.96), as

k T
%1 (t) = %10 \[{T(— 0.2257 cos (0.3376 '\/g b+ 1;-) — 0.3143 cos (1.4142 ‘\/;t +3)
— 0.2289 cos (2.0943 '\/i_+ 29 (7)
m 2
k T
%3 (t) = %10 2% (— 0.3257 cos (0.3376 ‘\/?E_t + %) — 0.1571 cos (1.4142 '\/;t +2)
+ 0.1586 cos (2.0943 ’\/gt o %)) (8)
k T
x3(t) = %10 T (03676 cos (0.3376 '\/gt g %) +0.1571 cos (1.4142 '\/;t + <)

S 3

k T
— 0.0469 cos (2.0943 2 it 9
cos ( = et o) (9)
From solution of Problem 6.59, we find:
k k k
— e . — —— : = 1l. 5 ——
w, = 0.3863 ‘\/: sy = 1.4142 — ; wg =1.830 =
1 .
7V _lrgsosl . ¥ o | T ={-1.3508
2 0.5 2

Initial conditions:
x(0)=0,i=1,2,3 ; %(0) =%(0) =0, *x3(0) =%30
Equations (6.98) and (6.99) can be expressed as:

A, cos ¢y + Ay cos dy + Az cos o3 =0 (1)
1.8508 A; cos ¢; — 1.3508 Az cos ¢3 =0 (2)
2 A; cos ¢; — 0.5 Ay cos ¢y +2 Az cos g3 =0 (3)

k :
—0.3863 '\/_ETA1 sin ¢, — 1.4142 ‘\/jAz i
m m

— 1.8305 '\/;E_AS sin ¢3 =0 (4)
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k .
— 0.7150 ‘\/ZA1 sin ¢, + 2.4726 ‘\/j Ag sin @3 =0 (5)
m m
k : k .
— 0.7726 — A, sin ¢; +0.7071 — A, sin ¢y
m m
— 3.6610 ‘\/—%TA“‘ sin @3 = Xgg (6)

da=% pi=1,23

Equations (1) to (3) yield:

and \/-1-{-_1&5 sin ¢ (i = 1, 2, 3) are the unknowns in Egs. (4) to (6). The solution of
m

T
Egs. (4) to (6) gives, with ¢ = =

k ; , m
m
L] . m—
_}.E.. A—2 = (0.2828 X30 A_2 = (0.2828 X3p \[?—
m
k

—— A3 = — (0.1263 3.(30 H A.3 = —0.1263 5{30 "E'
m
Thus the free vibration response of the system can be expressed as (see Eq. (6.96)):

| k T , k T
%1 (t) = Xa0 ‘\/?1—1—(— 0.4369 cos (0.3863 ‘\i;:_t + ?) +0.2828 cos (1.4142 \/;t + ?)

)

‘m
k T
xa(t) = X0 '\/%1-—_{—- 0.8086 cos (0.3863 '\/_]f;-—t + —721) — 0.1706 cos (1.8305 ‘\/;t & _2_)}
: = X Z 1.4142 5y
x3(t) =X30 T (— 0.8738 cos (0.3863 = t + ?) —0.1414 cos (1. = 5

o

— 0.1263 cos (1.8305

k
— 0.2526 cos (1.8305 EIETE S
m 2
@ From Example 6.14, we obtain:
1 0 O 1 -1 0
mj=m{0 1 0| ; kl=k|-1 2 —1
o o0 1 0 -1 1

The natural frequencies and mode shapes are given by:

k 3k
wy =0 5 wp = Eiws-: o
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1 1 " 1
3(.( =a1l -i(z 10 : _k;( =c{1—2
1 L—l 1
Orthonormalization of mode shapes:
1 0 of|1 .
T
x [m]§1)=az(1 1 )m|0 1 of|{lf =3a’m=1 or a= e
3 m
0 0 1} ]1
) 1 0 0} |11 .
2" b m s =2b’m=1 b= =
X" @ X =p?m@ 0 —1)f0 1 offo m=1 or —
0 0 1] |—1
1 0 0} |1 =
—+ 3 d _
X(?')T[m]—k;()=c2m(1 —2 1){0 1 o|1—=2t=6c®m=1 or c= ey
0 0 1] |1
1 . i ]
\_/. ; 6
| 3 Ve )
1 2) 3) 1 1
Modal matrix: [X] = [i( ) 3@ F | = 0

v R

Solution is given by Eq. (6.104):

| %(t) = (X] q(t) (2)
where q(t) is given by Egs. (6.113):
dift) + of a(t) =Qit) ; 1=1,2,3 (3)

where

Q(t) = X|T f(t) =0 (no external forces)
For the rigid body mode, w? = 0 and Eq. (3) reduces to:

q(t)=0 (4)
whose solution can be written as
at) =c +ept ()
where c; and c, are constants given by
e =qut =0) ; ¢ =qft=0) (6)
Initial conditions of the problem:
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x3(0) 0
x(0) = 1%2(0); =10 (7)
x3(0) 0
. Xo
and X(0) =1g (8)
0
Using Egs. (6.115) and (6.116), we find
4(0) = [XIT [m] X(0) =0 (9)

e

30) = (X7 [m] %(0) = Vm %o -

-5 2

S

From Egs. (6), (9) and (10), we obtain

¢ =q(0) =0 ; ¢ =q(0)= (11)

ELVESY (12)

Solution of Egs. (3) for gz(t) and q3(t) can be expressed as

(0 nio . /5
= i t= — t 13
az(t) = q3(0) cos wy t + o sin wy - sin = (13)

a(0) . mx 3k
t) =q3(0) cos w3 t + sin wg t = sin —_—
as(t) () 3 —v——'3 ok

The free vibration of the system is given by Eq. (2):

w[E
&

and hence, from Eq. (5), we iind

t (14)

S

vod W |[VEe
::Eg 2 V-l 0 : _Tz B sin‘\/_k—_t L (15)
2(t) B ;]IL 3 i 6 ;21( m
X3 —
V2 : mx 3k
~ar BV

1
Vs
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@ For given system, m= 10, %= (00 and hence (Wm = (T
= 3.1623. For free vibration response, the initial conditions

lead to Egs: (6.98) and (6.99), whreh can be e&’:ressea’

o !
A,w‘s¢,+A2Cﬂ'§¢2+ Ag Cog ?’g = Z,(a)::o-[ (')
1- 8019 A w’i;ﬁ,-q-o.zfq;a Azgcos @, — 1:2468 Asz s gz =%,(0) =0
{2
2-2470 A, cos ¢ —08020 Ay CoS P, + 0. 5541y Ay cos s - %y () =01 )
€D
« : .
_o-lfq'io‘f,/F A %in ¢, —!-Z‘i'?lf_’frf: Az Sind, - 1.3025 {%’ A sin #3
= :l'(](o).;—_o
oY
~ 14073 A 8ind | —3.9437 A, Sing, — 5:70c0 Ag Sindz = o &)
_o-iolqi\[}—; Ay Sing| ~e. 55496 J-—"ir: Ay sindg, +z.zq7l,¢f_éjﬁ3 sin #3
or = )}_2@\) = 0
-0.3223 A/ Sing; —1.75%49 Ay Sin ¢o + 11067 Aj sindz =0 (5
_J?E; Alsin¢{+En Ag Sin @, —J—z‘_; Az Sin @5 = 9.(3 {0) =0
or
_A|55n¢|+ﬁzﬁn§z-—ﬁ\3 Sc'nq53 = 0 (6>

Solution of Eag-(!)‘ te () s given by

A cosg, = 00543, Az c‘_osf;!z:: ©03459, AS Co5’¢3= CR-1E-)

Solution of Egs-(4) te (6D is given by 4
A sin @, =0, Az Sin ¢, =0, Az sin @3 =0 )
Egpuations (7) and (8) yield
A=o0-0543, A, = 00349, Az= o-olog (5)

170, @p=0, ¢3=o0 d
Thus the free vibration response of the system is given
by Ey.(6.96):

% (£)= 0.0543 cos Ot + 0:0349 cos W,t +0:0108 cos Wyt

2, ()= [+ 5019 (0'0543) cos 5, t + 0-4450 (0:0349) cos w,t
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- 12468 (o:0l08) cos Wt
2wy (t) = 22470 (0:0543) cos w9t —o0:3020 (c:0349) coswo,t
+ 0-554Y (or0l08) cos Wt
where W, = o450y VJio = 1'4073 rcul/sec, @, = 1-2471 JVio
= 3:9437 ra—“‘/se‘: ; omd 3= 1:8025 Jie = 5o7oo;a Ta,J/sec-

From the solution of Problem 525, the natural

i freguencies and normal modes aye given by
W= 2, ";(’“)'-‘- {: } x‘f‘) D
W= J1z', X = {_1} xfﬂ (2>
where Xfﬂ and X,(n are arbitrary constants. By
orfkojona\u‘zfnj the normai rnocles w|'H1 I‘Espec{— e ﬂi’e
mass ma.trl'x, we Camn fl‘nd the velues of X(,‘)"'“"t xf(z-):
w13 ¥ — (1 2
x fwlx =1 o ) 2 o Py
(’H)i;' '}[o z]{v}—i
v x.)= 4
2
2 AT rp 2 ®_. 1> (x&”){l ‘_l}[p_ .:]{f'}___i
c 2 -
oy Kl(z): '2L
Thus the medal matrix becomes
-0 —=(2) _ [ [

1=[X" 27 1=4]] _\] )
US\'nj ¥ [xj -‘5> the e.gua,h‘ons of motion can be
wrh':{:en oA

ty - - —

v+ Eos?l:l% =&Q =0 )
or ..

3,:+Q9§3£=05 t=1,2 (55

Solution of Ezg- (5):

7, (£) = 0, cos S;t + ?’C;° sin e, t (6)

where ?eo and 3',‘.0 denote the initial values of ¥y
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and 7'“_' ; reslbectively- Frem given ini tiad conditions,
we find

Fe={he e

[T w1 e =4[ 02 0
| {0
y )= ;f':o(;:; - ??; [m] i’@)r—%[: 40 ﬂ{?}

Thus Egs- (6> become
3, (&)= cos 2% + 2 sin 2t

32({7): cos V12 + - l—-‘j—_,-—, sin Ji2 t
12
The F\r\jsicak a\a‘splmcemenfs can be founa' as

Z=[x17®™=4 [ | ]{:;—}

oY
x|C'E)=-L (®,+ ?/.2,) 3 12('!7‘): "1'2'_ (%""?’Z>

) | )
rx‘(t): -%-[Los zt+—é— sin 2t + cos \rﬁ. ; R —d_rz Smh_zf}

{Cos Z't;{-—;—_gu'nZ{:—C—OSJTZ"{: +\{'—_L_"5|'n \(E'f}
lz

[
™
o
g
W

N~
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Epuations of motion ave
2m o o (% Ik -~k -k Y ©
o

®
w D X h+l-k & ) z,_}: o
0 ™ ;3 - % o % x3 F(é) . r_ m
x
where  m= 1 %3, 4= 1000 Nfm , F¢)=5sintot n. <+ ¥ %
Eigenvalue a_,,.,_g,LrM l_ n ] [w]
Frepuene ua,{:fon—q's x ‘L -1
faf J eg 3 Fi) z,
2 2 o o 3 - -1
J-@m[o I EN ,,]\”
o o | =1 o I
oY -2A+3 -1 -i
wLm
-1 o e o | =0 where A= -
= o —A+i
or 23 —7X* +¢X - =0
Roots are
M= 0-219220, As= [0 , Aq= 2.2807%

— . - "k — .E... — . k
W= 0-4682094 \|;‘_, Wy = 1o\ X, W3 = 1510225} E
Mode shapes one given by

"'2}0; +3 - - )((l{) - 0

-1 o —A:+1 xz("‘) o

or $) ¢ ; ' %
XE" = (—P\,;+|) Xg_") 3 x%") = (=2A:+3) x,(") - Xz( )
—r(i] —)ﬂ;+l (C)
= 4 Xy

(-—2)«;-#-3) (—A,;H) -1

078078 . o 1) -1-2807%
o L, w0 e, 3. (1
i =i i

Norma,h‘jof"cm of mode 'd""d’a wilk reqperi‘ & [w]:

2
;G)TE,.,] -;(l) :(0.73078 1 ‘) :-sslse} (K(‘) z= — (X?)-‘-i
Z
x) = 055734 ’
E = 3 _i(') _ (0:4351¢
{0-55734}
0:5573 4
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T - (2) 2 2) 2 _
@16 1 -0 {ﬁ}(x§z>> = 2 57
-1
o
Xéﬂz g et 3 X® = o-?O‘iH}
—0:TOTHI ()g_
T ., S
‘;(%) (m] 'i(g): (-1-23078 | | ) -2;56156} (Xéa)D - 5'-28’07'?()(2) i
]
-055734
xf')= 043516 ; 7 = { O e 1 }
T 0:4351 &
8= [X]T F(f) - vector of geveralized forces
0:435|¢ 055734 0:-55734 o 0. 7267
=] o o:-ToTtl —o. 70771l o ={_3:.535¢ psin ot
-0:.5573%4 043516 043516 Fo Aon St 5.1 758
Unc_cu.lptec{ ea.ga.b_—cﬂi o‘h. motion ant
;3.’ + 21922 9, = 2. 7867 Ain (0T
62 + 1000+00C Cbz = -3.5356 &in lot (E-.l)

¢, + 2290.78 8, = 21758 #r ot
Poxticular selutions of E1) are
‘B|(_'l:): (2'7867 )% ot = 0:0233744 4in lOT

219.22 — 100
3 (t-‘) <-3 5356 A ot = — 00039284 Ao ot
fooo — (0O
Bt = 2:1758 )&w ot = ©:0009977 4m OT
(2180 78 - 100
Since 7 = [x1g = (043516 © ~0-55734 ] _, e get
0.5573¢ . 707! 043516 z

0:§5734 —o:7OTH o- 43516

%,(t) = ©0.0096155 &in ot ™
%, () = 0:0095333 Aon (Ot ™

xz(t)= o0.0162325 w10 E m .

(@) From Exa.mple 68, for Ky .= Kpa= kez= ¥y and Ty= = 9J3= o,
G e e
[m]= J;(:O | 0] s ] = "‘{-E—l 2 -
© |

e o - 1

Efgenvdu& problem becomes

~N+2 =1 e ®, ° 5
- -A+2 - ®, 5 = o where M= C‘SJ;-
k¢
o -1 -+ @, o
--- (E-1)
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Freguency egucu&(on is

N-osatyrer-1 =0
RooJCS oL
A= 0-198 Ag= 555 A3= 3.247 |
[« i = 1-80194 [
W= 0-44497 b - 3, = .24700 |-t wW;= | \J—J'—
do Jo ]
E-1) gives 92(“) (=A;+2) @(33 ) @3(})= ( Aj+2 @l
-'H +)
: i
— () .
— -A; ()
® ; o+ 2 o,
(—)\j-}-?.)
— ALt
1 2 , 5
(1 ) —=(2) (2) S (
5= i"soz }®I , ® =J)ouss 8, 3o {—1-247}@'1
2:247 -0-§02 0555

Normeli sation :

l A
BUIB = (1 vtz 2:247) {f—&oz } GE?)> 72962 () %=
™ 2.247 |
®, = 0-32‘3/,{.);‘

2
2
10 = (I 0445 -o 802){ .445} o (®]m> _ "%4l2(®l(z)>%:

"‘(Z)T

—0:302

2
— i — I 7 ) 2'_ ( (5) _
GB('s') m1] ®(3)= (+ —1-247 0';55){—p.zq7} T (®t(a ) = 2.863 (® f=d

3
EM]— orthonormal modal matrix is
0:%2% 0737 0.591
[_x]: - | o591 0:328  -0.737
‘13: 0.737 -0:591 0329
For given data,
es,= 44437 vad/3, 9= 12.4700 cad/3, w,= 13.01% vod /s
0323 0.737 0-591
[Xj: 0591 g:328 -0.737
o737 -0:5591 0:32%

(b) According to modal amalysis, uncoupled esua:hbns of meotion are

S.(6) + W M) = &(E) 5 i= 12,3 (e-2)
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=]
where - T = T i
g = T o = 0«17 | !
My, ot Ot
Qo _ ( 3685
= {Q,, b & oot = {-299'5} <k 1cot
Q30 G40

S-":ea.iﬂ stake solution of (E-27 is 34{:):(%) cos cot

g, (E)= —0.03692 ot oot
(t) -  ow3o02 A loot

‘3 (£) = -0.01695 <f oot

Angular deflections axe
— 0-0000025

g(f) = [X] 5(‘57 = { 0:0005i90C } oS oot rcu:lr'cm

—c.050515

From problem 656, }»(l)___ {\;E} (:)) =(2) {L}x("'), _)_(,(3)= { ﬁ} <
i - [

SENIREY

Normealization 9{ves

“_ 1
"(')Elx(')—(t o 0{\;_{} m) m=1 3 X, = 775

XTI R = 3: } xPY m=1 = "= =
—I
31X T ) {"'z} KDY m=t1 > P A
Modal wmatrix is !
i Vz %‘i ‘/z
D(] = = | Y o -I/JE
o -z Ve s -
original coupled epuations are [ml1%X +[*] = =0
u.nr.ouHedl Ezuailons with = [ %] 5" e

e 0377

or }
n i

u.n'.'H-i

1 0
2
= o 585786-:"7, w, = 2 £ | of=3.44214 K
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| \ i 1 3
-4 - _ 4 i};: cas oSt =._i_{5}F ws wt
ORI HIOL < 13"
From Exo.mHe 6.19,-
14656 | B !
Z _ QIO __._'1-———--—‘2_—' - vm »* 2
10 (o2 li_ ___> ‘ x { = (175
/! S, (oquoG Tn‘) Py

= 057816 B v/«

and 81(%) = ?’to os wst 9 = = 3 W@ cos ot

1 =0 _ w>\ 1 §o32%0
-E X = 4, (5 & {w‘s” }‘““*
o0*7370

8.93979 R (o-3280 :
* ) o591 }“’5(‘3

0: 7370
Ep. (E'3) in problem statement gives

F 2.93225
= () = { }-1% s Wt + {5.29431
J 6-5%56 3
5.9%3225
= J|0-2943]| -E’— cos wt
1258863

Eguations of motion for free vibration

f = @ e 3 -2 o - 0
m o] 2 o x + % | -2
HEE A S EAE 1Y

P os ot
*

5 -3
o o 3 =3 3
From problem 651,

9y =0-337627 > W= 1-414221, 655 = 2.09427¢%

10 1o -0
-;(l)____ { fa 443004} (l) , 3’((2):{0-4-999.9 }xl(z), ;(3)= —0-¢93 x(li)
628659 -0:4999% 0:204G66
Free vibratory motion is given by (see section 5-3)

— —Q) —_ (1)( = (®)

F(t)= * (k) + = )

$ @t B) + x P (@t dy) ¢ 1 c.af(w;f+¢?)

=93 1-443 ><f m(ost+¢,)+asx(, et (Wt +82) - oessx Cof(w;“ﬁ)

L x, ) ot (it+¢1) - 0.5 "r )w‘s(@fi— #,) + 02047 x, cds(c.s;f:+¢-,.)
known mitial COhClH:foﬂS give ---(e-1)
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Q)

%, (®) { l l ' X.l) Z -
%, p = 2 7 = 443 05 —oteds Xig) ot b2 --- (&:2)
4 (6 ! 6287 —o°5 6:2047 | | %* ot #3 0
%, ) = =l -2 s x‘z) Ssl:\ ¢lz
5&;_(0') = VT | —1-4433, —0502 . (‘9; '() oy
a'c;(a) - - 6287 & 0:5 (S -0.2047 W3 X o EE-?;)
Solution of (E-2) and (E-B) gives
x) cos ¢,= 0.2884 , x{ sin ¢,=0.4514
X® cot @, = 0:6667 xf" Sin ¢y = — 0-7857
XD o5 gy = —0:5551 , X[ sings = 0-457F
Hence O _ 0.9565 , xP= lozo4, x(M- o7ies
¢ = 26.9357° 5 ;= —49.4340", $3= 140-4870°
and the $inal solution is given by (&-1).
EORIMEONEREORINEQ (1

If %(0) and x(O) are the known initial conditions in terms of physical coordinates, to find

the corresponding values of q(0) and q(O) , we premultiply bath sides of Eq. (1) by
" [X]T [m] to obtain at t = 0

X" [m) %(0) = X" [m] [X] §(0) (2)
X|T [m] %(0) = (X [m] [X] 4(0) (3)

Since the normal modes are normalized with respect to the mass matrix as

5T () (] = [ @
Egs. (2) and (3) reduce to:
0 = (X [ ¥0) ®)
] = [1_51"00 ;‘01;"’] (10°) N/m
] = k}o 20] ke
BRSO o o o __:;D_-OS'rn
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Natural frequencies are given by (see Eq. (3) in the solution of Problem 5.5):
"

2 2
k k k ki +k k ki k
W2, = 1 T K + 2 i |# 2 L 2| K1 ke
! 2 my 2 m,y 4 m, My m; Iy
T
1
o 100 |1 (150 , 100]" (100) (50)
15 3
o A 1 + - 10
0 160 - |2 [40 %0 ey | |1

L

= 334.9365, 4665.1

wy = 18.3013 rad/sec ; w, = 68.3015 rad/sec
Mode shapes are defined by Egs. (4) and (5) in the solution of Problem 5.1:

1) : 3

X ko _ 100 (10%) 13860

X —my wi +k — (80) (334.9365) + (100) (10%)

3&:(1] {1.0 }
=a
1.366

where 2 is a constant.

x@ ke B (100) (10°) — —0.3660

XB T “my uf +ky  — (£0) (4665.1) + (100) (10°)

2) |10
X _b{—o.sss}

where b is a constant.

Orthogonalization of modes:

%”T [m] i{l] =a? (1.0 1.366) {40 0 ] {1'0 }: 180.2765 a2 =1

0 80| |1.366
a = 0.07269
1.0
" 2 2 0 8 —50.7165 b? =1
07 (m XY =b? (1.0 —0.366) [0 2ol 1 0.366
b = 0.14042

Modal matrix:

0.07269  0.14042
X = 0.09929  —0.05139
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Due to the elevation of 0.05 m, spring k; and hence m; will be subjected to additional

compression of k; (0.05) = 2500 N.
— 2500
Ft) = {0 } N

8(t) = " Fo) = {18”25}

~ 1351.05

Equation (6.111) gives:

Solution is given by (without initial conditions) Eq. (6.114):

t
qj(t)=-£—£Qi(T)sinw1(t—T)dT ;i=1,2

1
t f=t—r=0

1
Since [ sinQ(t—71)dr=— | sinﬂ7"d1"=ﬁ(1—cosﬂt)
r=20 f=t—r=1t
we find
q(t) = ﬂ (1 — cos 18.3013 t) = 0.5426 (1 — cos 18.3013 t)
(18.3013%)
351.05

o (t) = (1 — cos 68.3015 t) = 0.07525 (1 — cos 68.3015 t)

(BE:308D)

Response of the masses can be found from Eq. (6.104):

0.07269  0.14042 ] {0.5426 (1 — cos 18.3013 t) }

x(t) = Xl = [0.09929 —0.05139| [0.07525 (1 — cos 68.3015 t)

0.03944 (1 — cos 18.3013 t) + 0.01057 (1 — cos 68.3015 t)
~ 10.05387 (1 — cos 18.3013 t — 0.00387 (1 — cos 68.3015 t)

Note:

This problem can also be solved by specifying the initial conditions as

w-fif = ¢ 20

and solving the free vibration problem.

¢ = 05 m;m = 1 kg (i =1, 2, 3). Assume my =mp=m3 = m = 1
31 =€2=€3=€:05

From solution of Problem 6.42, we obtain:

3 2 1 3 2 1
[m]=m¢e* |2 2 1|=025{2 2 1
1 1 1 1 1 1
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3 0 0 3 0 0
k] =mgé|0 2 0|/=4905{0 2 0O
0 0 1 0 0 1

From solution of Problem 6.58, the natural frequencies and mode shapes can be found as

w, = 0.644798 ‘\/g; wy = 1.514698 '\/:—;;-—; wy = 2.507977 ‘\/;
9.81
Since vzgj= \ / “DE = 4.4294, we find

wy = 2.8561 rad /sec ; wp = 6.7092 rad/sec ; ws =11.1088 rad /sec

o

1.0 1.0 IR
2
T _adiogeel s P —blosser | XD =c{—1.6450
1.6312 © | —2.3978 0.7669

Orthonormalization of mode shapes:

X(l m]ic'( —5.41182a% =1 or a=0.4299
T[ ] =0.9805 b2 =1 or b=1.0099
X" m] X = 03577 ¢ =1 or ¢ =1.6720

Modal matrix:

0.4299 1.0089  1.6720
[X]=[5i(” ¥ | - losss5 0.3562  —2.7504 (1)
0.7012 —2.4215  1.2822

0
F(t) =10 (2)
Mis(t)

0.7012 M;(t)
Q(t) = [XIT F(t) = {— 2.4215 Mia(t) (3)
1.2822 Mys(t)

Solution of ¢;(t) without initial conditions:

£
G(t) = = [ Qi) sinw (t—7)dr ; i=1,2,3 (4)
Wi 9
We denote Mz(t) as

Mia(t) = Mg [u(t) —uft — to)] (5)

where My = 0.1 N-m, to = 0.1 sec and u(t) and u(t — to) are the unit step functions:
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i) = {0 Lt <0

1 ;t>0
0 ;t<tg
u(t—t0)=1 ,t>t0

Thus we obtain

£
q(t) = —LjT [ Qi(7) sin wy (8 —7)d7

£

1 ;

= 0.7012 (0.1 7) — u(r — 0.1)¢ sin 2.8561 (t — 7) dr
L [ 07012 (0.) Ju(r) — u( )} (

0

t

t
= 0.02455 1 [ u(7) sin 2.8561 (t — 7) d7 — [ u(r —0.1) sin 2.8561 (t —7) dr
0 0

By noting that

}u(f)s’mﬂ(t—r)d‘r=-}ﬁ(1—cosﬂt) (8)
0
and _Zu(f—to)sinﬂ(t—f)df=%[1—6059(13—130)] (7)

we can derive

a1 (t) = 0.008596 [1 — cos 2.8561 t] ; 0 <t<!0.1sec
= 0.008596 |cos 2.8561 (t — 0.1) — cos 2.8561 t] ; t>0.1sec (8)

Similarly, we can derive

qa(t) = — 0.005379 [1 — cos 6.7092 t] ; 0 <t <0.1sec
= — 0.005379 |cos 6.7092 (t — 0.1) — cos 6.7092 t] : t > 0.1 sec (9)

qs(t) = 0.001039 [1 — cos 11.1088 t] ; 0 <t <0.1sec
= 0.001039 |cos 11.1088 (t — 0.1) — cos 11.1088 t] « §20.1 see (10)

Thus the angular (physical) displacements of the pendulum can be expressed as:
%(t) = [X] d(t) (11)
where [X] is given by Eq. (1) and q(t) is given by Egs. (8) to (10). Hence

%, (t) = 0.003675 (1 — cos 2.8561 t) — 0.005432 (1 — cos 6.7092 t)
+0.001737 (1 —cos 11.1088 t) 0 <t < 0.1 sec

— 0.003695 |cos 2.8561 (t — 0.1) — cos 2.8561 ¢
— 0.005432 |cos 6.7092 (t — 0.1) — cos 6.7092 t
-+ 0.001737 [cos 11.1088 (+ — 0.1) — cos 11.1088 t] t >0.1 see

6-76

© 2011 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This publication is protected by Copyright and written permission
should be obtained from the publisher prior to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any
means, electronic, mechanical, photocopying, recording, or likewise. For information regarding permission(s), write to: Rights and Permissions
Department, Pearson Education, Inc., Upper Saddle@hw @458 - cliilauall dinl



PRELIMINARY VERSION 12/14/2010

x,(t) = 0.004775 (1 — cos 2.8561 t) — 0.001916 (1 — cos 6.7092 t)
— 0.002858 (1 —cos 11.1088 t) 0 <t <0.1sec

— 0.004775 |cos 2.8561 (t — 0.1) — cos 2.8561 ¢
—0.001916 |cos 6.7092 (t — 0.1) — cos 6.7092 ¢

— 0.002858 |cos 11.1088 (t — 0.1) — cos 11.1088 t] t > 0.1 sec

x3(t) = 0.006027 (1 — cos 2.8561 t) + 0.013025 (1 — cos 6.7092 £)
+0.001332 (1 — cos 11.1088 t) 0 <t < 0.1 sec

= 0.006027 |cos 2.8561 (t — 0.1) — cos 2.8561 t
+0.013025 |cos 6.7092 (t — 0.1) — cos 6.7092 ©
+ 0.001332 [cos 11.1088 (t — 0.1) — cos 11.1088 t] t > 0.1 sec

_ REL it o
@ m = 2 kg, k = 10,000 N/m, N
‘\/_ \ / 10000 — 70.7107. F = 1000
1

0
[mj=20 2 0

: 0 0 o = t, sec
3 -2 0 0:25
k] =10* |2 5 -3
0 -3 3

From the solution of Problem 6.51, we find the natural frequencies and mode shapes as:

w; = 0.337627 ‘\/-g . wy = 1.414221 ‘\/: wy = 2.094278 ‘\/T

or w, = 23.8738 rad/sec ; wp = 100.0006 rad/sec ; w; = 148.0879 rad /sec
’ 1.0 \ 1.0 ’ 1.0
T = a{1.4430 ;5{'”=b 0.5 ;i”=c —0.6930
1.6286 —0.5 0.2047

Orthonormalization of modes:
T 1
X" (@] T = 26.2430 27 =1 or 2 =0.1952

X7 (m) ¥ — 452 =1 or b=04714

3
O (] ¥ = 41724 ¢ =1 or c=0.4806

Modal matrix:
0.1952 0.4714  0.4896
[X]=[5i(” 7 T =lo2817 02357  —0.3303
0.3179 —0.2357  0.1002
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Fiy(t)
F(t) =10 (2)
0
0.1952 F;(t)
Q) = [X|T F(t) = {04714 F1(t) (3)

0.4896 Fy(t)

Solution of g;(t) without initial conditions:

t
qj(t)=“a]:ji__£Qi(T)SinM(t_T)dT§i=1;2:3 (4)

Fi(t) =Fo {u(t) —ufli= tu)}

where Fg = 1000 N, to = 0.25 sec, and u(t) and u(t - to) are unit step functions:

0 ; t<0
ut) =11 >t

at —t) =1, .y

Equations (3) give:

]

1985.2 {u(t) —u(t — 0.25)}
Qi (t)

Qt) =1Qz(t) = 14714 {u(t.) —u(t — 0.25)}— (5)

Qs(t)

489.6 {u(t) —u(t — 0.25)}

and Egs. (4) yield:
q (t) = 0.3425 (1 — cos 23.8738 t) ; 0 <t < 0.25 sec
= 0.3425 [cos 23.8738 (t — 0.25) — cos 23.8738 t| ; & > 0.25 sec

q2(t) =0.04714 (1 — cos 100.0006 t) ; 0 <t < 0.25 sec
= 0.04714 [cos 100.0006 (t — 0.25) — cos 100.0006 t| © > 0.25 sec

gs(t) = 0.02232 (1 — cos 148.0879 t) ; 0 <t < 0.25 sec
— 0.02232 |cos 148.0879 (t — 0.25) — cos 148.0879 t| ; t > 0.25 sec
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The physical displacements of the masses are given by:

X(t) = X 4(t)
which can be explicitly expressed as:

%1 () = 0.06686 (1 — cos 23.8738 t) -+ 0.02222 (1 — cos 100.0006 t)
+ 0.01093 r — cos 148.0879 t) ; 0 <t < 0.25 sec

— 0.06686 |cos 23.8738 (t — 0.25) — cos 23.8738 t]
+ 0.02222 [cos 100.0006 (t — 0.25) — cos 100.0006 t]

+ 0.01093 [cos 148.0879 (t — 0.25) — cos 148.0879 t| ; t > 0.25 sec

Xg(t) = 0.09648 (1 — cos 23.8738 t) + 0.01111 (1 — cos 100.0006 t)
— 0.007573 (1 — cos 148.0879 t) ; 0 <t < 0.25 sec

= 0.09648 |cos 23.8738 (t — 0.25) — cos 23.8738 t]
+0.01111 |cos 100.0006 (t — 0.25) — cos 100.0006 t]

— 0.007573 [cos 148.0879 (t — 0.25) — cos 148.0879 t] ; t > 0.25 sec

x5(t) = 0.1089 (1 — cos 23.8738 t) _ 0.01111 (1 — cos 100.0006 t)
+0.002236 (1 — cos 148.0879 t) ; 0 <t <0.25 sec

=0.1089 |cos 23.8738 (t — 0.25) — cos 23.8738 t]
—0.01111 |cos 100.0006 (t — 0.25) — cos 100.0006 t]
+ 0.002236 [cos 148.0879 (t — 0.25) — cos 148.0879 t] i 1> 0.25 sec
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] % e -
@ Eguations of motion [m] X +[€]1 X + [«1% =F --(e1)
where
™y o o Cy+ Cz -Cq o
[‘“]= c w2 © ]' [c] =i~y Ci+C3 =—C3 »
-] [s ] i o ‘CB Ca+ cq
kitky -k c ) L (B=Fr o5 3t
= -
[‘k] = e Kot K3 —ky , x=y%x2 L , F={F = o
) -y 3+ ®y =3 F; =0

‘ot
Since  Fy(!) = Re [F; e“’] with Fpo= Fo,and Fyp= Fio=0

We assiime xj({:)z Xj eimt 3 §=02,3. Then (E-1) becomes
,[er (f&?)] S? = FO ---(E-2)
where Z, (<) = =m &+ (€ +C2) 10 + (#+%1) = =9 +1:09 + 200
Z,(id) = Z;(lW)= —C2<@ ~ ¥, = -iw 100

Zi3 (i) = 25, (f68) = 0

Zy, (46) = —my @ 4 (Cat C3) i@+ (k4 #3) = WO+ 2409+ 200 —(e3)
23 (W)= Z5,(fw) = - €3 E - K3 = —<w - 100

Z33 ({w9) = =y W*+ (C3+ Cy) £a3 + (K3 + %) - +2iw+200
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(E-?-) becomes

(24 +199) X, = (i+100) X, +(0) X3 = 1o
—(c+100) Xy + (2£4+199) X, = (¢+108) X3 = o© --- (24)
(6) X, = (i+160) X, + (25 +199) x5 = o

Solution of (E-4) can be expressed as

Xj_: _e;f_ 5 3}:!.2,3 o (E-S)
where
to = (i+100) o -
A= | o (2:i+199) ~(i+100) | =295 980 + 5960 <
-
©  —(i+100) (2i+139)
(z£+\9?) (0 ] _
: = 50 3950
Bo= -(é+100) e —(i+100) | = 198 Tae ey N
o o (2i+ 199)
(i +139)  -(4 +100) 1o < 210 oo i
Az = ~ (<4 100) (g_£+|99) o = 1 +
0 - (4+ too) o
2i+ - ({+100) o
= : ) . - {18002 i + 3 8994079
e = - (< + (00) (_2:2-!— H’i) —(<+ 100)
o _(i+100) @i+
Using (E- 5), we get
R, = e T BYE ; Amplitude = 0-0T58845 m
| = T154€50-392+ |1 685- 754<  phase angle = 0-5798°
21 6ogroc) . Amplitude = 0.0510152 ™
= 0-5845°

Xo= .
27 776375228+ 7921396 i ' pphase angle =

Ampl:{:u.cie= 0-0256357 ™

10002+ 000 .
7
thase angle= o0.5874°

Xa= 390137914 + 4000-202 4
Thus the steady state rvesponses
x, ()= 00758945 cos (st + 05798 ) m

%2,(£) = 0:0510152 CoS (wt+ o-594s°) -

xg(£)= 0.0256357 <08 (et + 0.5874°) m

Modal matrix can be expressed as [X] [""(‘) Fril %7

g 12x3 g, (¥
Using - (612D by [XTT ()  where 28 = J ¢ (45

j2xd  12x3 3xi By (D

ane .

2ua_+{ons of motion can be written as
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] X1 T +[10x] 7+ [A0xTF = -["1 % % (8
?remulﬁph‘co.i‘::'ah by %1% gives . T o=
DATeIx1 7 + XTI EeIx] 7 + [XTTlx17 = - Dl I “ f;’()
Assuming that the mass matrix is Ja'a,gona.f. and the a'a.mpa‘ng matrix is
proportional , (E:1) can be expressed in ,f;_a-h-r JCO"_“)" as
mes .84: + € é;_ + *;: %;_ = - ’Eo({') J;Zz'i \"nj, X;‘ 3 A= 1,2,3 -~ (E'?‘)

where ™y, € and k; are general3ed mass, genemalized "
a!a,mping, and _?enere.lrjea ,5{—.‘;_.;:,1333, my i§ the wass at H-_e ¥
dio-f- and x&7 is the 4th component of the vector e,

A (E)\2 - 2 ()2
Here W 3?1 ’m}()(} ) :m %‘21()(}» )

Cce= 273; G5, and = = @3,

&4
where wm = mass at each J-o-_.p.

{=1,2,3

.
rl

58,(5-2.) can be written, ﬂofl‘ng that there is no cla.m[m'nj in the

1z

system, a8 v . (i) ” &
? P T = s { ;jz=:1 K } " =, %
Z s = 12 = -%,(%) .:'
) ¥, (i) 2 (4’) 2
{1'231 ¢+ () } ;’f-;‘.,(xj )
3 i=01,2,3 === (Es3)
By noting that
IZ’-: X;:.:) = 7'?64- ':FO\' i=41, —-2-67 §o¥ =2 , l'GlstOf i=3,
j:i

% (xé(;") >2= €.275658 for i =4, G-48612 Foy <=2, ¢.90%2 Fori=3,
=1

EZ;(E-B) can be reduced to
gi(t) + 506250 3‘({:) = — |-26903 ;éo('b)

5, (£) + 4356 00-0 ,(t) = o-411648 %, (£ o= (Eh)
3’(1‘;) + 1210000 0 ?,3(1:) = = G 2B HIEE :"‘:’o(t)
6-82
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@ Et'jthwlue pro blewn : % [m] s Ek] ;

3 t -2
b) [ ]" P 2 o 2 [-k] —2 q -_2
Solution using MATLAB:
s Ex6 101l.m
s> k = [1 -2 1;-2 4 -2; 1 -2 1]
k =
1 g 1
=g 4 -2
5 -2 1
>>m = [1 0 0; 0 2 0;0 0 1}
m =
1 0 0
0 2 0
0 0 1
>> [V, D] = eig(k, m)
M =
-0.6439 -0.5792 0.5000
-0.4876 0.1105 -0.5000
-0.3314 0.8001 0.5000
D =
-0.0000 0 . 0
0 0.0000 0
0 0 4.0000
P P
%1 (t) = 20 (0.1527 cos 0.5626 t + 0.09847 cos 0.9158 LS
fm 7 m

— 0.2512 cos 1.5848 \ / —— 1) (1)
{m

%5 (t) = Xg0 (0.2087 cos 0.5626 P 4003177 cos 0.9158 i
¢m fm
4 0.7594 cos 1.5848 £y (2)
fm
P P
x3(t) = %0 (0.1987 cos 0.5626 t — 0.06157 cos 0.9158 — t

m
E
~

P
— 0.1372 1.5848 — £ 3
2 cos \ / e ) ( )

])_a;tm: "K—z°=o-5, P =100, f:S,Tﬂ=2-

i

U=oJ
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MATLAB Solubion of Egs. (1) -(3):

s Ex6 102.m
%20 = 0:5;
v = 100;
1l = 5;
.= 2
c = sgrti{p/(1*m});
for & = 1z 501
t(i) = 10*(i-1)/500;
EEy B * | 0.1527*cos (0.5626*c*t (1)) + ...
0.09847*cos (0.9158*c*t (1)) - 0.2512*%cos (1.5848*c*t (1)) );
x2 (i) = =20 * | 0.2087*cos (0.5626*c*t (1)) +
0.03177*cos(0.9158*c*t(i)) + 0.7594*cos (1.5848*c*t (1)) )

x3 (i) = x20 * 0.1987*cos (0.5626*c*t (1)) - ... _
0.06157*cos(0.9158*c*t (1)) - 0.1372*cos(1.5848*c*t(1})‘ )
end
pletlt, x1);
hold on;

plot:(t,x2,F—— 285
plotie B3 . L i)
xlabel('t’);

. . : . . i %
yvlabel ('x1(t): solid line %2 (t) : dashed line =x3(t): dotted line’);
0.5I T T T T T T T
1 ;’\\
\
% i
! A
041 L A\ A 7
1 n i 7 1 [ ]
i " Il [ b i
[ A P i roy !
« -1 # Wi : ol H
£ L ! A ! i'i b A ) ' P f;’\l !
2 - 1y P ¢l A . b I ]
2 = F A Lo P i A oy e 3 i i
Q 1 ot 1 by I ] | ! i !
DR BRI N B ET . !
=2 ! . i i ] ! ! ! i ! i i L
@ 1 Foi 1 | ] ' il ] ] | ; pod '
= o i ] 1 ] \ i i i ) ! , P |
o 011 I '. T Y £y ! moo o |
=] ' 1 I 1 { | ! | f | | 1 }
= a ] H v : | \ ! ) | Ny
B i ! ] ) ; ! | ] : I} =an i ! i
Q | 1 I 1 - \1 \ 1 =) I 1 1 1 i
5 0 | ! | Col AT 1 o) ! i Vs
2 1 1 1 I . | oy i ;
s ! 1 1 1 7 1 \ ! A V.
© ! | 1 1 1 1 H h i ! 1 ) :
s 1 ! 5 g \ 1 ¥ 1 ! 1 i | -1 :
g 11 AV I A A A A
%_0'1 H ! i ! ll : |I E ;I i I ', I E.
O i I [ B | P! 1 | l
o i ) 1 ] [ i [ 1 b 1 i !
c ! H 1 | 1 1 ! I i 1 I \ )
= Vo | | Vo | i ! L Lo o
202 P 1 b ] ¢ | L T Lo
Q L i 1 Vo [ [ 1 1] Vo !
0 [ l | [ [ 1 ] it Lo -
£ ) i \ I Vi i i | ' Y \ ! Vool
=1 b Vo v Vo (1 il ko
%03 /] [ L) I Lo (] 1
b Vo Vi 1 ol ]
Lo \ b L]
[} 1 ' 1 i v I
Vo L Vi Lok o
-0.4F (S ll i v I‘JJ'
llf lf \
v U
1 L] ] 1 1 1 1 1
-0.5 !
0 1 2 3 4 5 8 7 8 9 10
t
Eguations of moktion:
(]
2m X, + 3k - K x, - R 3 =0 (i)
e
™R, — kAN 4+ K N =0 (2)
. 3
Ay - KN+ K X3 = F(t) = F, sin &t (3)
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US\'ma the data: wm=1, %=10es, F,=5, w=0,
Egs. (1) - con be expressed as

%, = -~ 1500 % + 560 %X, + 506 X3 ()
&.'2.: 1000 %, — loco %K (5)
3= 1000 %) — (0060 M3 + 5 sin lot (¢)
Let G a7
. kS % o
il | 73 ™2 L J Y () = | 0
Jul = Yk f " o
75 3 0
yg, L_"‘E, .2

Egs: (4) - (6) can be rewritten as

BA I
- 1500 ray, + Sooe '213 + Soo }f;

b
!:oo 7, — laoo ;‘; - (7>
/¢

leoce }-’f — (Coo 215 + 5 sin o t |

[\
-
i

A

Solution of Eg.(?‘j using MATLARB :
s Ex6 103.m '

% This program will use the function dfuncé_103.m ,they should
% be in the same folder

tspan = [0: 0.01: 10];

x0 = [0.0; 0.0; 0.0; 0.0; 0.0; 0.0];
[t,x] = ode23(’'dfunce 10z', tspan, =0);
subplot (311);

ploti{t. =%, 1)) ;

xlabel('t");

vliabel (‘x1(t)");

subplot (312) ;

plot i, x(,33) 7

xlabel('t");

ylabel ('x2(t)');

subplot (313);

plok (t,.x0::5))%

xlabel('t’);

ylabel (“x3(t)")4

% dfunc6_103.m
function £ = dfunc6 103(t,x)
FO = 5;
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=F il

= 1:

= 1000;

= zeros(6,1);

£(1) = x(2);

£(2) = -1500*x(1) + 500*x(3) + 500*x(5)};
£(3) = x(4);

£(4) = 1000*x=(1) - 1000*x(3);

£(5) = =(6);

£(6) = 1000*x(1l) - 1000*x(5) + 5*sin(10*t);

(R = I

0.02

0.01

0

x1(t)

-0.01

-0.02
0

0.02

0.01f _

x2(1)

-0.01

T

-0.02 : : . '
0

=
n
w
~

of wegn b
@
~l
Qo
©
&
o

0.04 T T T T

0.02

x3(t)
o

-0.02

-0.04 ! ! 1 1 1 1 1 1 1
0

;Roafs of $() = '%_ 2 =0 uSing MATLAB:
s Ex6 104.m

>> x = roots([1l zeros(l,11) -2])

X =

=1.0595

-0.9175 + 0.52971
-0.9175 - 0.52971
-0.5297 + 0.91751
=0 5297w~ 091751
0.0000 + 1.058951
0.0000 - 1.0585i
0.5297 + 0.91751
0.5297 - 0.91751
1.0585

0.9175 + ¢.52971
05 9275 — 0.52971

L QL
o ovU
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Eaua:h‘ohs of motion can be rewritten as

:)“-,::—I.S-?'¢,+O-5’;(9_—-U-fli+622-f-015 cos 2t (1)
A, = 0.25 %, — Xy +0.75 %3 + 3u, — 53y + 2%3 (2)
Xyzo 5ty —0.52z + 1.3333 %, — [.3333 33 (3)
(Y, ] (2\ ) (o )
— xK o
Let ~r=4;‘3 fg",?- and ¥ (o) = [ol
Iy - ”;‘z r °
Fs %3 °
i }'6/ | %3 ™
Ezs-(u)—('a) can be expresseol as
4 32 9
. —5 Pt 5 Y~y I\ +6 ¥3 +0.5 cos 2t
it - 7y (%)
Jt ﬂ 0-2532-—34-1-0-75§6+3}',a573+2y-§ s
%6
| a0 Yy, -5 Fg+1.3333 J5 - 13333 Y

Solution of Eg. (4) VSing MATLAB:
% Ex6 105.m '

‘s This program will use the function dfuncg 105.m,they should
% be in the same folder

tespan = [0: 0.01: 20];

x0 = [0.0; 0.0; 0.0; 0.0; 0.0; 0.0];
[t,x] = ode23(‘dfunce 105, tspan, x0);
subplot (311);

plok [t 30+ TV} -

xlabel(’'t’);

ylabel ('x1(t) ") ;

subplot (312) ;

plot(t,x(:,31);

xlabel(’'t’);

yvliabel('x2(t)’');

subplot (313);

plot{t,x(:,5));

xlabel(’'t’);

vlabel ('x3(t)’);
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% dfunc6_105.m
function £ = dfunc6é 105(t, x)
f = zeros(6,1);

£(1) = x(2): :
£(2) = -1.5*x(2) + 0.5*x(4) - 14#*x(1l) + 6*x(3) + 0.5*cos(2*t);
£(3) = x(4);
£(4) = 0.25*x(2) - x(4) + 0.75*x(6) + 3*x(1) - 5*x(3) + 2*x(5);
£(5) = x(6);
£(6) = 0.5*x(4) - 0.5*x(6) + 1.3333*x(3) - 1.3333*x(5);
0.1 T T T T T T T T T
0.05 4
s -
>
-0.05F g
-0.1 ! 1 | 1 ! 1 | 1 |
2 4 6 8 10 12 14 16 18 20
t
0.05 T T T T T T T T T
g o '
=<
-0.05 ' ' ' : : ' ' ! '
0 2 4 6 8 10 12 14 16 18 20
t
0.04 T T R T T T T T T
0.02
Z 0
=
-0.02
-0.04 ! ' . - ' L ! ! L
0 2 4 6 8 10 12 14 16 18 20

Eaua.’c fons of motion:

6.106 o
6 ° 1l o ° 200 =100 o o Co
: - 2 | N 0 o
(o) { O | x 4+ |y 2 —t |2 +|-j100 néd wias |® = &
° o 4 =L Z o -looc 200 o
i-e;
ilz_29'(1"');2_"200)"-[4-!0012—#[0 cos t (1)
%y = ’.‘:’2’11+°23+‘°0"l—200 X, + 100 %3 (2)
X35 Ry - 2%z +100 Xy ~ 200 X3 (25
- (Y x,
Delinin = - . ‘ - -
jz 3 Y yz. x, O-H'-'l us‘mg v (o) -0
. ?.(z
é %3
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EZS* () - &) can be rewritten asg

L\ .
~C

I

-

92
2%, + Yy - 2004, +100 3 +10 cost
Iy

Tt &
at 32—234%' 3’6-1—!00},—200 y; + leo y; (lf)
7e
L 34—2."&'6 + toe 33 - 20906 35 :
Solution 039 Ea- &) USing MATLAB
0.3 T T T T T T T
02 -
g 0.1 -
=
oF i
_0.1 | 1 1 I 1 Az 1
0 5 10 15 20 25 30 35 40
t
0-3 T T T T T T
021 "
%O.‘l N
Dl\/\/\/\[/\v/\/\/\/\/\_
-0.1 : * ' ' ' ' '
0 5 10 15 20 25 30 35 40
t
0.15 T T T T T T
01f n
5 005 .
0 o
_005 ! 1 ] ] 1 ] 1
& 10 15 20 25 30 35 40
£
% dfunc6_106.m
function £ = dfuncé 106(t,x)
f = zeros(6,1);
£(1) = x(2);
£(2) = -2*x(2) + x(4) - 200%x(1l) + 100*x=x(3) +.10*cos(t) ;
£(3) = x(4);
£(4) = x(2) - 2*x(4) + 100*x(1) - 200*x(3) + 100*x(5);
£{5) = x(6);
£(6) = x(4) - 2*x(6} + 100*x(3) - 200%*x(5);
£-80
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% Ex6_106.m

% This program will use the function dfuncé 106.m ,they should
% be in the same folder

tspan = [0: 0.01: 40];

#0 = [0.08 0.0 D.07 Q.03 0205 000
[t,x] = ode23(’'dfuncé 106" tspan, x0);
subplot (311);

plot (B x (1))

xlabel('t’);

yvlabel (‘x1(t)’);

subplot (312);

ploet (t,x(:,3))s

xlabel (*E%);

vliabel (*x2(t)’);

subplot (313);

piot(t,x(:,S});

xlabel ('t’);

vlabel ('x3(t)’);

‘Results of Ex6 107
Kk kkkkkkEk kA mmoAA oaw

>> program7

polynomial expansion of a determinantal equation

data: determinant A:

5.000000e+000 3.000000e+000 2.000000e+000
3.000000e+000 6.000000e+000 4.000000e+000
1.000000e+000 2.000000e+000 6.000000e+000

result: polynomial coefficients in
pcf (np) * (x*n) +pcf (n) * (x” (n-1) ) +...+pcf(2) +pcf (1)=0

-9.800000e+001 7.700000e+001 -1.700000e+001 1.000000e+000
%:==::::=::::::::::::=:===::::::::::::::::===::::=====_____::::...____======
f %
6.108 '3 Program8.m
% Main program which calls the function MODAL
%

P

% Run "Programf" in MATLAB command window, Progrm8.m and modal.m
% should be in the same folder,and set the path to this folder
% following line contain problem-dependent data
=3; '
nvec=3;
nstep=300;
delt=0.01;
xm=[41.4 0.0 0.0; 0.0 38.8 0.0; 0.0 0.0 25.88];
omf=[5 10 201;
om=[25.076 53.578 110.807];
z=[0.001 0.001 0.0017];
x0=[0.0 0.0 0.0];
#d0=[0.0 0.0 :0.0];
ev=[1.0 1.0 1.0;1.303 0.860 -1.0;1.947 -1.685 0.183];
‘%end of problem-dependent data
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for i=l:nstep
time=i*delt;
£(1,1i)=5000*cos(5*time) ;
£(2,1)=10000*cos (10*time) ;
£(3,1)=20000%*cos(20*time) ;
end
for i=l:nvec
fof J=1sn
evt (i,j)=ev(i,J);
end
end
[%, t]1=modal (xm, om,omf, z,x0,xd0, £,delt, ev, evt,nstep, n, nvec) ;
fprintf(’\n Response of system using modal analysis \n\n'’);
for i=l:n
fprintf('\n Coordinate %2.0f \n’,i);
fprintf(’ %8.5e %8.5e %8.5e %8.5e %8.5e\n’,x(i,l:nstep));
end
for 4. = l: n
plot(t,x(i,1l:nstep));
hold on;
end
xlabel(‘t");
ylabel('x’);
gtext ('Coordinate 37);
gtext (’'Coordinate 2');
gtext (/Coordinate 1’ );

function [x,t]=modal (xm,om,omf, z,x0,xd0, £,delt,ev, evt,nstep,n,nvec) ;
£ (1) =delt;
for i=2:nstep
t(i)=t(i-1)+delt;
end
% normalization of modal matrix with respect to the mass matrix
% xmx=matmul (xm, ev,n,n,nvec) ;
% xtmx=matmul (evt,xmx,nvec,n,nvec) ;
XmxX=xm*ev;
xtmx=evt*xmx;
for i=l:nvec
Tor: J=lrg .
ev(i,i)=ev(i,1)/sqgri(xtmx(i,i));
end
end
% conversion of information to normal coordinates
for i=l:nvec
yv0(i)=0.0;
yd0(i)=0.0;
end .
for i=l:nvec
for g=l1:n
yo(i)=y0(i)+ev(j,i)*x0(]);
yd0 (i)=yd0(i)+ev(j,i)*xd0 (J);
end
end
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for i=1l:nvec

for g=lin
evt(i,J)=ev(j,i);
end
end
% g=matmul (evt, f,nvec,n,nstep) ;
g=evt*f;

for i=1:nvec
r=omf (i) /om(i) ;
pp=y0(1i);
ag=yd0 (i) ;
zi=z (1) ;
omeg=om (i) ;
omd=omeg*sqgrt (1-zi"2) ;
for j=l:nstep
if j~=1
pp=u(i,j-1);
gg=v{i,j-1);
end
cl=exp(-zi*omeg*delt) ;
c2=cos (omd*delt) ;
c¢3=sin(omd*delt) ;
cd=(gg+omeg*zi*pp) /omd;
c¢5=cmeg*zi/omd;
cb=g(i,J)/ (omeg"2) ;
u(i,j)=cl*(pp*c2+c3*cd)+c6* (1l-cl* (c2+c3*c5));
v(i,j)=omd*cl* (-pp*c3+c2*cd-c5* (pp*c2+c3*cd) ) +chb*omd*cl*a3* (1+c5°2) ;
end
end
% finding the solution in the original coordinates
% x=matmul (ev,u,n,nvec,nstep) ;
X=ev*u;

ol

of

function [al=matmul(b,c,1l,m,n)
% Matrix multipication subroutine: A=B*C
% b(l,m) and c(m,n) are input matrices, A(l,n) is output matrix
Eor i=1:1
for J=l:=n
a(i,j)=0;
for k=1:m
a(i,j)=a(i,j)+b(i, k) *c(k,j);
end
end
end
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Results of Ex6 108

Kk kkFIkhk kxR T xmmw &

>> program8

Response of system using modal analysis

Coordinate 1

1.16587e-002 4.778399e-002 1.10778e-001 2.01670e-001 3.17703e-001
4.51127e-001 5.89314e-001 7.15610e-001 8.10748e-001 8.55251e-001
8.33049e-001 7.35446e-001 5.63789e-001 3.29513e-001 5.16989e-002
-2.46502e-001 -5.41192e-001 -8.1028%9e-001 -1.03560e+000 -1.20447e+000

Coordinate 2

1,94937e-002 7.72115e-002 1.7103%9e-001 2.97350e-001 4.49827e-001
6.17690e-001 7.84560e-001 5.29302e-001 1.02905e+000 1.06321e+000
1.01695e+000 8.83330e-001 6.64302e-001 3.71083e-001 2.35527e-002
-3.51910e-001 -7.26226e-001 -1.07196e+000 -1.36651=e+000 -1.58315e+000

3

Coordinate 3

5.07839e-002 1.94324e-001 4.06865e-001 6.55062e-001 8.01%66e-001
1.11328e+000 1.26237e+000 1.33292e+000 1.31883e+000 1.22192e+000
1.04845e+000 8.06186e-001 5.01856e-001 1.41193e-001 -2.69837e-001
~7.22160e-001 -1.20031e+000 -1.68000e+000 -2.12777e+000 -2.50340e+000

.
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C ST EC SRS -SSR SRS S rE SRR S S S CECCS S ECSESCCSESECCoE=CCECECECSCSEssE=E=SEs==S==s==2Z==
=

C SOLUTION OF PROBLEV 6.110

C

C H3 i+t ittt -ttt ittt 1t ittt ittt ittt ittt ittt
c o

C N = NUMBER OF DEGREES OF FREEDOM OF THE SYSTEM

C M = Nei

C XK(N,N) = STIFFNESS MATRIX

C XM(N,N) = MASS MATRIX

C OM(N) = VECTOR OF NATURAL FREQUENCIES

C X(N,N) = MATRIX OF EJGENVECTORS, J TH EIGENVECTOR IS STORED IN THE

c J TH COLUMN OF THE MATRIX X

C DIMENSIONS OF OTHER MATRICES: A(NM,NM),B(NM),LACNM),LB(NM,2),S(NMK)

c .

Drugusxon XK€3,3),XM(3,3),0M(3),X(3,3),A(2,2),B(2),LA(2),LB(2,2),
2 5(2)

D“TA xK/znc-liﬂoi'.ltl’z.l-lu'Dgg-i.'Z-,

DATA XM/ 24,0.,00,06,30,0,,00,0.,,2.7
DATA OM/,48B2087,1,,1.197605/
N=3

NM=Ne]
IND=1
DO i0 I=i,N

DO 20 J=1,NM
DO 20 K=1,NM
AC(J,KI=XKCI, K+1)=(OM(I)**2)%XM(J,K+1)

20

B(J)==XK(J, 1)+ (OMCI)**2)%XM(J, 1)
CALL SIMUL (A,B,NM,IND,LA,LB,S)
X(1,1)=1,0

30

DO 30 J=1,NM
X(J+1,1)=8(J)
4RITE (44,110) OM(I),(X(J,1),J=1,N)

110

10

FORMAT (//-2X,19H NATURAL FREQUENCY=,E15,8,/,2X,13H EIGENVECTOR=,
2 /,(2%X,4E1! .8))
CONTINUE

srop
END

NATURAL FREQUENCY= 0,48208699E+00

EIGENVECTOR=
0.10000000E+01 0,15351844E+01 0.,10000019E+01

NATURAL FREQUENCY= 0,10000000E+01
EIGENVECTOR=

0.10000000E+01 0,00000000E¢+00=-0,10000000E4721

NATURAL FREQUENCY= 0,11976050E+01
EIGENVECTOR=
0.,10000000E+401=0,86851549E+00 0,99999440E+00
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ANOaOan nNnon

20

30

40

20
10

AM(N,N)
X(N,N) = MATRIX CONTAINING THE ORIGINAL I TH NORMAL MODE IN 1 TH

e e A e D am G WS G S A mm N S W s S M M e N S Sm I S e am G e am S MR G e A S e e S S M M e o e S e e e e wm Em am e
- v e TR S mm e ST AT T SR D D T M S R T GE MD ST S D S D G D S SN S e e S e e S e M e S e e e e M S S S S e e e e e e o e

e e S N S e S Em S e S WS SN S WS M e S G G S G D D WM R M G S W G e e e e e S S e S S M e S e S Mm Em e e A S e e
S e e G e S S S S D S R RS S S S W S S SS G T e e D e e e e e e S e S e o e S e S S B e o e e mm e e me me R e e e wm

= NUMBER OQF DEGREES COF FREEDOM OF THE SYSTEM
= MAS3 MATRIX

CULUMN

AN(N,N)= MATRIX CONTAINING THE ([(M]=0ORTHONORMAL I TH NORMAL MUDF

IN T TH COLUMN

DIMENSIONS OF OTHER VECTORS: A(N),B(N)

DIMENSION XM(3,3),X(3,3),XN(3,3),A(3),8(3)
N=3 .
DATA X4 /1.,0,0.0,0.0,0,0,2,0
DATA X /1.0,=1,0,1.0,1,0,1,0
Do 10 I=t,N

bu 20 J=i,N

ACJI=X(Jd, 1)

CALL MULT (XM,A,B,N)

SUM=0,0

DO 340 K=1,1

SUM=3UM+X(K, L)Y*¥B(K)
SUM=SQRT(1,.,0/5UM)

N 49 K=t1,N
AN(K,1)=X(K,1)*SUHN

PRINT 50, I,(XN(J,I),J=1,N)
FORMAT (/,2X,13H ELGENVECTOR: ,15,/,2X,(4E15,8))
CONTINUE

STOP

e b T L DT T penp— - -
S-S E=S=oosso=====SsS==== - - e e e

L S S R I T L I S e SRS e me W R I I R eE M AR e e e R E S e E e e S e e e S e

e L T

SUBROUTINE MULT (XM,A,B,M)
DIMENSIUN XM(N,N),ACH),B(N)
Lo 10 I=1,N

B(I)=0,0

DU 20 J=1,N
BCI)=BCI)+XM(I,J)*A(D)
CUNTINUE

KETURN

END

EIGENVECTUR: 1
0.50000000E+00=0,50000000E+00 0.,50000000E+00

EIGENVECTOR: 2
0.50000000E+00 0.,50000000E+00 0,50000000E+00

EIGENVECTOUR: 3
0,00000000E+400 U,40324831E+00 0,81649661E+00
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The main program ond results are shewn below,

s emmm———mEES——CESsEsESSSsmESsEmmsmmms=smS=mmC-m-sSSssS=s==s=s====
SSSS=s==SSSS===SSSSSSS=SSSSEESESSSEZSSSSSSSSSSSSSSSSSSSSSsIS=SI==sE===Es

DIMENSION XM(3,3),04(3),2(3),X003),%00(3),¥0(3),YD0O(3),EV(3,3),
EVT(3,3),X4X(3,3),X14%X(3,3),T(49),F(3,40),X(3,40),U(3,40),
v(3,40),Q03,40)
DATA %,HVEC,MSTEP,DELI/3,3,40,0,1/
DATA X4/2.0,0,0,0,0,0.0,2,0,0.0,0.0,0,0,2.0/
OMF=5,0
DATA 04/1.,530734,2,828429,3,695518/
DATA Z2/0.7,0.7,0,0/
DATA XN/0.9,0.0,0.0/
DATE XDA/D.0,0.0,0.07
DATA (EV(I,1),1=1,3)/1.0,1.413214,1,0/
DA BN, (EVLT»2), 151,30 710,001 j0v
DATA (EV(I,3),0=1,3)71.0,=-1,114214,1.0/
DO 5 [=1,NSTED
[IME=REAL(I)*DELT
5 FC(1,I)=10,0%5T4(5,0%TIHE)
Do 10 I=1,HMSTEP
F(2,I)=0,0
F(3,[)=0,0
DO 20 I=1,MNVEC
DU 29 J=1,4d
EVT(I,J)=EV(J,1)
CALL MODAL (X¥,0%,0#F,T,Z,X0,X0D0,Y0,YD0,Q,F,DELT,EV,EVT,XMX,
2 XTHMX,X,U,V,NSTEP,H,NVEC)
WRITE (29,30)
FURMAT (//,40H PESCONSE AF SYSTEM USING
DO 40 [=1,H
WRITE (29,50) I,(X(Il,J),J=1,NSTEP)
FORMAT (/,11H CONPDINATE,IS,/,(1X,5E14.6))
STOP
E4D

RESPONSE OF SYSTEM USLING

w N

10

20

30 MODAL AMALYS1S,/)

40
50

MODAL ANALYSIS

COORDINATE 1

0.119060E=01

0.556720E=01

0.140716E+090 0,262090E+00 0,400585E+00
N.526842E+00 0,608511E+00 0,618689E+00 0,543493E+N0 0,386B804E+00
0.170858E+00 =0,676210E=01 =0.284971E+00 =0,440109E+00 =0,503791E+00
=0,465406E+00 =0.335646E+00 =0.144346E+00 0,660445E=01 0,249893E+00
0.,368518E+00 0,398672E400 0,337414E+00 0,202231E+00 0.264541E=01
=0,148937E+00 =n,235117E+N0 =0,354495E+00 =0,346914E400 =0,.271541E400
=0,154034E400 =0,297635E=01 0N,652391E=-01 0,103366FE+00 0,723514E=01
=0,216811E-01 =0,155688E+00 =0,295363E#00 ~0,403527E+400 -0,449197E+00
COORDINATE 2 ;
0.397433E=04 90.,655754E=03 0.356972E=02 0,119145E=01 0,.297943E=01
0.612223E=01 0,10BGR6E+00 0,171738BE+00 0,246047E+00 ~0-+-323279E+00
0.,391991E+00 0,439459E+00 0.454134E+00 0,429213E+00 0,359732E400
0.253658E+400 N,121640E400 =0,196366E=01 =0,151233E+00 =0,255357E+00
=0,318689E+00 =0,334940E+00 =0.306091£+00 =9,242021E+00 =0,158585E400
=0,745270E-01 =0.79447SE=02 0.276338E=01 0.,247827E=01 =0,156785E=01
=0,856190E=01 =0,171361E400 =0.,256531E+00 «0,325272E+00 =0,.365137E+00
=0,369097E+00 =0,336327E+00 =0,271711E400 =0_,184302E+00 =0,851769E=01
COUORDINATE
0,526197E=07 0.,338722E=05 0,.398979F=04 0n,232946E=03 0.912614E=03
0.274891E=02 0,.635317E=02 0,147839E-01 0.284018E=01 0.495493E=01
- 0,795763E=01 Q,118784E400 0N,165904E+00 0,217749E+00 0,269161FE+00

0-90
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2.342632E+00 0.349486E+00 0,327819E+00 0,274185E+400
g'i;éggfgigg 0,758134E=01 =0.563065E=01 =0,195996E+00 -0,329661E400
-0, 443429E+00 =0,524977E+00 -0,565224E+00 -0,559583E+00 =0,50E0155470
Z0.417951E+00 =0.297528E+00 =0,160267E+00 =0,204086E=01 0. 1082438485
0.213908E+00 0.288030E+90 0,326005E+00 0.327354E+v0 0,295404E+00

N\ The wain pregram used to gene rate the numerical results and

—— e = =
EETECS oSS EE=s====

DIMENSTON X4(3,3),0M(3),2(3),X0(3),XD0(3),Y0(3),1D0(3),EV(3,3),
EVI‘(B,B),XMX(3'3),XTT-!X(3,3).T(40),F(3,4(}),x(3,40),U(3'40)'
V(3,40),003,40)

DATA N,NVEC,NSTEP,DELT/3,3,40,0,1/

DATA XM/2.0,0.0,0.0,0,0,2.0,0,0,0.0,0,0,2,0/

DATA 0M/1.530734,2,328428,3.695518/ \

DATA 2/0.0,0,0,0,0/ 9 R PR

DATA X0/0.0,0.0,0.0/ -, o

DATA XD0/0.0,0.0,0.9/ [N % @ith respect to oo

DATA (EV(I,1),I=1,3)/1.0,1,414214,1.0/ N

DATA (EV(I;Z)pI=1:3)/1-0:O¢01'1.0/ ol \\-

DATA (EV(T,3),I=1,3)/1.0,=1,414214,1.0/ W\,

OMF=0,0 ot

DO 55 LJK=1,10

OMF=0MF+1.90 06 _

DO S I=1,NSTEP %

TIMESREAL(I)*DELT o4 .

5 F(1,1)=10,0%SIN(OMF ¥TIME)
DO 10 I=1,NSTEP o2t
F(2,1)=0,0 . o s

10 F(3,1)=0,0 7 s ©
DU 20 I=1,NVEC
D0 20 J=1,N

20 EVT(I,J)=EV(J,1) |
CALL 4ODAL (XM,OM,QMF,T,Z,X0,XD0,Y0,YD0,0,F,DELT,EV,EVT, XKX,

2 XTMX,X,U,V,NSTEP,N,NVEC)
WRITE (29,30)

30 FORMAT (//,404 RESPONSE OF SYSTEM USING MODAL ANALYSIS,/)
DO 40 I=1,N

40 ARITE (29,50) I,(X(I,J),J=1,NSTEP)

50 FORMAT (/,11H COORDINATE,I5,/,(1X,5E14.6))

55 CONTINUE
STOP
END

(@) Eguation of motion :

w N

x x e °
m; o [=] xl Cl +Cz . CZ o x-l ‘k|+ kz -— ‘k?_ © {
e s g » _
] mp o =, L+ -cy c,+C3 -3 xy L+ 2 o+ ks e X b= Lo
o o mf .13 (=] —-C3 C3 ;(.a o -tz F ] x3 l;(f)
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Forcing functrion can be written as
4'.(45{:)

E,(£) = Re (R © o cof &t = 1000 cos 6ot 1b. G
S":ea,afj- S’l:axf:e S‘o}u{'u'oh can ke a,smmecl as
- X. eiwt ol 2.3 (EZ)
’Xj(‘t) . ‘} 2 J,-— |; Pl

EZua.'l’:t'ons of wmotion become

z -
-y @+ (it ) iw+ kit k2 —C, i —kz

—Cp <9 — Ky —my @5 (cpt C3) 4w + ot K3

o - C3 LG9 — feg
o por o
—C3i9 — k3 ' Xo = o (Ea)
---'I“l’ll_l 6_9?-—5- Cg 4:G9+‘k; X; FSO

For known data, Ep- (E3) becomes

— — &

[ZA? X =K 4)

where

Zy = —50 @ + L 2ocd & 5500 = 174 500+« 1200
= " - = - O —4£L 600

213 — 23' = £ ‘ CES)

Zsp = —lo 9> + < 209+ 2500 = —33500 + L (200

Z,3= 23, = -4 106 — 2000 = —2000 —< 600

Z33= — 2 97+ i 106 + 2000 = —5200 + < 600
Solution of Eg- (E4) can be expressed as

— -4 —
K = [zf}' 1 Fo (EG)
US’f'nj Crawer’s rule, we 361‘:

o Zz Z)3 —4 sl
X,.—_ rz 4 (o i230x10 =4 0:5284 x10 )
o Zy2 Zzz|*— - 4~
. et [Z:;]
F3o0 32 233
o z -
- =i H 1 2(0,“35,7“;'4.5 o-S‘B?BXraz)
Xo= | Zyg o0  Zpg| — =
- &t [Z:)]
Z3) 30 Z33
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Zy 42 ©
. = i
T | Zy Zp, o |0 ——— =(-0ri929-4 o.ozssf>
> &Lf[zt;}']
31 Z32 Fzo

%, () = X, ((.aﬁ cot +: 4 sot)

]

=il _ )
(_a.{230 X (0 o 6ot + 0+5284 x1i0 % sin 601‘:)

e (0'5234 T 6ot +o-1230 1ot sin Got)

Actual response of Me = Reod Lx,(f:)]

—

—(—0-1‘230 xto—qL oS ot + 05284 xro-q sin &0 t> .
S:‘mfla.rfj, we find
Actual response of my = Reat [:x,_(e)]
= (0-0{08'7 cof 6ot — 6.005373 sin eot) in -
Actual response of oy = Real Exg (t—)]
= (-0:1929 cof cot + 0.02558 4un GOt) in

(b) C!ﬂa.nje the stiffness ko from 100 Lb/in in ircrements
of 100 M/ and fLind the response of the tool head
(“-3) us:‘ng the P'roCeolure ocutlined in part (CU)

Find the value of 4k, for which the maximum reskanse
of X3 is ZSZ fower than the value _—Fourw[ in
Pm—!: (@) .

(C) C‘-la_nae the values o)C Cjy C2, 85 , K, and *3

fncliv:‘clua(fj and find whether any of these

aua.n-l:fh'es can be used to achieve the goal of

Fa.rf‘ (6) .
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apter 7

Determination of Natural
Frequencies and Mode Shapes

+
From Exa.-*rnpie G- G, "—;, *x._._ x3
() M A R

A L L L~
@y = ¥337 57 ET i F 3 P
3
_ o1 B
Qgg = %3 EI
@) Eg-(7-c) 9ives ; L
s o wml x5 Ly 3x5>=__l06 T = o13802 5
Es?‘ ET 256 T 18 256 768 EI
ET
m 13
3 m
L 8 i o
Y, EL | 256 48 256 758
Wy ~ 2:7994 _'_E_Iﬂ3
mi

J, 7 7
Flexibility influence coefficients: 2 3
@ @, = rotation of J when o unit forgue ; * @ (K; @

£l K o iy
is “‘F’\’E"ul t 5 = '4/*{;1 P
@,, = rotation of J when o wmtr forppe 4 a‘d'f'z‘“& 2

kte, ke Kz
; ; : £ I
Q33 = rotation of T3 when o wmit brgue i8 a.ﬂ»ﬂ-_wq 3
Kiep  key Ktz i3
da
I = 2 (1+2+7
@ B (16) TV Lu oy ko G o T = 5 (52D

i

9y = o 4082 \/ kt/ag

-3 L o 4
& OE © ke L (*’-t|+ w2 ) T 3 R k2 *i3
' o~ % Jn x | - + 3 4, __1.'_-.(.._1:—-..1.._1'._-):9*53;
= * °(*f"' Me) ol & 2k 3kt *e
W, ~ 0-3244 \ka/J.;
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— D - A
@ =y Wy, Mg, = 30 T 41 T
1,-‘-12'-'—23 :»ch= j/"[. e _1_
(s =
PL x

GEIi(F =b—%"); pex=e o x  |P
|
|

my ad ™3

+\>-a

E}i_ e —
4

W) =

f— b ,
- —P"'('E ">(a_.+x—?.fx) ¢ 04"‘"2 3 @ E -
certl k<
:De.f!e_cf:-an due to weight of m;: CP_-_T})

At location of m,( .__fi_, E = 3»? ) _g_._i) :
mg L
wi= CDCE) 1> 540 pary = 222

cez l o 286 B

At lac.e.a‘:abn of ™y (m-—%-, x=—£—, ,ﬂ:f) .
_ (-4 22, L __wm2

Gsr>1( =) (%= + P =¥ ) 769 EI

£
at location of ™y (a= o, x=% > A=1)

w,3/= _ (“"3)(-—5;)(1’-—3%)(:% f—-— )_-7m;,f

769 E L
cer )

A‘t EOCCLi'IOh Of Ty (x= -;'g", z-: é— i E'.:'.f) s
(Zm})(.é—)(.-i—> (12~ ;f_z___l_,lz> It mz f

cexf ' %

At location of M2 (=‘£
i Gr) (YD) g £ £
W, = z - 2

2 551‘1 ( 4 4’ )
A't I.OC.GJ{'lOTI O:F m3 (‘Z"' 1"'.-'f-—) 042—'-;—, !:-:é;,f‘:g)

2" = _ (zm) (£) (1- 3) (ﬁf.+‘%,gz_ £ 4% =

cerf

Deflection due to weight of ™3 = (P= 3"‘})

<
b-..
\

N~
-
o
i
~

B

u*rw;tf3

lo24 ET

At location of m (x':—ﬁ—; = 2{‘”2 f:f)

b
w 3m 2Nk
w‘_/ — (3 3)(4—)(7;) (1'2-— ‘_,}Q_;: - = > 7!'11;/{
6EI£ 2%6 EI
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_ 4 = ob. _
At 10(5:.1'::'0‘.-: oJC ms ('x—————, b= p ,?_.1) fs
mw_  Gm) ()5 e ﬁ L o ume
¥z = (1 T ) = 25¢ €I
sexl £
At location of m3 (x— 31, f::——; f:f)
3
£
%l//:_ (3"13)( )( ) (Z 2_%Ez> _ ?s'ngI
cexkl 256
Totel deleclion of mosses )
/ /" Vi 13 _3__ " +—Z_ =_.l.;3— mg
&) = @J? + wp + W = Tth 256 * 384 25¢ 192 EZIL
' 3
’ p " 23 " i " 19 w9l
= ™9 ek g B IR PEZS
W, = W, + Wy + Wy = — T +2‘f+2'5£ = e
3
/ " " 3 7 1" q 169 m .t
W, = Us Ly s, = m%f Ere =+ — mJz
3 3 & 4y & g ET \76%9 1024 zsg) 30 72 ET
& ]
}M?f 13 o 17 g 169 %
@ = EI 92 192 3072

m*g" Lfm fis N, 19 N2 5 (167 )}
E=r® (nz) 'f"'(wz.) Fo72

EI
= 3.5987 [—— :
y m{ _
3,, = natural ;f-’reauEncj of Wing itself = 20 Hg =125- BE% ==
t
,, = natural gcrezuencj of weafpon ottached ok the -f—-lab ag—
the wing (ruglecling the eppect of mass of wing)

= V& = [ (2t ) = 293728 e
ZOOC’

New freguency af Vt'l:ra,fl‘an of the wing with weapon ‘s
given by 1 l ‘ I t

— -+ = -+ =
“%z G%f wﬁ; 125-664? 283725

s B
130- 55673 x 10

S 68 = 2726757 _m_g'__ = 4.-4047 Hj,
Sec
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For o _sfmF(j supp -
freguency is given by (assuming its
mass to be concentrated akt the

rm‘olo“.e)
‘k _ 48€ET
w“ — -—r';' WAEI’E Je = -—-—"—""Eg

Jf- 'f"ro”eij is PICLCE.J at ﬁ;e

orted beam. natural ? 7. B T

Naﬁ'ec{inj the mass of beam,
middle of girder, its natural freguency is given by

- ®
“22= Tom
. L" en( S sfem
Fuhafa..‘men‘ll:aa‘- natural :Freau.&ncy of the combin b
'S given kﬁ
Lol mglom i
R - S R ® &

| % = o-3015 e = 30-157 o_-F the na;l':u.m(.
id ‘)m
Jcre uency of the afr-ofe,r
(Wl'f:f-\ou.t the ro”aj)
L — L3 —
e e k_xi—_’i‘:- _—jyg
= deflection of my due to wunit ™y
force a.”?'&‘-‘[ to Wy

£
sum of components of tension in vertical direction

Unit force

Um'f :FO\"CE = o o
. _ Qi 12 - 1 3 n
e & T( >+ ¥ (E?_{-lg) = T % (1 Zﬂ)
@, = ?BTT_ = Qg (BJ B‘jmmefry) R
24 mmY) = el
-Lx QM + 0‘2_'2..7“?_ = -—-—'( o 3T
Wi

F i
T [Problem 522 ).
W9y ~ 0:366 KIE- ;  Eract wfion 2 W=\ (r )
™
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Frem Exd—rr'-f‘e T5d (5= 0:028222JEI

Since E= 2.07x (0 N/m?, W= 12840.2346 JT rad/sec

In order te have 5= 0.5 Hz = 3-i4l6 rad/sec; 4
-I2

129402346 VT = 31416 = T = 5986243022 xio ™

For a tubwlar section,

5 -
X o g‘:(pq —4%) = 596862-43022 x1o

e pHd_d%= 1'219504 X!;G m I__D l

To minimize weight , we need 1 minimize (D*-d%),

Problem is: Find D and 0\ to minimize (Dl._gl">
————————— subject to p¥_d¥= 1219504 x 15 ©
or Frnd 4 ad = D/4
to wminimize (= d% (r*-1) (e’
subject to df-f(rq_q = 124 9504 x ”;-8 (E2)
EZ(Ez) gives 4% = ﬂ'oq_gl e

Jr4—i

;= weog3t x16 T(e2=1)
Vré—i

df =_ol_ i e ) = ©

Ar  dr \}r‘*~I

YD) (Tz—‘) Ji(rq—'o—,qli(‘f‘Tg)_ .,r‘f__' (2r> )

Ef/ . (E.) becomes

For minimum of £,

o
r -1
i"€s5 Y& (r*=1) = (r2+|)(r"—|)
irers r¥=1 or r2 = r¥+ 1
e r=1 s +the on‘j jle,a,sfl:,e solutron.
ire., A seled circular section.
3 4 - ’
Stnce T= T2 _ _ ,59862x5°, D=0:03323 m

64

~ =
I ™ J
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From EXGJIT\PIQ 6'3:
@ L

[+ ] — g+ K3 - 3 = %

W

-2 5 -3
(s ] —‘k3 kg o -3 3
™, o (=] i (=] ©
o = ™m o 2
Ern] = (-] ™Mo
o o ms [a] (=}
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E ] f. t_
Assuming the mode shape as -;(;- _ ii}, Ra.gfeugl-ns guotien
' 3
becomes ~ ) ;T[kj}’
R = C‘S = — -_—
(X) T ]
2 3) & | 3 -z © 2
¢ ) — 5 -3 {L}
(o] -3 3 8 . A 1(_
6 m
« 2 3™ |1 o ° 1
=] 2 <] z
c o 3 3
4«
4 = o0-4082 J—;— _
= }k 6.51) -
exact value & @g= 0:3376 o ))

( l’\’ob {B'ﬂ"

@)

it 3en0 notation.

Mg = k‘lﬂ + Ktz ,

S{:f—bcne” matriz = . ) doged
Give each disc o x.um-b M.?uiﬂ’l &Afla.czawvf Ae&:&mj lhen

Torgue regui red will give stiffness coefficients -

Me,= — Ktz » Myz=0

8=1, ;=03 =0 Mg = kig + Kez o Mypy = — Kz s Mea = t3
O3=1, 6= 6= ©O: _mt;= Kig » Mt,_z - k{,g s My, =0
2 -1 e
1 2 -k o ,
Keq + ®i2 tzk . ey |- . .
Ek-] = -tz K+ Ki3 3 o i {
o ' —ki3 Kis
7, o o 4 e o
[T“j= o g, o = 4d, |o 2 o
4
assume  the Tmode Sﬁ-aa-rve a3 a___ §}
(! 2 3) % -1 o !
r 2 -1 z
= 2
R(B) == ’ G, s
12 9,
( 2 3) Je | o ) 1 ©
(=] 9. o 2
[=] o 3 3
o, = 0.2887 |kt
Jo
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@ S":.‘ffness matrix
W"len x‘=1 XZ:O:

-
F|:': ‘14” = —’Q—I— = "E; lFI FZ
= Bgm — A
R & L2
W"wh K‘-_-O, xzz 1:
. T
F?_-' iz i3 ,!.g
Fi= &,= — I_

R(X) =" = : 2)_}[—2' #L}{i} =

Exact valuz 'Q (Fro blem 522)

From F“Oblﬂm 712, )}" Li=2= 03 =1,

T.13 -1

S 1= T2 .l o
T S o S PR
Le.t _)E-.: {i}
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AHng a unit load te m

|
= 2%, ’

Dunkerley

Cbzz =

¢ ezua.‘!‘:u'an gives

‘ -
= @) Mt G ™ T 4,

asses m, and
kz'f‘ kl

| |
2t L)

244 * 2%z ~

,+ Ky
™y m 9.
sl ( zk,Kz>

res echively
™y aﬂw'g x, amd %2 P F

(E))

Z’Tz amd bemce (Elv
Since K= k= BEI/,{_,-’ =4+ , m=2m, m, = m
gives @, = g
2Zm *‘-,3
=",

, Eg-('t"?-i) gives , for e sa
. 2oty th = -g;) S,

L=

R(%) =
e [g]-
(%)=

n

<< 4, Then Eg. () becomes

i
n-1 2
z 2z Ci
cr ek = (&)
. n
A=41

€: !
N 2 2 i )
€ W n-1 n
WGn + ,?_-::1 N (&31-;— e:.wz (i—_z €,
n=i VR - n e =
1+ = € L=
i=41 ) _— 5
-1 1 :
C'Snz =+ nZ' € C‘Bi — Wy §i 6:.
=4 i=
=1 2 2 £
Wy o+ (c&f- S, ) € (g,)
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Eouations of wmotion

m, J.u:" + %, (%= ) =0 —-- (E.i)
my %g + Ky (Ram®) + Kz (F2- %®3) =0 .- (E+2)
w3 g + Kz (%3-%2) = © -—-(E'3) ‘
with x;(8)= X; ces wt, Egs-(E-1) and (E:2) 9we
m @tX, = 4 (X, =X2) my 9% Xy = -7 my X+ 2 (X2=X3)
t t =
- 2
or Ky = Ky = @ m'_x___| : Kz = Xg — _C!’.; (T’ﬂqx|+ m, Xz)

since the system is §ree—-£ree, the resuLta.nf: force aﬂ.e_d £ ™ol 3,
F= % ng m; X must be zero.
i=1 :
The computer program, with the subroutine FUN and the output,
oxe given below-

"'71[\
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- - e o ————-
- o o —— ====
==r— - - - - - - - -_-_---—-- - e e = Gm S WS S W SR W RS SSum . -
T T =z=======
cm e mmmm ——————m=m= DD ===============
===
=]

HILZER METHUD N ‘ o
IniS PPJUGRAM REQUIRES USER SUPPLLED SUBROUUTINE EUN

e L 1

e L L
==

: = NUMBER UF [IMES TaCEEHENT UF Om CHAMG?D
:SthhING Lihe CONTALNS PRUBLEM=UEPENDENT LATA
NR = ~UABER UF KOOTS REQULEED

NHSZ dem ==
ENO UF PROBLEM=DEPENDEAT DAlA
NEFUNn=1
IM=0,1 «=--~—
~ALL FUN (OM,F)
PRINT GO,NFUN,U“,F
FBsSF
INR=0
JM=0,.0
100 DEL=L0,0 4-=---
NISU
200 CONTLHUE
Fi=FB8
10 OMsUM+DEL
CALL FUN (OM,F)
NFUN=NFUN+
PRINT 60,NFUN,UM,F
F2sF1*F )
[F (F2 .LT. 0.0) GO TO 29
FisF
GO TO 10
20 NT=HT+1 i
0, OM,F,; i o .
30 Egé:iTB(;/,BiH CHANGE OF SIGHN -DEYECTED AT OM-,&15.8./,3§ F=,
2 E15.8,7/,5H DEL=,E15.8,/,6H NFUNS,15,/)
IF (NT .EQ. 6) GO iU 4V
IF (NT .EQ. 1) OMB=OM
OM=0M=DEL
DEL=DEL/10,0
GoD [0 200
NR=LNR+1
*0 i? (INR .EQ. NR) GO T» 50
IM=0MB
CALL FUN (OM,F)
NFUNSNFUN+1
PRINT BO,NFUN,OM,F
FaskE
Go _TO 100
50 2ONTINUE

YY) FORMAT (2X,6H NEUNS,I4,24,3H QM=,E15.8,2X,3H F=,E15.8)
STUP

f)(l(lfl(lf}f)(]ﬂ

(]

e I T T -+ 1 - - e eemmemmeseas=e= === 2SS

- - - e 4

p—— == —_--———-.—-—_-_——_——-q—--——-———-———-———-——--————--————-
11 -=

o= oe -

—————-———-———-o—————-————-————-——————————— P
- -
---_--—_..--——____-..-.,.__-__------___-—_--_-_-—-_--_

27 11
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SUupRUOUTLHE FUN (D4,F)
A91=100.0

242=20.0

1 435200.0

Anl=8000,V

Ar224000,U

JAS2UANFEL

x1=1,0
xg:(1.0-(0H6¥1%1/kh1)}*A1.\ '
Xi=1£-(0ﬂb/Aﬂ2)*(XMl*llfkmz*AZ}
F=UMS*(KM1*leﬂﬁ2¥x2+ﬂd3*ij
RETURID

= E 253E+01
: = M= 0,10000000E+00 F= 0,319912 E+0
253:= 3 J¥= U.100000V0E+02 F==0,23000000E+G5

CHANGE OF SI1GHE DETECTED AL U#= N,1U000000E+uUZ

F=-G.430U0000E+05

DEL= 0.,10000000E+02

NFUN= 2

FUn= M= 0,10000000E+01 F= U.311;§251%+03

:;3:; i §:= 0.20000C0UE+01L {: O.}1408090b+gi
NFUNS ) aM= J.,30000000E+01 F= 3.%18036335:U4
NEFUN= b OW= J.400000GU0E+VL F= 0.493122255+04
NFUN= ] g4= 0,50000000E+01 E= ?.2?20 44E+03
NFUN= 8 UM= 0.60000000E+0O1L r= 0.7032037?E+04
NFUN= 9 Jd= 2,70000000E+01 F==0,38581

CHANGE OF SIGN DETEZTED AL UM= 2,70000000E+01
F==0,38581377E+04

DEL= 0.10000000E+01

HFU@: 9

CHANGE OF SLIGN DETECTED AT 0Owm= 0.622200L6E+01
F==0,.28649828E+00

DEL= 0.9999999uE=01

NFUN= 27

s wz;- 6.22200!6

NFUN= 28 OM= 0,100VUVU000E+02 F=-0.43009000§+05
NFUN= 29 UM= 0.,20000000E+02 F==0,27200000£+006
NFUN= 30 I¥= 0.,30000000E+402 F= 0,23130000E+07

CHANGE OF SIGw DETECTED AT O#= 0.30000G00E+02
F= 0,23130000E+ul

DEL= 0.,10000000E+02
NEFUN= 30

NFUd= 31 JM= U.21000000k+02 F=-0.48851225E+U§
NFUNS 32 JM= 0,220U0000E+Q2 F=-U.477§?113E+U?
NFUN= 33 JM= 0,23000000E+02 F==0,42888006E+06
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CHANGE OF sSIGN DETECTED AL Ud= 0.257/15595E+02

«— . =265.715595

3
F= 0.,2146750bE+u2
DEL= 0.99994990E=0%
NFUN= 58
~ Efge.nva.lu.e problem (s (A-2) 1 o X, o
£ ()\-‘2.) i Xa N\=d 0O (E.)
i 0 i (2x=3)|[ %5 o
where )= ’“._—-—f ,
X
I x,=1, (&) 9gives XK= =(A-2) %), Xz=-— X =(2-2) X2,
E= %o+ (23-3) X3 (should be zero)
The computer program and rtesults are given.
C :::==============================_=========== ______________________
c HOLZER METHOD
E TAL1S PROGRAM REQUIRES USER SUPPLIED SUBROUTINE FUN
C ==========================-================================ ————————————
, = =
= NT = NUMBER OF TIMES INCREMENT OF OM CHANG
< FDDLU;ING LINE, CONTAINS PROBLEM=DEPENDENT DATA
~ NR = NUMBER OF ROOTS REQUIRED
NR=3 ¢=—m--
C END OF PROBLEM=DEPENDEMT DATA
NFUN=1
DM=0-014 —————
CALL FUN (OHM,F)
WRITE(13,60) NFUN,OM,F
FBsF
INR=Q
oM=0.0
100 DEL=0.25€-----
NT=0
200 CONTINUE
FisFB

10 OM=0M+DEL
CALL FUN (OM,F)

NFUNSNFUN+1
F2SF1%xF

iF (F2 .LT. 0.,0) GO TO 20
FisF
GO TO 10

+ i F,DEL,NFUN
vRITE(13,30) OM ' ) . ]
30 ;DRHAT (;/,31H éHiNGE OF SIGN DETECTED AT OM=,E15.8,/,3H F=,

7 £15.8,7,5H DEL=,E15.8,/,6H NFUN=2,I5,/)
IF (NT .EQ. 6) GO TO 40
IF (NT .EQ. 1) OMB=0OM

OM=0M=DEL
DEL=DEL/10.0
GO TO 200

&0  INRSINR+1
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IFf (INR (EQ. NR) Go TO 50
oM=0MB

" CALL FUN C(OM,F)
NFUNSNFUN+1 | )
ARITE(13,60) NFUH,OM,F

_ #RITEL:I,BT7 ———

- FB=F
50 TO 100

— —_————
_—

L ( r N . ’ ¥ r ’ L} r
b

- o =
P
- - -
_-—-——_———-—--—_--—-—
-
e
e

T e
====
=== SSSSssesET
=====
=====

T P - -
P

- ——

P

- = = = - .._.._-._-——-——_—-——..-———-———————_--—--
- - —

- - =

_-___-..____—-—a -

c
c

=1.0
§;=-(DM-2.0)*XI '
S=X2+(2.0¥0H=3.0)¥K3
RETURN
"""“"E&g]"'7iﬁ£—5.999999985-02 F:-o.essggggggigi
= 5 OM= 0.25000000E+00  F=-0,3406 o1
NEUR= QM= 0.50000000E4#00  F==0.10000000E+

3 oM= 0.50000000E+00 F2=8+ 8800 e o

NFUNS 4 OM= 0.75000000E+0Q0 F= 0.40625000E+00

e

S T

CHANGE OF SIGN DETECTIED AT OM= 0.75000000E+0Q0
F= 0.40625000E+00

DEL= 0,25000000E+00

NFUN= 4

=0,81746900E+00

= 0.,52499998E+00 F==0.
NFU:: 2 g:: 0.54999995E+00 F=-0.b44752§gg:gg
ﬁEgN: 1 QM= 0,57499993E+00 F==0,48165

NFUN= M= 0,59999990E+00 F=-0.32800055E+00

__NFUN= B  wBT e S

990E+00 FS=l.JeB e —

5 = 47E+00
F--0|133594
= OM= 0.62499988E+00 = "
:Eg:= lg OM= 0.54999936E+00 F:‘0.4g§?gg;ig-oi
NFUN= 11 DM¥s= 0-674999335?00 F= 0.7

.

= 91E=04
N = 32715E+00 ==0,383853
NFUN= 28  OM= 00659 =-0.20 1853515204
NFUN= 29  OMS 0.65932965E:00 B~ : 2l
z 0. =0 . 11920929E=06
= M= 0.65933466E+00  F==0. 08
:?g:= gi M= 0.65933716E+00 F= 0.12636185E

~ -~ : A = 0 65933 7‘6
E = F + < 4 2

QEL='0.249999978-05
HFUNS 32

0
NFUN= 33 M= 0,75000000E+00 F= 0,40625000E+0
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34

NFUN= M= 0.10000000E+01 F= 0.10000000E+01
NFUN= 35  OW= 0.12500000E401  F= 0,96875000E+00
NFUN= 36 OM= 0,15000000E+01  F= 0,50000000E+00
NFUN= 37 OM= 0,17500000E401  F==0.21875000E+00
NFUN= 63 0M= 0,16789526E401  F= 0.32067299E-04
NFUNS 64  O¥= 0.16789551E+01  F= 0.24497509E=04
NFUN= 65 JM= 0,16789576E+01  F= 0.16927719E-04
NFUN= 66 DOM= 0,16789601E+01 F=s 0.93579292E=05
NFUNS 67 OM= 0,16789626E+01  F= 0.17881393E=05
NFUN= 68 0OM= 0,16789651E+01  F==0,57816505E=05

CHANGE OF SIGN DETECTED AT OM= 0.16789651E+01

« M= 1:6789651

F==0,57816505E=05

DEL= 0,24999997E=05

HFUN= 68
NFUN= 69 OM= 0.17500000E+01 F==0,21875000E+00
NFUN= 70 QM= 0,20000000E+01 F==0,10000000E+01
NFUN= 71 IM= 0,22500000E+01 F==0,16562500E+01
NFUN= 72 OM= 0,25000000E+01 F==0.20000000E+01
NFUN= 73 O4= 0,27500000E+01 F==0,18437500E+01
NFUN= 74 OM= 0.30000000E+01 F==0.,10000000E+01
NFUN= 75 OM= 0,32500000E+01 F= 0.71875000E+00

= OM= 0.31615264E+01 F==0,13036728E=02

:Eg:= 32 OM= 0.31615515E+01 F==0,11179447E-02
NFUN= 97 OM= 0.,31615765E+01 F==0,93221664E-03
NFUN= 98 OM= 0,31616015E+01 F==0,74636936E=03
NFUN= 99 OM= 0.31616266E+01 F==0,56064129E-03
NFUN= 100 OM= 0.31616516E+01 F==0,37479401E-03
NFUN= 101 oM= 0.31616766E+01 F==0,18906593E=03
NFUN= 102 M= 0,31617017E+01 F==0.32186508E=05
NFUN= 103 OM= 0.31617267E+01 F= 0,18215179E=03

CHANGE OF SIGN DETECTED AT OM= 0.31617267E+401

F= 0.,18215179E=03

DEL= 0.2499999BE-04

<« h3=3-1617267

NFUN= 103 ‘

- \ The program Listed in Problems 7.19 and 720 is used JW‘H‘

@ NR= 4, initial velue of OM= 0.0, DEL= 0:25 a_-r: ____________ eees

[ ======================================= ———————————————

e

¢ SUBROUTINE FUN

c -----—::=====:==============:=======:::::::::::::::::::::::::::::::z::

T su ®, =1 faea™
SUBROUTINE FUN (OM,F) . (3
X1=1.0 @y A +2) ® =% )
X3==XK1+(2.0=0M)*X2

£
F==X2+(1,0=0M)*¥X3 E= - ®,F CAF1)0;
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RETURN

- A W W W W e e

given below.

NFUN= 1
NFUN= 2

M=
aM=

0,99999998E=02 F=
0.25000000E+00

J,94049907E+00
==0,20312500E+00

CHANGE OF SIGN DETECTED AT OM= 0.25000000E+00

F==0,20312500E+00

DEL= 0.25000000E+00

NFUNS= 2
NFUN= 3 OM= 0,25000000E=01 = 0,85310948E+00
NFUN= 4 JM= 0,50000001E=01 = 0,71237516E+00
NFUN= 5 OoM= 0,75000003E=01 = 0,57770300E+00
NFUN= 5 OM= 0,10000000E+00 = 0,44899976E+00
NFUN= 1 IM= 0,12500000E+00 F= 0,32617188BE+00
NFUN= 8 OM= 0,15000001E400 = 0,20912516E+09Q
NFUN= 9 DM= 0,17500001E+00 F= 0,97765565E=01
NFUN= 10 OM= 0,20000002E+00 F==0,80001354E=02

CHANGE OF SIGN DETECTED AT OM= 0.,20000002E+00

F==0,80001354E=02

DEL= 0,.25000000E=01

NFUN= 10
NFUN= 11 OM= 0,17750Q0001E+0C F= 0,86938858E=01
NFUN= 12 OM= 0.,18000001E+0Q0 = 0,76168060E~01
NFUN= 13 OM= 0,18250000E+00 = 0,65452933E=01
NFUNs 14 OM= 0,18500000E+00 = 0,54793477E=-01
NFUN= 15 OM= 0,18750000E+00 = 0,44189453E-01
NFUNs 16 OM= 0,19000000E+00 F= 0.,33641100E=01
NFUN= 17 OM= 0,1925Q0000E+00 F= 0.23147941E-01
NFUN= 18 OM= 0,19499999E+00 = 0.,12710214E-01
NFUN= 19 OM= 0,19749999E+00 F= 0,23275614E=-02
NFUN= 20 OM= 0,19999999E+00 F==0,79998970E=02

CHENGE OF S1IGN DETECTED AT OM= 0,19999939E+00

F==0,79998970E=02
DEL= 0,24999999E=02

NFUN= 20
NFUN= 21 OM= 0,19774999E+00 F= 0,12923479E=-02
NFUN= 22 JM= 0,19799998E+00 F= 0.2977304BE=03
NFUN= 23 OM= 0,19824998E+00 F==0,77641010E=03

CHANGE OF SIGN DETECTED AT OM= 0.19824998BE+00

Fe=0,77641010E=03

DEL= 0.24999998E=03
NFUN= 23
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= = | 2E=Q3
NFUN= 24 oM= 0.,19802499E+00 F= 0.1542568

NFUN= 25 OM= 0.19804999E+00 F= 0,50902367E=04
NFUN= 26 OM= 0,19807500E+00 F=~0,52571297E-04¢

CHANGE OF SIGN DETECTED AT OM=z 0.19807500E+00
F==0.52571297E=04

DEL= 0,24999998E=04

NFUN= 26

NFUN= 27 OM= 0,19805250E+400 F= 0.40531158E-04
NFUN= 28 JM= 0.,19805500E+00 F= 0,300407%1E-04
NFUN= 29 oM= 0,19805750E+00 F= 0.19669533E-04
NFOUN= 30 OM= 0.19806001E+00 F= 0,92983246E-05
NFUN= 31 OM= 0,198B06251E+00 F==0,10728836E=05

CHANGE OF SIGN DETECTED AT OM= 0,19806251E+00 - )izoqgungm
F==0,10728836E=05
DEL= 0.24999997E=05
NFUN= 31
<y ™z
The system can be modeled —
a8 ABhown. m _Wz’\_.- mz
The system con be redrawn ZT’t, Zf;n 2 <z ,:.
ad fol.f.aw.f: 4 % 2 e
™3 ‘ ‘l'nﬂz Lﬂl
<, T |
"~ |
-~ ~ ;—J ;—l ] Let X,=!
73 i - : wm, X
I L >y
Here Mi=m3 ‘f’:.|:: 2/, M, = 2m, " 52:: r)‘(,; <
—_ | e
kKi=4r, L= Ry, o= mef p By : s
al ' = Xy (4= T )
B3 = any valne: | 2
| Xiz X, = @ fm Xi4m X2)
[ ~3~- 2 Z"(,‘,I Atz w2z
] 2
| 7 2
| m g mLs
= " e - X e——
: 5?—(’ z«) ﬂ'(‘#-k
E z
| A 2 4 *

Holzer’s Frocaoﬂu.re ‘nveolves assuming diflevent valuwes for
&31. a.-nﬂ{ fu‘ndl;“ﬁ jowt'.' af Hose Va,Lu—cs’, e Corrgcf' QCrg&ue.nc,J
(% as8 The one which 35\/& Xg =0 (bou.na(a_rj condition
[:’e Sai'-‘sf;‘e_a( ) ’

From The exXprescion for X3, we can find the correct
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Freguency (weth out trial and error> by setting

o (F) - (F) + =

z

w_-

—_—

A
5 m 25 ™
ok € &>

\

2
m 5 m 2m
— — el
R . R = Ix

(m/21*)

Thus the Frrst naturel :Fr‘e.zuenr_j s given bj

(‘m’/z &*)

2
@ = \ak 4k zk1> or W, = Jm
Egs- (7+32) to (7-35) 9ive

z
- ®,- 9 %
®z | -—-—-—"k 1

t1

*e2

3
E-= Z 0913::@,5

=1

Tl-.e com Pu.i:er

program of Problems 719 and 7.20

NR=3, Om= o001 a~d DEL =t0-0- |
results avre given.

= sum of inertia torgues (sl-\ouial be zero)

s used with

21U,
XJ2s35,0
XJ3=1,0

———¥RTIS1.0E¥06
XKT2=1.0E+06

x1=1,0
OMS=0OM**2

=X1=(OMS*XJ1/XKT1)*X1
§§=XZ-(OMS/XKT2)*IXJI*X1+XJ2*K2)
F=UHS*(XJl*X1+XJ2*X2+XJ3*X3)

RETURN —_
_END ___ _o--- Coa

""" T T OM= 0.99999998E-02  F= 0,16000000E
:23:: 5 0M= 0.10000000E+02  F= 0.1599%3g22131
NFUN= 3 OM= 0.20000000E+02 F= 0.6388 348404

— N FUNE= & OWME 0.30000000E#02  F= 0.143397322:;;
NFUN= 5 0OMs 0.40000000E+02  F= 0.254093315+05
NFUN= 6  0OM= 0.50000000E+02  F= 0.395333 L0
JFUN= 7 ONE 0.60000000E+02  E= o.sgoggzgggig;
NFUN= 8  OM= 0.70000000E+02  F= 0.7 641109E+05
NFUN= O  OM= 0.80000000E+02 F= 0,993 1109E+05
NFGN= 10 OW= 0.90000000E+02  F= 0.1247
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= = 006358E+06
NFUN= 50 oM= 0,49000000E+03 { 0.21 ‘
NFUN= 51 OM= 0,50000000E+03 F= 0.93750000E+05
NFON= 52 OM= 0,51000000E+03 F==0,32486393E+05

THANGE OF SIGN DETECTED AT UM= 0,.51000000E+03

==0,32486393E+05

DEL= 0,10000000E+02 )

WFUNE 52

=59  OH= 0.50750012E+03  F= 0,93337460E+01L

Eigg= 30 OM= 0.50750021E+03  F= 0.79214058E+401
NFUN= 71 OM= 0,50750031E+03 F= 0.66932836E+01
NFUNE 72  OM= 0.50750040E+03  F= 0,57721915E+01
NFUN= 73  OM= 0.50750049E+03  F= 0.45440674E+01
NFUN= 74 0OM= 0,50750058E+#03 F= 0.33159423E+01
NFUN= 75 OW= 0.50750067E+03  F= 0,20878162E+01
NFUN= 76  OM= 0.50750076E+#03  F= 0,92109573E+00
NFUN= 77 OM= 0,50750085E+03  F==0.30703202£+00

CHANGE OF SIGN DETECTED AT UM= 0,50750085E+03

F==0,30703202E+00

DEL= 0.,99999930E-04

= 507:50085
« V=5

NFUN= T
= == 86393E405
UNs 7B OM= 0.,51000000E+03 F==0,324

:EUN= 79 OM= 0,52000000E+03 F==0,1687815BE+06
NFON=s 80 OM= 0.53000000E+03 F==0,315242712E+06
W = == 8694431E+07
NFUN= 137 OM= 0,11000000E+04 F==0,1
WFUR= 138 OM= 0.11100000E+04 F=-0.62095219§+06
MFUN= 139 OM= 0,11200000E+04 F= 0.74758494E+06

CHANGE OF SIGN DETECTED AT OM= 0.,11200000E+04

Fs 0,74758494E+00

DEL= 0,10000000E+02

WFON= 139
: = == 532BE+02
UN= 168 OM= 0.11146489E+04 F 0.37?1b
:§UN= 169 OM= 0.,11146490E+04 F=-0.£3b97710§+02
NFUN= 170 OM= 0.,11146492E+04 F==0,94790859E+01
NFUN= 171 OM= 0.11146493E+04 F= 0,47395439£+01

THANGE OF S1GN DETECTED AT OM= 0.11146493E+04

P 0.,47395439E+01

DEL= 0,99999990E-04

®FUNE 171

“ C33= 11146493
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Eigen vector
(-5 = A
-1
]

?m corresponding to Ay= lO° 33068( _.> is given by

= o MO o
(5—>\|) —_ J_l. XZU) =
i3 (o= D)1= °
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) 0a)

() ()
= 27649 X
e Xil) = =T 88068 X, ﬂ.na X3 == ?‘7!497 Xy 292 1

I )
".;(')___ o! {_7,33053} where o = value of X,

29-27649
--v(l)T —= () _ O(=O'032-96
when -:;(l) ;s normealized as X m] % = 1,
3 003296
< = { ~0.25975
0:-96495
-0 (f)T
D, ]=D1- M x X Ewmcd |
2.5 -0 0-0 003296 {0.0323"5-0-2597550-%495}
Y 1o 5.0 — 4142 —00-38068> -0.25975
) ' 0-964.95
0-0 —l.q1 42 {000
[~ 2.4887228 - 09111273 - 0+330(549
=| -0.9273 4-2776 149 1+ (97¢737%
. 38 03342530
l__‘o'330!‘54‘i 18767 _ [Dz];.
1-0 . . 2973 X. = 2
If _io‘-' {-7483067 @ Me‘l-' the M PﬂLM e+
29.27649 )
. 1,,1'!: b S =1 :
gives Hz following resuH:S( n.-,-:-:l_"") __________________
“Ther. X. o o vow vector (with Xy 4™ 1)
Ne* (L) ____‘1"___,______,____,.____,___-__-_____________,____-;___ai
--------------- T6489E+
= 0 0.10000000E+01-0.78806801E+01 0,292
{¥Eg= 1 0.10000000E+01'0.10666667E+02 0,29333334E+02
ITER= 2 0.100000005}01-0.47272644E+01-0.13066854E+01
ITER= 3 0.10000000E+01'0.31531227E+01-0.882918725+00
ITER= 4 0.10000000E+01'0.27443514E+01-0.773019615+00
.ITER= 5 0.10000000E+01'0-259893825+01-0.73374254E+00
ITER= 6 0.10000000E+01'0.254112208+01-0.71817952£+00
ITER= i
B

. 0000000E+01*0.2517287BE+01-0.71176374E+00
g.10000000E+01-0.25073OIBE+01-0.70907575;+00
ITER= 9 0.10000000E+01-0.25030899E+01-0.7073:%2&;:%3
ITER= 10 0.10000000E+01-0.250130325+01-0.701 Lo
ITER= 11 0-100000002+01-0.2500553SE+01-0.7072 =l
ITERS 12 0.100000005+01-0.25002341E+01-0.7071733 E+00
ITER= 13 0.10000000E+01-0'25000937E+01-0'70713?3;3:00
ITER= 14 O.100000005+01-0.25000415E+01-0‘707124325+00
ITER= 15 0.10000000E+01-0.25000172E+01-0.70711 o

- —
- - -

converged value of X,= §-00004216 (or W,= 0 4472171 N
By using a similar procedure, D3] is founi. with {‘1? ,sa.rr::L)(, ,
ﬂ ]

the results ob{:ainec, :From XLH = [Dg] X, are given elow
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————— - ==

: — . =1
e Ren @1 o vow vector (uith Xy enT?)
M 0 0.10000000E+01=0,78806801E+01 0.29276489E+02

ITER= 1
ITERs 2 38067123E+00 0.6834845

TITER= 3 0.10000000E+01 0.,3B06716BE+00 0.68312615£=01
ITER= 4 0.10000000E+01 0.38067159E+00 0.68312593E-01

Converged value of Xs=2.1(932243 (W; = 0-68691260).
1

0.10000000E+01 0,19600000E+02=0,72824997E+02
0,10000000E+01 0,38067123E+00 0.68348452E=01

1 -1 i 1 2
R I 5 T 5 SO RS DR
1 2z 25 { 2 5

}, the -Eo“owinj results are oH:a.fne.al:

ITER=
ITER=
ITER=

2.,10000000E+01
N,10000000E+01
),10000000E+01

0.10000000E+01
0,17500000E+01
0,18518518E+01

0.10000000E401
0,20000000E+01
0,21481481E+01

ITER=
ITER=
ITER=

0.10000000E+01
1,10000000E+01
0,10000000E+01

0.18601036E+01
0.183607503E+01
0.18608015E+01

0.,21606219E+01
0,21616161E+01
0.21616952E+01 —(1)

0,10000000E+01

0.18608055E+01

0,21617017E+01 =— X

- —

converaed :Freauean: 0-373088 = G2y ,%

Repetition of the prbc&&ure with [D;] and (23] gives the
following results:

J‘k

-;(f)= {1.000000 0. 254098 — 0-340706 }
i S ¥ 23
W9 = = 2.0285
—§(3)= { 1:000000 - 2-ily 80| 0478847 }
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orar. & fe % L el 1 1 .
[«]= < |t 15 s , ] [m]= I;l 1 1.5 15
1 i-5 1-833 1 4.5 1-833
N i 1
[D]'-’ 4 1.5 1.5 }
i 1.5 1.833
with —;z = i the :F'Jttowfng resu.f.f:s ore obtained (Progr&.m IO-F):
o F ]

1 R il
lerakion |y - j = ' as row vector
ey | Y =l x R %e - 1 (given as row vecter)

0 U.,10000000E+01 0.,10000000E+01 0.,10000000E+01
1 0.10000000E+01 0,13333334E+01 0.14443334E+01
2 0,10000000E+01 0.13676430E+01 0.14949605E+01
3 D.,10000000E+01 0.13705537E+01 0.14994360E+01
4 0,10000000E+01 0.,13708007E+01 0.14998223E+01
S 0.,10000000K+01 0,13708220E+01 0.14998555E+01 — (1)
6 0,10000000E+01 0.13708237E+01 0.14998584E+01 = bl
CcmVerged J:re,gue.nc_j = 0-50828409 = (4
0 0,10000000E+01 0.10000000E401 0.;0000000E+01
i 0.100000005+01-0.56849640E-01'0.b1459929E+00
2 - 0.10000000E+Ul-0.2265671lE-Ol-O.64602280E+00
3 0.10000000E+01-0.910924105-02-0.b§840477E+00
4 0.10000000E+01-0.38191630E-02-0.bb323972€+00
5 0.100000005+01-0.17b35337E-02-0.6@51184GE+00
6 0.10000000E+01-0.966273318-03-0.5_b5847l2E‘.+00
7 O.10000000E+01-0.657283935-03-0.b§612953E+00
3 U.10000000E+01'0.537562075-03-0.66623896E+00
9 0.10000000E+01-0.491183895-03-0.66628140E+00
10 0.10000000E+01-0.47320157E-03-0.56629785E+00
i1 0.10000000E+01-0.46624581E-03-0.666304ITE+00
12 0.10000000E+01-0.46355074E-03'0.66630661E+00
13 0.10000000E+01-0.46252197E-03-0.§6630769E+00
14 D.10000000E+01'0.46209697E‘03-0.Dbé30799€+00
15 0.10000000E+01-0.46194042E-03-0.bb930810E+00
16 0.10000000E+01-0.46188448E-03-0.6§b30810E+00
17 0.10000000E+01"0.46137337E-03-0.60§3081bE+00
18 0.1000000OE+01-0.46186216E-03-0.66b30822E+00
i9 0.10000000E+01-0.46135096E-03-0.66630816E+00 — (2)
20 0.10000000E+01-0.461850985-03-0.b6630822E+00 —
onversed frepuency = 1.732317¢ =
- g 0.10%000005+01 0,10000000E+01 0.10000000;+01
1  0.10000000E+01=0,23654659E+01 0.15024464E+01
2 0.10000000E+01-0.2373]6595+01 0.,15024524E+01 ;(ﬂ
3 0.100000008+01-0.23733664E+01 0,15024524E+01<—

converged freguency = 2.783294

= (9

- o i °©
From problem 623 , % GT _2‘ ; _1}, [J;]: J;\} a o]
£ o -1 2 g o |
675 0:50 o0.25
: [D] = 0.50 o0 ©.50
0.25 ©.50 p.75
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ymnber N I e s e oo RS S

|
I

0,10000000E+01 0.20000000E+01
0.10000000E+G1 0,16000000E+Q1
0.10000000E+01 0.14730842E+01
0.10000000E+01 0.124328358E+01
0.10000000E+01 0.,14199134E+01
0.10000000E401 0,14159292E+01

0,30000000E+01L
0.14000000E+01
0.11052632E+01
0.10298507E+01
0.10086581E+01
0,10025285E+401

D.10000000E+01 0.14147242£+01
0.10000000E+01 0.14143645E+01
0,10000000E+01 0.14142580E+01

0.10007399E+01
0.10002166E+01
0.10000634E+01

\o'm-da\w.a-wtwwo

10
11

converged freguency = 0:76536608 =

0.10000000E+01 0,14142267E+01
0.10000000E+01 0.14142175E+01
0e10000000E+01 0,14122147E+01

0.10000186E+01
0,10000055E+01
0.10000015E+01

W3y

==

< ()

Q 0.10000000E+01 0,20000000E+Q01 0.30000000E+01
i 0.10000000E+01 0.29291141E+00-0.,14141805E+01
2 0.10000000E+01 0.15801974E+00-0.12234681E+01
3 0,10000000E+01 0,.88471927TE=-01=-0,11251128E+01
4 0.10000000E+01 0,50517395E=01=0,10714371E+01
5 0,10000000E+01 0,29161088E=01=0,10412357E+01
2% J.10000000E+01 0.19669531E=05=0.99999768E+00
28 0.10000000E+01 0.,18924472E=05=0,99999750E+00
29 0,10000000E+01 0.18179417E=05=0,99939750E+00
30 0.10000000E+01 0.18030403E=-05=0,99999738E+00
31 0.10000000E+01 0.17732382E=05=0,99999744E+00 ';{i)
32 0.10000000E+01 0.17732380E=05-0,99999726E+00 <« X
nversed freouency = 1-4142134 = @9,
- tf 7 0.;20&%000é&01 0,20000000E+01 0,30000000E+0L
1 0.10000000E+01=0,14143940E+01 0.10000018E+01
2 0.,10000000E+01=0,14142135E+01 0,10000004E+01 =)
3 0.10000000E+01=0,14142135E+01 0.10000004E+01 =« X

converged freguency= 18477590 = W93

From Problem 712, [x] = -_L_-.[fi _iz:l- [m]:m[; C”], Bt]_iz_ér-l} ;:l
. % %]
z/;

1/3 ‘ ‘
With ;(' ._/{i} the following results are obtained (Progra.m 10.F):
— 2 B O e s eee————
E'J;E,-E_}f{,;)"':":)-(:;; =[p] Z with X, . =4 (given as row vector)
number (& lL & 3

0.20000000E+01

0,10000000E+01 0,12500000E+01

0,10000000E+01

0.10769231E+01

0,10000000E+01
0.10000000E+01
0,10000000E+01

0.10250001E+01
0.,10082645E+01
0,10027474E+01

- O U e N O

0.10000000E+01
0,10000000E+01

0.10009151E+01
0,10003049E+01
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8 0.,10000000E+01
9 0.,10000000E+01
10 0.10000000E+01 0,10000113E+01
i1 0,10000000E+01 0,10000038E+01

converged freguency = 0-59999869 = c.si.fml/_r

V.10001017E+01
0.,10000340E+01

—
-— X

i 0,10000000E+01-0,99991989E+00
2 UelO00Q0000E+01=0,99998856E+00
3 0,10000000E+01=0,99998856E+00 «—

Converged freguenr_y = 1.7320508 = b, W‘l—:‘
0.5 0:5 6:5 0.5 &
0-5 1o |5
0.5 {5
0:5 15

;E@)

i-0 -713

)

0.5
1.0
2.0

leo 1Y)
2:0

20

2.0
2-0

» [D]::El

2.0 k

10
1.0

20

3.0 20 2.0 3-0

With X, = {i.} , the foilaw:nj results are obtained for X amd Wy .
i

; — — j :
Iteration X:p, = [P X with X, ;=1 (giver as row vector)

number (i-) T e e i e —

0 0.10000000E+01

0.,10000000E+01
0,10000000E+01

0.,10000000E+01
0.15714285E+01
0.17200000E+01

0.10000000E+01
0,21428571E+01
0.25733335E+01

0.,10000000E+01
0.24285715E+01
0.30266669E+01

0.10000000E+01
0.10000000E+01
0,10000000E+01

0,17508308BE+01
0.,17574103E+01
0.17588729E+01

0,26810634E+01
0.27059193E+01
0,27116063E+01

0.31838319E+401
0,32208292E+01
0,32293591E+01

quwmpwmi—

0.10000000E+01
0,10000000E+01
0,10000000E+01

0,17592046E+01
0,17592804E+01
0,17592978E+01

0.,27129092E+01
0.27132087E+01
0.27132771E+01

0.32313194E+01
0.32317696E+01
0,32318730E+01

0,10000000E+01

0,17593019E+01

0,27132931E+01

Converged freguency = 0:40058133 = N2

0.32318966E+01
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The problem-—dcpencfeni: data for Program 9-F and output are given.
_C_EﬂLLQHlﬂG_l_LlﬂES_CﬂHIAIH_BRDBLEM_DEEENDEN__

= T DATA

7.37

DIMENSION D(3,3),E(3,3) o

DAIA N,ITMAX,EPS/3,200,1.0E-

DATA D/3 0,22.0,0,0,22,0,5,0,=3.0,0.0,=3,0,3.0/
C END OF PRDBLEM-DEPENDENT DATA

cocecomoeo s wesas

EIGENVALUE SOLUTION BY JACOBI METHOD

GIVEN MATRIX
0.300000E+01 =0,200000E+01 0.000000E+00
=0,200000E+01 0.500000E+01 =0,.300000F+01
0.000000E+00 =0,300000E+01 0.300000E+01

EIGEN VALUES ARE
0.774166E+01 0.300000E+01 0.258343E+00

EIGEN VECTORS

FIRST SECOND THIRD
0.,335734E+00 0,832048E+00 0.441564§+00
=0.796032E+00 =0,343903F=05  0.605254E+00

0.503602E+00 =0,554704E+00 0,662336E+00
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\The problem - dependent data for Program 9-F and output ove given.

C FOLLOWING 3 LINES CONTAIN PROBLEM=DEPENDENT DATA
DIMENSION D{3,3),E(3,3)
DATA N,ITMAX,EPS/3,200,1.0E-05/ ”
DAIA D/3-°,2.0'1-0'2-0'2-0'1-0’1.0|100,1'
C END OF PROBLEM=DEPENDENT DATA

- =
cosms = === =

EIGENVALUE SOLUI1ON BY JACOBI METHOD

VEN MATRIX )

GIO.300000E+01 0,200000E+01 0.100000§+01
0,200000E+01 0,200000E+01 0.100000h+g§
0,100000E+01 0,100000E+01 0.,100000E+

GEN VALUES ARE .
E3.50489ZE+01 0,643104E400 0.307979E+400

ECTORS

EIGEglgsr SECOND THIRD .
0.73697BE4+00 =0.591004E+00 0.32799;L+go
0.591007E400  0,327977E+00 -0.73b982E+00
0.327985E400  0.736984E+00 _ 0.590999E+
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The problem-a!ependent dato to be used in Program 9:F and results are given.

5*Fﬂﬁﬁ8ﬁfﬁﬁ—%fﬁfﬁﬁﬁ*ﬁﬁﬁthﬁ"?ﬁﬁBtﬁﬁ'ﬂE?ENDENT DAETA
i DIMENSION D(4,4),E(4,%)

TMAX,EPS/4,200,1,0E=05/ e
gﬁ};‘i g:i.Tvi—'.—.ﬁ—.—rﬂ‘:T :";?:'r-‘f'..3.—;6;-,—rt“.";22‘;';13.,4.,3‘.,15‘7.4“5.1‘
C END OF PROBLEM=DEPENDENT DATA

e m rEamr EE- - ———— e -

EIGENVALUE SOLUTLOHW BY JACOBI METHOD

GIVEN MATRIX

0.,400000E+01 =0,200000E+01 V.,600000E+01
0.,400000E+01 y
=0.,200000E+01 0,200000E+01 =0,100000E+01
0,300000E+01 . _

0.,600000E+01 =0),100000E+01 0,220000E+02
0,130000E+02 '

0,400000E+01 0,300000E+01 0.,130000E+02
0.460000E¢02

SEN VALUES ARE .
EE??Z5424E+02 0,173109E+02 0,346931E+01 0,177413E+00
EIGEN VECTIRS

FLRST SECUND THIRD

0,123182E+00 =0,274316E+400 0.718788§+00

0.,626834E+00 0.407039E=01 0,167114E+00
«0.614583E+00 0.769873E+00 0.407591§+00
-0,851753E+00 -0,316805E400 =0.895647E=01

0.903902E400 0.413933E+00 0,725754E-01
«0,797051E~01
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The main program which calls pEcOmp and results are given.

PROGRAM @ . _
MAIN PROGRAM WHICH CALLS DECOHP

LN
€
c
c
c
c

e

ON A(%,4),0(4,4) 7 .
gi?’iuiif}.o.';:O.é.D,:&.U,-2.0,2.0,-1.0,3.0,6.0,-1.0,22.0,13.0,
2 4.0'3.0,13.0'46-0/
N=4
CALL DECOMP (A,U,N)
WRITE (17,10)
10 ;ORMAT (/:25H UPPER TRIANGULAR MATRIX:,/)
DO 30 I=1,N .
WRITE (17,20) (UCL,Jd),Jd=1,N)

20 FORMAT (3E15.8)
30 CONTINUE

STOP

END

D E o ———-——— - =

UPPER TRIANGULAR MATRIX:

0.20000000E+01-0.10000000E+01 0,30000000E+01
g:gggggggggigé 0.10000000E+01 0.20000000E+01
g:gggggggggtgg 0.00000000E+00 0,30000000E+01
g:gggggggggzg; 0,00000000E400 0.00000000E+00
0.60461192E+01

7-29
PRELIMINARY VERSION 12/14/2010




© 2011 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This publication is protected by Copyright and written permission
should be obtained from the publisher prior to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any

means, electronic, mechanical, photocopying, recording, or likewise. For information regarding permission(s), write to: Rights and Permissions
Department, Pearson Education, Inc., Upper Saddle River, NJ 07458.

=l 721359
- wp _ =l - o044 >
- - . u = Y2 =
From Ep-(7:84), Ui~ 5= 2236068 , w,= 3% -
(= 7]
Uy = —-&—"— = —:f— = 0.44721359
] n
= - 15778641
91 & zl._,_ . 2%® :__1;___ fe 9 _u'z‘ulg — |5'77
(cu“_- ‘ui,_) = 2-408312 5 a3 ’Uz( 23 )
'S
Ups = (c»n__uf', ~uzz) = 0-55708l
2.236068 —0-4472I353 ©-4472(359
[ul=]o 2.408319 — 1577864 |
) o 0:5570%6 |
! 1
%= 2= = 0447213591 Xy = T (i 22) = 0:083045475
1] !
i . 4760702
Wyy= L = 0-41522738 !  of, =" -_u— Uy, X33) = 4176
Uzz [ 22
! 7
K= - = 17950547 | oy = -E{-—(u,zd” + Uy A33) = —0-1237968
33 7453 ! i
-4 0-44721359  0:083045475 — 0+123796%87
[U__l = E’(JIJZ—J = o 641522738 \-\760702
1.7950547
C ]
~ From Egs. (7 84—) and (7 6’6)
5, wi,= 22 _ 2 - 3.6355339, U;,= Y3 _ 56568542
= JZ = 124142135, M= 0 = a0 TP

& 3 = e Wi A 2761798
u,_2=(0«,_,_—14m.)z= i‘f/708297, Ugzs = .uu(“‘w.a 12 n) G
2 _ 1.9272485
U3z = (0‘33 ula—uu) = 22724

1. 4:42135 3.5355339 5.6568542
[IJ] 1+8708287 4.276179%
0 0 [.92724-85
' : = a\’ - —-|+3363062
B = L—‘ =g.7o0T7l6677 / di?. u“ ('upz 22)
! [}
‘ — _1.185998¢
o, .= —— = 053452247 | Ay3= _‘?:T,_'z(q‘” «33) = - 18
22 — Ugp : |
' - 0.8894993
= -"_' — 0'5'98744‘7 : qu e -1_._(u,2_°(13+ u,; d;a)
33 = Uzz ' Uy .
i 0.70710677 —1-3363062 0-8894-93
M= [q’"a';] - R 0.-53452247  —|.18599¢%
o o 0:51887447
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4 -2 o o0 3 o o e
-2 3 - o m]= m e = © e
[1‘] = 6 o = s [ml= o o 1 o
o o - ! o o o {
Eg. (7-84) gives, for [A=T[k1,
2 =1 o o
[u] = |° 1+41421  =-0-707l07 ° \[3
o 0 122474 —-0:8164387
o o 0 0-577350

. (7.8¢) 9ives
Ea( ) 0.5 035355338  0:20412414 0.238675 10

l_'u]-iz ) 0.70710677 0.40824828 0:57735020 i
o 0 081649655  \-1547004 %
o o 0 17320507
. —p —
standard e:’aenproblem is P1Y¥Y=227Y
where ,
-4y 3 Ul
pl=(p17*) 1M
075 0=530330064 0.306I1%620 o.4—33°|266
W 0.53033 006 1»3749999% 072385662 11226827
= % | 0-30618620 0.79385662 {125 1.550989%9
0:43301266 11226827 [+5909 899 5.2499990
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From Eg. (7. 84) >

@2 20 anz  _24
- = 5 U, = —-—= "= = =5 Min = el T == G
'uu=Ja.,, = Y6 4 12 . x P LT Z

U,,= (0-21—- ?.alzl-?_)}ﬁ = (89“25)!/2' = 8
Uz = ,;—u (23— U U)= F(-50 —(-5)(-¢)) =

)
U3z = (0‘33 - u“;-?; = u:? )Vz = (280 - 36 - IOO)/L_-: 12

rad= 1" Cu]

ith ¢ - ¢
Wkt [U:] — o 8 - 1.0
(s} (o] 12
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s Ex7 45.m |
>> A = [3 -2 0; =2 5 -3; 0 -1 1]
A —
3 -2 0
-2 5 -3
0 -1 1

VvV =
-0.4765 -0.8962 0.4154
0.8656 -0.3444 0.5950
-0.1537 0.2797 0.6880
T =
6.6334 0 0
0 5 .2315 0
0 0 0.1351
s Ex7 46.mn ,
S5 on = 252 I L -9 wly 4 <L T
B =
=5 2 1L
1 -9 -1
2 -1 7

>> [V, D] = eig(a)

VvV =
-0.0723 -0.9572 0.4172
0.0570 -0.2514 -0.9027
-0.9958 0.1431 -0.1048

D =
7.2024 0 0
0 -4.6241 0
0 0 -5.5783
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% Results of Ex7 47
>> programd -
Eigenvalue solution by Jacobi Method

Given matrix

2.50000000e+000 -1.00000000e+000
-1.00000000e+000 5.00000000e+000
0.00000000e+000 -1.41421356e+000

0.00000000e+000
-1.41421356e+000
1.00000000e+001

Eigen values are

1.03806779e+001

Eigen vactors are

First

3.29645826e-002
-2.59786425e-001
9.65103271e-001

5.00000000e+000

Second

3.59210604e-001
-8.98026512e-001
-2.54000247e-001

2.11932209e+000

Third

9.32674140e-001
3.55048443e-001
6£.37146104e-002

| >> programll

| % Results of Ex7 48

Natural freguencies:

4.450417e-001

Mode shapes

1.000000e+000
8.019379e-001
4.450421e-001

(Columnwise) :

1.246977e+000

1.000000e+000
-5.549503e-001
-1.246987e+000

Solution of eigenvalue problem by
matrix iteration method

1.801938e+000

1.000000e+000
-2.246%41e+000
1.801867e+000

>> programll

2.000000e+000
0.000000e+000
0.000000e+000
0.000000e+000

Inverse of the

5.000000e-001
0.000000e+000
0.000000e+000
0.000000e+000

% Results of Ex7f49

Upper triangular matrix [Ul:

-1.000000e+000
1.414214e+000
0.000000e+000
0.000000e+000

3.535534e-001
7.071068e-001
0.000000e+000
0.000000e+000

Matrix [UMU]=[UTI] [M][UI]:

7.500000e-001
5.303301e-001
3.061862e-001
4,330127e-001

Eigenvalues:

6.231504e+000

.303301e-001
.375000e+000
.938566e-001
.122683e+000

N

1.431905e+000

Eigenvectors (Columnwise) :

.804506e-001
.452583e-001
.303605e+000
.552770e+000

= = 00 i

-4.370337e-001
-4.162514e-001
2.067115e-001
6.853100e-001

0.000000e+000
-7.071068e-001
1.224745e+000
0.000000e+000

upper triangular matrix:

.041241e-001
.082483e-001
.164966e-001
.000000=+000

© 0 N

.061862e-001
.938566e-001
.125000e+000
.590990e+000

RPEeaw

5.000000e-001

2.672613e-001

-2.672612e-001
-2.672612e-001
2.672613e-001

3.361911e-001

-8.209847e-002
2.021007e-001
~4.31803%e-001

2.186930e-001
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Results of Ex7 50

KRR KXIAFTFERFTE T~ ann - k% % %

Please input N:
3

lease input matrix D row by row:

2 2

5 b

B 12

EIGENVALUE SOLUTION BY JACOBI METHOD

GIVEN MATRIX
2.000000 2.000000 2.000000
2.000000 5.000000 5.000000
2.000000 5.000000 12.000000

EIGEN VALUES ARE

15.15868265 2.87890731 0.96241005
EIGEN VECTORS
FIRST SECOND THIRD
0.20164232 -0.49011582 0.84801117
0.46419929 -0.71456420 -0.52337082
0.86247284 0.49917989 0.08342689
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Results of Ex7 51

**********&w*wzxxn******7!*r**w********x***w***********‘;\-i’**ﬁ'*w‘k***

Please input ND:

3

Please input BK matrix row by row:
10 -4 0

Please input BM matrix row by row:
300

oo
oN
= o

UPPER TRIANGULAR MATRIX [U]:

3.16227766 -1.26491106 0.00000000
0.00000000 2.09761770 . -0.95346259
0.00000000 0.00000000 1.04446594

INVERSE OF THE UPPER TRIANGULAR MATRIX, [UI],

0.31622777 0.15069252 0.17407766
0.00000000 0.47673129 0.43515414
0.00000000 0.00000000 0.95742711

MATRIX [UMU] = [UTI][M]([UI]:

0.30000000 0.18050681 0.16514456

0.18090681 0.56363636 0.51452725

0.16514456 0.51452725 1.38636364
EIGENVALUES:

1.67156962 0.38337153 0.15505887
EIGENVECTORS (COLUMNWISE) :

0.28923075 -0.23770397 0.16281604

0.59330466 -0.12923308 -0.21898643

0.84651373 0.42480537 0.14007703

Lo il

L
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™M= 00 Ma=50

- = LP 1=
e Frt iy 1
Bas'c re lationship :

Pbz_ gz L-x*), os=zzo &)
w(z)= ) 6exl o &3 @

— P@gl—’-g(&z_‘_zz_ 2,22’..)
cexl
De:f—'ectl'ora of mass m, due to Load ™3
us;nj 'X::,Q,, b: z-—ﬂ_l wr\A £=2 n (E|)-' N
z ; S
wi= (00r7:8) G INVLf 4 (a-ly= 47 )= WAL (5
GEI(L) )
DC:FIEC-t(’On of mass my due & Lozd m; g 3
Using x=Lti+0,,a=14, b= 2-2,, =2 ir (&):
wy = — (toox?;&;)l,i.l()z- 1,_19_{2’,_+(£|+£2):._ 2(2) (L 12
981 lt (1— 2;""12) (11'1+£;-+2P| /Qz" q£| —-‘ffz) (E,D
ZET
Deffec{:ron of mass ™ due G food MMz F:

Using x=f,, f=2, b= @- 4-L) i (E):

'w’lﬂz (onq’gb(z'—ﬂ"f.")’l‘ {4_(2.—-—Q|-—iz)e_-—-ﬂlz}

6E T (2)
490 501 (2- -8y (=2 8F_pp +abi+ule= 2l o) (g9

12E X

—.
L4

a<x=Ff (Ez)

-
k-

7=37
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DEfIECfI.OH of ™ass e due to ,(.OCLJ Mg 3 :
USing x=L+22, =2 and b= 2-0,-422 in (ED:

arlle 150 120 (-l f) (bt 0 (oo - 1) - (44 ]

6EI(2) )
4905 (Li+dy) (24— 22) (—21,1—211_4.4[, + 4f2—#2,f:.)
- (LET (EG)
-ﬁ)tal JEf'ecf.-o'n OF ma.sses m, G.'ﬂ-d m:- are -
R S T T T h ol
6EI
490,54, (2-4,- 2,,)(—7_1,"—If+uf.+'-rfn_-lf,ff.)
IZEI;_ i o (E.,)
W, = wi"*' w,_” _ - 981 1| (2"!"'!1)(7—3|"+21+r.1’,':f,_ -q.[’";'z‘-ll
12 EX
o 4905 (B+0s)(a-2,-22) (-4 2 s + 4L+ 48 -4 2,22
I2EZT (E
Fundamental wnatural Freguency is given by 9

i
48 = g(m, w, + m, uwy) ) 2  fran
= y = 30321 (——-———7_ n (E,?)
(ml wf + may 1_‘,-27') Zwl + 'lJf_ ;

To ma.x.'mu‘ée. W, we can ma_x.‘mz‘ge. wz'.

Problem is: Find £, and £,
to mchimu‘s,e f-_; 24 + W2

where w, and w, are given by (E-;)MJ CEg).

Problem can be solved as follows:

Treat £ af w function of A, and £,.

Sk 4, 4 2, Eio)
3k, ol,

Solve Egg. (Ei) For £, amd ..
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S’ll:t'f_{-'ngsg of one gircfer (.s'n'mr,lj

*z
S'U-Pporf:e.c! beaw)
48 €T 42 (s0xif)(Taa’) 4 my
Kqy = ;7 = = 2-572 &
= £ (Boma.) Ky
Wl’lETE o = width and JePH-. of cross- csection (m:h)
of girder. ™y
4 .
ko= 2kg= 5-lt4 & e/ in
e
mp = mass of fra“ey: -&-3%—‘::0—;' = 103 5197 U:—Se.c/m
= ¢
stiffness of rope = %, = .5.15-= Eqé' (3"’“")__:%;75 P

(zox12)
where d = diameter of the rope (inch):

mp = mass of figted loa.d lcocco — 25.8799 - Su/n

386:4

From section 5:3, the

na-f:u 'I'G'L _'FTE-%MBHCI.QS ' MM

%, ™ ¥z ™2
of ao 2 derorfp- system
(shown M adjacent § vgure)
are given by |

&
~ j@‘l*"‘z) My + kg [{@‘l*’ tg)my + k-_,,'m}_ (k'+k2)#l ?-}j(
W, , = = F m may
1,2 x| g, e

(1)
Heve *kl- "kj, *, = k!‘ > M=y, Mg= ™y

and hence 3% ard 9 cam be exfre::e.oe
at functions of a amd d:

C'9|?F = 5'912' (@, “\) 5 w: = C‘-’: (o, d) (E">
RW is | .

w"'(a,, d) = QS’TOJ)Z 3 w:(aa, d) > Q5'7'03) (53)
Since I500 rpm = (57.0F% m..c(/sec.

choose a amd d Auch that the meaua,l ‘ties (E3)
are Satisfred .

for this purpose.

A trial and error Procedure can be used

7-39
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